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ABSTRACT. We prove that a potential ¢ can be reconstructed from the
Dirichlet-to-Neumann map for the Schrédinger operator —Ag 4 ¢ in a
fixed admissible 3-dimensional Riemannian manifold (M, g). We also
show that an admissible metric g in a fixed conformal class can be con-
structed from the Dirichlet-to-Neumann map for Ay. This is a construc-
tive version of earlier uniqueness results by Dos Santos Ferreira et al.
[7] on admissible manifolds, and extends the reconstruction procedure
of Nachman [21] in Euclidean space. The main points are the derivation
of a boundary integral equation characterizing the boundary values of
complex geometrical optics solutions, and the development of associated
layer potentials adapted to a cylindrical geometry.

1. INTRODUCTION

This paper is concerned with the problem of reconstructing material pa-
rameters of a medium from boundary measurements. A typical question of
this type is Calderén’s inverse conductivity problem [6], which consists in
recovering the conductivity of a body from voltage to current measurements
at the boundary. For bounded domains in Euclidean space in dimensions
n > 3, it was proved in [30] that a smooth positive scalar conductivity
o is uniquely determined by the Dirichlet-to-Neumann map (DN map) A,
representing the boundary measurements. This uniqueness result was then
extended to a reconstruction procedure in [21] and independently in [24], see
also [13]. In two dimensions, uniqueness and reconstruction for this problem
was proved even for bounded measurable conductivities in [2], [3].

In this paper we consider Calderén’s inverse problem and related questions
in anisotropic media, where the conductivity depends on direction. This
corresponds to replacing the scalar conductivity ¢ by a smooth symmetric
positive definite matrix. The question then is to recover the matrix o from
the DN map A, up to the natural obstruction given by diffeomorphisms
which fix the boundary. If n = 2, it is proved in [1] that any bounded
measurable matrix conductivity o is determined by A, up to diffeomorphism.
For constructive results see [15] and the references therein.

In three and higher dimensions the anisotropic Calderén problem is open
even for smooth matrix conductivities. We refer to [7] for a more thorough
discussion and references to known results. It was observed in [19] that the
anisotropic Calderén problem is closely related to certain inverse problems
for the Laplace-Beltrami operator on a Riemannian manifold, which we set
out to define.
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Statement of main results. Let (M,g) be a compact oriented Rie-
mannian manifold with C'°° boundary, and let A, be the Laplace-Beltrami
operator. In local coordinates

9 . Ou
A u=lgl=1/2 9 1/2 _jk OU
gt =g Z oz, l9]""7g o
7,k=1
where g = (g;1) is the metric in local coordinates, (g/*) is the inverse matrix
of (g;r), and |g| = det(gjx). Consider the Dirichlet problem
Agju =0 in M,
u=f on OM.

For any f € H3/?(OM) there is a unique solution u € H?(M), and the DN
map is defined by

Ay s H¥2(OM) — HY?(OM), f+ d,ulon

where the normal derivative is given by

6Vu’6M = Z g %Vk-
G k=1 J

Here v, = Zzlzl gwv', and (v, ... ") is the coordinate expression for the
unit outer normal vector v on OM.

Our first result states that the map A, constructively determines g within
a known conformal class of admissible metrics (as defined below).

Theorem 1.1. Let (M, g) be a given admissible 3-dimensional manifold. If
c is a smooth positive function on M, then from the knowledge of A., one
can constructively determine c.

The next question concerns an inverse problem for the Schrédinger equa-
tion in (M,g). If g is a smooth function on M, we consider the Dirichlet
problem

(—Ag+qu =0 in M,
{ u=f on OM.
We make the standing assumption that

0 is not a Dirichlet eigenvalue of —A, 4 ¢ in M.

This means that for any f € H%2(0M) the equation has a unique solution
u € H?(M), and the DN map can be defined by

Agq: H¥?2(OM) — HY?(OM), f+ dyulon.
The second main result is as follows.

Theorem 1.2. Let (M, g) be a given admissible 3-dimensional manifold.
If ¢ is a smooth function on M, then from the knowledge of Ay, one can
constructively determine gq.

To complete the statement of the main results, let us give the definition
of admissible manifolds. These arose in [7] as the first class of manifolds
beyond real-analytic or Einstein ones for which one can prove uniqueness
results for the anisotropic inverse problems described above.
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Definition. A compact oriented Riemannian manifold (M, ¢g) with smooth
boundary is admissible if dim(M) > 3 and if (M,g) CC (T™, g) where
T = R x My is a cylinder with metric g = c(e @ go) (here ¢ is a smooth
positive function and e is the Euclidean metric on R), and (Mp, go) is an
(n — 1)-dimensional simple manifold.

Thus, up to a conformal factor, an admissible manifold is embedded in
a cylinder (R x My, e @ go) and therefore has a Euclidean direction. The
transversal manifold (M, go) needs further to be simple:

Definition. A compact manifold (My, go) with boundary is simple if for
any p € My the exponential map exp,, is a diffeomorphism from its maximal
domain in T, My onto My, and if OMj is strictly convex (meaning that the
second fundamental form is positive definite).

Examples of admissible manifolds include subdomains of the model spaces
(Euclidean space, sphere minus a point, hyperbolic space), sufficently small
subdomains of any conformally flat manifold, and domains in R" equipped
with a metric of the form

sora) =@ (g 0 )

where c is a positive smooth function and where gq is a simple metric in the
a’ variables.

The unique determination results corresponding to Theorems 1.1 and 1.2
were proved in [7], where also earlier work is discussed and further references
are given. There are several recent results that are concerned with the two-
dimensional case. If M is a domain in R2, [5] proved the uniqueness result
corresponding to Theorem 1.2 and briefly discussed a reconstruction pro-
cedure. A proof with constructive character was given in [11] for arbitrary
Riemann surfaces (M, g) with boundary (also for the magnetic Schrodinger
operator), based on earlier nonconstructive proofs in [10], [17]. Various
constructive results for the two-dimensional case, also on Riemann surfaces,
appear in [12], [14], [15], [16], and for the three-dimensional case an improved
reconstruction result is given in [25].

Outline of proof. As mentioned, the uniqueness results corresponding
to Theorems 1.1 and 1.2 were proved in [7], but the proofs were not con-
structive. The main point of the present paper is to give constructive proofs,
following the well-known reconstruction procedure of Nachman [21] in the
case where M is a bounded domain in R™ and ¢ is the Euclidean metric.
We do not make any claims about the practicality of the reconstruction pro-
cedure, but we do prove that all the steps in the corresponding uniqueness
proofs in [7] can be carried out in a constructive way.

The argument in [21] involves complex geometrical optics (CGO) solutions
u = e~ % (147) to the Schrédinger equation (—A4¢)u = 0 in R, and relies
in a crucial way on a uniqueness notion for these solutions upon fixing decay
at infinity. One has several equivalent ways of characterizing these solutions,
and in particular it is possible to recover the boundary value u|gys as the
unique solution to a boundary integral equation on OM involving A4, and
other known quantities.
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CGO solutions on admissible Riemannian manifolds were constructed in
[7] by Carleman estimates. The solutions were given in a compact manifold,
and the construction did not involve a notion of uniqueness. The paper [18]
introduced a direct Fourier analytic construction of CGO solutions, valid
in the cylinder 7" and with a uniqueness notion obtained by fixing a decay
condition in the FEuclidean variable and Dirichlet boundary values on 0T
We shall use the solutions constructed in [18] to prove Theorem 1.2 (which
implies Theorem 1.1 after a simple reduction).

We next sketch the proof of Theorem 1.2. Let (M, g) CC (T'™, g) be an
admissible manifold, and assume that g = e & g9 where (My, go) is simple.
Here we suppose, for simplicity, that ¢ = 1. We assume that A, , and (M, g)
are known (thus also Ay is known), and use the basic integral identity

[ (na = Aso)elorsyvds = [ quoav (1)
oM M

which is valid for any solutions u,v € H2(M) of (=Ay + q)u = 0 and
—Agv = 0 in M. We take u and v to be suitable CGO solutions such
that u|gps may be obtained from Ay, as the unique solution of a boundary
integral equation, and v|gys is explicitly given. Then the left hand side of
(1.1) is known. Taking the limit as 7 — oo and varying certain parameters
in the solutions, we recover in this way the quantity

/ e 2w [/ 2y, r,0) dxy | dr (1.2)
0 —00

for any 6 € S"2, where ) is any nonzero real number and (r,6) are polar
normal coordinates in My with center on dMy. We have extended ¢ into
T ~ M as a function in C2°(T"%).

Now, since (r, ) are polar normal coordinates, the curves v : r — (r,0)
are unit speed geodesics in (M, go) for any fixed 6. Denoting the quantity
in brackets in (1.2) by fi(r,#), it follows that we have recovered

/ 2y (3 (r)) dr
Y

for any maximal geodesic v going from dMy into My, and for any A # 0.
This is the attenuated geodesic ray transform of f) with constant attenuation
—2), see [7], [29]. For any X such that this transform can be inverted, we
recover fy which is just the one-dimensional Fourier transform

Feq(-, 2 ) H(=2X) for all 2’ € M.

It was proved in [7] and [8] that the attenuated ray transform is invertible
for small ||, thus giving information on .%,,{q(-,2')} for small frequencies.
This determines the compactly supported function ¢( -, z’) uniquely by the
Paley-Wiener theorem. To make this step more constructive one would like
to invert the attenuated ray transform for all A, which would yield ¢( -, z’)
by taking the inverse Fourier transform. Up to now the argument has been
valid for dim(M) > 3. However, if dim(M) = 3 then (M, go) is a 2D simple
manifold, and the recent result [28] shows that the attenuated ray transform
is invertible for any attenuation. We can use the inversion procedure in [28]
to conclude the reconstruction of ¢ from A, 4 if (M, g) is 3-dimensional.
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Boundary integral equation. The main new point in the proof is a
Fredholm boundary integral equation characterizing the values on M of
suitable CGO solutions in 7. This equation has the form

(Id +~vS7(Ag,g — Ago))f =up on OM. (1.3)

Here ug is an explicit function on M depending on various parameters,
~ is the trace operator H>(M) — H®3/2(9M), and S, is a special single
layer potential depending on a large parameter 7 and adapted to the CGO
solutions and the geometry of the cylinder (7, g) = (R x My, e® go). In fact,
we have

S-f(x) = - Ko(z,y)f(y)dS(y), @€ T™\ oM,

where the integral kernel K, (z,y) is explicitly determined by 7 and by the
Dirichlet eigenvalues and eigenfunctions of the Laplace-Beltrami operator
on (My,go). We establish basic properties of the single layer operator in
Section 2.

We prove that for suitable choices of uy and for |7| large, the equation
(1.3) has a unique solution f € H3/2(OM), and one has f = u|pps where
u is the corresponding CGO solution. Since the operator on the left hand
side of (1.3) is determined by the boundary measurements and since ug is
explicit, we can indeed determine the boundary values of CGO solutions by
solving this Fredholm integral equation.

This approach is analogous to [21] which considers the Euclidean case,
except that the uniqueness notion for CGO solutions is obtained from decay
conditions and Dirichlet boundary values on the cylinder (T, g) instead of
a decay condition at infinity in R™. Recently in [23] another constructive
approach appeared. There the boundary integral equation is obtained via
Carleman estimates in M, and no extension of M to a larger set is needed.
It is presumable that a similar approach would work in our case. However,
the single layer potential obtained from Carleman estimates is perhaps not
so explicit as the operator S, introduced above.

We remark here that it would be interesting to establish reconstruction
results corresponding to Theorems 1.1 and 1.2 for the magnetic Schrédinger
equation or for the time-harmonic Maxwell equations. Uniqueness results
for these equations are proved in [7], [18], and constructive results in the
Euclidean case appear in [26], [27].

Structure of paper. Section 1 is the introduction. The basic proper-
ties of the single layer operator S; and related Faddeev Green functions are
considered in Section 2. In Section 3 we introduce several equivalent ways
of characterizing CGO solutions, including the required boundary integral
equation. The results in Sections 2 and 3 are in fact valid for any transver-
sal manifold (My, go) with smooth boundary (not necessarily simple). The
proofs of Theorems 1.1 and 1.2 are given in Section 4.

Acknowledgements. C.E.K. is partly supported by the NSF grant DMS-
0968472. M.S. is supported in part by the Academy of Finland. G.U. is
partly supported by NSF, a Chancellor Professorship at UC Berkeley and a
Senior Clay Award.
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2. BOUNDARY LAYER POTENTIALS

Notation and function spaces. In this section we assume that (M, g)
is a compact manifold with smooth boundary, having dimension n > 3, and
that (M, g) CC (T™, g) where T =R x My and g = e ® go, and (M, go) is
any compact (n — 1)-dimensional manifold with boundary (no restrictions
on the metric gg). Points of T' are written as x = (z1,2) where z; is the
Euclidean variable and z’ is a point in the transversal manifold Mj.

We write (-, -) for the inner product of tangent vectors, 1-forms, and
other tensors, and |- | for the norm. The volume element in (T, g) is

4V (z) = dVy(x) = dzy dVy (')

with dVj, the volume element in (Mo, go). We also write I' = OM CC T,
and denote by dS the volume element on I'.

Let L?(T) = L?(T,dV) be the standard L? space in T, and let H*(T) be
the corresponding L? Sobolev spaces. Since My is compact, we define

Hioo(T) ={f; f € H*([-R, R] x My) for any R > 0},
H(T)={f € H*(T); f(x1,2') = 0 when |z1| > R for some R > 0}.
Writing (t) = (1 + t2)!/2, we introduce for § # 0, s > 0 the weighted spaces
LY(T) = {f € Lipo(T); (1)’ f € LX(T)},

H(T) = {f € Hiyo(T); (21)°f € H*(T)},

H;o(T) = {f € H;(T); flor = 0},

Hyoeo(T) = {f € Hioo(T); flor = 0},

and

Hioo,0<T) = U H§,0<T)
0€R

Also, H}(T) = {f € HY(T); flor = 0}. We define, in the L?(T) duality,
H™N(T) = (Hy(T))*.

On I' = OM we consider the usual space L?(T') = L?(T',dS) and the corre-
sponding Sobolev spaces H*(T").

Let 0 < A1 < A2 < ... be the Dirichlet eigenvalues of —A; in (Mo, go),
and let {¢;}7°, be an orthonormal basis of L*(My) consisting of Dirichlet
eigenfunctions,

—Agodr = Ny in My, ¢ € Hy(Mp).

We write Spec(—Ag) = {N}2,. If f € L*(T) we consider the partial
Fourier coefficients

flz1, 1) = (f(z1, ), &) p2 ()
The Parseval identity implies that

1172z :/ > 1 f (@1, )P day.

X =1
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Standard single layer operator. Let K be the usual inverse of the
Dirichlet Laplacian on T', defined as follows: since any u € H}(T) satisfies
the Poincaré inequality

/T ful? dV = / /M (s, 2')|? Vi, dey
.

g/ C | |dpu(wr, )| dVy, do §0/|du|2dV,
—0o0 Mo T

the bilinear form B(u,v) = [(du, dv) dV is bounded and coercive on Hg (T).
Consequently, for any F' € H~1(T) there is a unique weak solution u = KoF
in HY(T) of the equation —Aju = F in T. Thus Ky is a bounded linear
operator

Ko: HYT) = H{(T), —-A,K=1Id.

We also consider the trace operator which restricts functions to T,

v Hy(T) — H1/2(F), yu = ulp.
The adjoint of v satisfies

Y HOVHT) = HOYT),
(YR, ©)r2(ry = (b, @) 2y for any ¢ € Hy(T).

Thus formally v*h = h dS.
Definition. The standard single layer operator on T is the map

So = Koy* : HV2(I') — HA(T).

The next result gives the basic jump and mapping properties of Sy. Here
we write M_ = M™, M, =T~ M, and ysu = (u|p )|r for the restriction
of u to I' from the interior or exterior. If u is a function on 7'\ I" such that
ulpr, are H' in M= and satisfy —Agju = 0 in M=, we define the normal

derivatives from the interior or exterior weakly as elements of H~1/2(T") by
((Ovt) 5, h)roqry = £(d(ulary ), den) r2(ayy, b€ HYA(D),
where e, € H'(T) is any function with ep|r = h and ep,|sr = 0. The jumps
on I' are defined by
[U]F =0-U = Y4U,
[Ovulr = (Oyu)- = (Dyu)+.

Lemma 2.1. If f € H~'/2(T) then u = Sof € H}(T) satisfies

—Agu=0 in My,

[u]r = 0,

[Ovulr = f.
If f € H¥(T) for s > —1/2 then u|y, € H*T3/2(M_) and ulpr, = @lpr, for
some @ € HSP(T) 0 HY(T).

loc
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Proof. Harmonicity and the first jump property are direct consequences of
the properties of Kj. The definitions also imply that for h € H/ 2(F)

([Ouullr, h) p2(ry = (du,den) p2¢ry = (V' fy en) Loy = (f h) 2
This shows the second jump property. If f € H*/2(I') with k > O, then u
satisfies
—Agu =0 in My,
[ulr =0,
[Bulr = f € HF2(D).
The transmission property [20, Theorem 4.20] implies that u|y;, are H¥*2

near I". Then the properties for u follow from standard interior and boundary
regularity for —A, and from interpolation. O

Corollary 2.2. The trace single layer potential satisfies for s > —1/2
vSo : H*(T) — H*TY(T).

Since Ko maps C°(T™) to L2(T™), the Schwartz kernel theorem shows
that there is a distributional integral kernel Ko(z,y). (We restrict to 7t
to avoid having to talk about distributions on manifolds with boundary.)
Then formally

Sof ( /Koxy y) dS(y).

We will need some basic properties of the integral kernel. These are easily
obtained by comparing to the Green function on compact manifolds [4], [31].

Lemma 2.3. The kernel K is smooth in 7 x T away from the diagonal,
and it satisfies (with d the Riemannian distance)

|Ko(z,y)| < Cyd(z,y)*™", z,ycUccT™.
Also, Ko(z,y) = Ko(y,z), and for any = € T™ one has Ay(Ko(z, -)) = 0
in 7 \ {x}.
Proof. The condition Ko(z,y) = Ko(y, ) follows since —A, is symmetric.
Let U cC W CC T™ where U is open and (W, g) is a compact manifold
with smooth boundary, and let G(z,y) be the Dirichlet Green function for
the Laplacian in (W, g) [4, Section 4.2]. We will prove that

K()(-’B,y) :G(Zﬁ,y)+R(I’,y>, .iU,yEU

where R € C°(U x U). Since the function G(z,y) has the stated properties
by [4, Theorem 4.17], they also follow for Ky by using smoothness of R and
simple arguments.

Consider ¢ € C°(U) and let v = ug — u; where ug = Koy and

/G:cy y)dV (y).

Then —Ayu; = ¢ in W with ui|sgw = 0. It follows that v € H'(W),
vl vy < Cllellzz@y, and Ago = 0 in W. By elliptic regularity and
Sobolev embedding,

IV 0l oo @y < Crllvll 2wy < Crllell 2 wy-
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This may be rewritten as

/W VER(z,y)e(y) dV ()| < Cillgll 2wy,

Consequently | VX R(z, M2y < Ck uniformly over z € U. Now R(z,y) =
R(y, ), so indeed R is smooth in U x U. O

7-dependent single layer potential. In [18] (see also Proposition 3.1
below) it is shown that for any 7 € R with |7| > 1 and 72 ¢ Spec(—A4,,),
and given § > 1/2, one has a bounded linear operator

Gr: L3(T) — H?5(T) N H54(T)
such that v = G,f is the unique solution in Hloo,0<T) of the equation
e (—Ag)e ™y = fin T, for any f € L3(T).
If 7 is as above, we define another operator
KT : LE(T) — Hl%)c(T) N Hll()C,O(T)7
K. f=e ™G (e™f).
From the properties of G, it immediately follows that K, is an inverse for
the Laplacian: one has
~A K, =1d on LX(T).

The map K, is a Faddeev type Green operator on T. It differs from the
standard Green operator Ky by having exponential factors in its integral
kernel. Also, K, — Ko maps L?(T) into C*(T) since —Ay(K, — Ko)f =0
for all f € L2(T). This suggests the following result. We will do the proof
with some care to ensure that the boundary 07T does not pose a problem.

Lemma 2.4. K, = Ko+ R, where R; is an integral operator with kernel
in C>®(T xT).

Proof. We prove the result for 7 > 1, the case 7 < —1 being similar. The
expression for G, in [18, Proposition 4.1] shows that for any f € LZ(T) with
d > 1/2 we have

o0

Grfera’) = =S [Trp s To s F D))

=1
with convergence in L2 ;(T'), where for u € R \ {0} we define
1
T, t_fi—l{, ﬁn}t, ve .S R).
w0 =y =t () (R)
This implies that for f € L2(T) one has

o0

K. f(ara) ==Y e ™ Ty (€ (- D)(@)du("),

g I

Kof(x1, ') ==Y [T/5T_ 5 f(, Dl(21) (')

N e~

1
with convergence in L; (7). The second identity follows by solving the
equation —Agu = f in T, f € L*(T), ulsr = 0, by taking the Fourier

—
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transform in z; and expanding in terms of Dirichlet eigenfunctions in z’.
Note that Ky is obtained from K by setting 7 = 0 formally.
We compute for v € L2(R)

_ e—Tac1[

TTJF\/)TZTTj/)\T(eT'U)](ml) + T\//\TT*\/)\TU($1)
= / e ™@=¥m (21 — y1, v/ N) — mo(z1 — y1, VA)o(y1) dy

—o0
where for a > 0
(tha)=—— [ e :
my(t,a) = —— e — -
! 2 oo (in— (7 +a))(in— (7 —a))

dn.

We claim that
0, T<a,

e "mr(r,a) —mo(r,a) = { 1 —ar
2

e, T>a (21)

If this holds, then using that 7 # /A, by the condition 72 ¢ Spec(—Ay,) we
obtain

(K, — Ko) f(z1,2' VAN@I=) Fyy 1)) dy
0 1 l\;</ 2\/7 1 1

_ /T Ry (x,y)f(y) dV (y)

where R, (z,y) is the integral kernel

R (z, - > \F e V@I gy (2 )y ().
v <t
Since the sum is finite, the kernel is smooth in 7' x T as required.
It remains to prove (2.1). Note that for r € R and a > 0,

1 oo et(n+ir)r
o1 J_oo (0 +i7)i — a)((n +7)i + a)

= /T F(z)dz

where the last expression is a contour integral over the curve 7.(n) = n+ir
for n € (—o0,0), and

e "my(r,a) = —

dn

1 eirz
) = o Ta

It follows that

e~ (r, @) — mo(r, a) </ /%))

We may interpret the right hand side as a limit of integrals over closed
rectangular contours since F(+R + it) where 0 < ¢ < 7 decays as R — 0.
Now F'(z) is analytic in C\ {%ia} with simple poles at +ia, so (2.1) follows
from the residue theorem. O

Since R;ulgr = 0 for any u, the preceding result implies that
Ky HoY(T) = Hige o(T).
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Definition. If |7| > 1 and 72 ¢ Spec(—Ay,), we define the T-dependent
single layer potential

Sr= K"t HVA(T) — Hbo(T).
The basic properties of .S; follow immediately from the previous results.

Lemma 2.5. Let |7| > 1 and 72 ¢ Spec(—A,,). If f € H~'/2(T') then
u=_S:f¢€ H110C70(T) satisfies

—Agu=0 in My,
[ulr =0,
[Oyulr = f.
If f € H(T) for s > —1/2 then u|y € H*F3/2(M_) and u|py, = |y, for

~ 5+3/2
some U € HlOC

(T)n Hlloc,(] (T'). The trace single layer potential satisfies
7S, : HS(T) — HT(T), s> —1/2.

One has

5.1@) = [ Kw) i) as()

where the kernel K, (z,y) is smooth off the diagonal in 7™ x T and
Ay(Kr(z, -))=0in T™ < {z}.

3. BOUNDARY INTEGRAL EQUATION

We now describe four equivalent problems for characterizing the CGO
solutions wu: a differential equation (DE), integral equation (IE), exterior
problem (EP), and boundary integral equation (BE). In this section we as-
sume that (M, g) CC (T, g) is a compact manifold with smooth boundary
and T' = R x My, g = e® go, and (My, go) is any compact (n—1)-dimensional
manifold with smooth boundary. We use the notations in Section 2.

As a first step, we quote the basic existence and uniqueness result con-
cerning G, from [18, Proposition 4.3 and subsequent remark].

Proposition 3.1. Let § > 1/2 and A # 0, and suppose that ¢ € L>(T) is
compactly supported. There exists 79 > 1 (if ¢ = 0 then 79 = 1) such that
whenever
|7/ > and 7% ¢ Spec(—Ay, ),
then for any f = fi + fo where f; € LZ(T), fo € L? 4(T), and
F ey f2(+,2') has support in {|&] > |\|} for a.e. 2’ € My,
there is a unique solution w € H! _ ;(T) of the equation
€ (=A+qe ™Mw=f inT.
Further, w € H'; ,(T) N H? 4(T), and one has w = Gv where
(Id+qGro=f  [[0d+qGr) 22 < 2.

Finally, w satisfies the estimates

[wllgzs ey < Ol fill 2oy + ||f2|’L36(T)] , 0<s<2,

with C' independent of 7 and fi, fao.
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In the following result we extend ¢ € L°°(M) by zero into T', and let 7y
be as in Proposition 3.1. The result considers CGO solutions of the form

u=1ug+e Flr
where ug is any harmonic function in H (T), and r € H! _ ((T). We will

only fix the choice of the free solution ug in the next section.

Proposition 3.2. Let ¢ € L>(M) be such that 0 is not a Dirichlet eigen-
value of A + ¢ in M, and let |7| > 79 and 72 ¢ Spec(—A,, ). Further, let
ug € H1 ) be such that Ajup =0 in 7. Consider the followmg problems:

{ -Ayj+qu=0inT

e (u—ug) € H  o(T),

{u—l—K qu) = ug in T
Hig, (T

Au—OmT\M

u = u|p s for some @ € H12OC

(T)
iii) ™ (u — uo)|r m = Flrn for some 7 € HE  (T)

(Opu)y = Agg(v4u) on T,

Id—i—’yS —Ago))f =ugon T’
f e (T,

Each of these problems has a unique solution. Further, these problems are
equivalent in the sense that u solves (DE) iff u solves (IE), if u solves (DE)
then u|p_ s solves (EP), if u solves (EP) then there is a solution @ of (DE)
with @|p s = u, if u solves (DE) then f = u|r solves (BE), and finally if f
solves (BE) then there is a solution u of (DE) with u|p = f.

Proof. The function u = ug + e~ 7"'r solves (—Ay+¢)u = 0 in T" if and only
if
e (=Ag+qe " r = —e"quy inT.

The right hand side is in L2(T'), so by Proposition 3.1 there is a unique
solution r € H! _ (T). This proves that (DE) has a unique solution. Tt
remains to prove that all four problems are equivalent in the sense described
above.

(DE) = (IE): Assume u solves (DE). Then u = wuy + e~ "*1r where
re Hloo’o(T), and

e (=Ag + q)e” T r = —e™quy inT.

By Proposition 3.1 we have r = G,v € H2 (T) where v satisfies

loc
v+ gr = —e" T quyg.
Since ¢ is compactly supported in T also v = —q(r + e"*'ug) is compactly

supported. Thus we may apply G, to both sides of the last identity to
obtain

r+ Gr(qr) = —G-(e"*quyp).
Multiplying by e~ and adding ug to both sides gives (IE).
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(IE) = (DE): Assume u solves (IE). Then the function r = ™! (u—uyq)

satisfies
r=—Gr(e"qu). (3.1)

This shows that r € Hloo,o(T% and (DE) follows by applying —A, to both
sides of (IE).

(DE) = (EP): Let u solve (DE), and define v = u|p. . Clearly
properties i), ii) and iii) of (EP) are valid. We need to show iv). Since @
solves the equation (—A, + ¢)a = 0 in M, we have

(Ovu)y = Oytlr = Agq(tlr) = Agq(yiu).
(EP) = (DE): Suppose u solves (EP). Define v € H?(M) as the unique
solution of the equation (—Ay 4 ¢)v = 0 in M with v|r = y1u|r, and define

. v(z), x € M,
u(q:):{ u(z), xe€T~ M.

Then v_a|r = vy u|r and

(Ovtr)—|r = Agq(v4ulr) = (Dyu)+|r
by (EP) iv). It follows that @ € H2 (T) and (—A, +¢)@ = 0 in T. Further,
e (i —ug) € H  o(T) by (EP) iii).

(DE) = (BE): Let u solve (DE), and let f = u|r. We fix a point
r € T M and let v(y) = K, (z,y) where y € M. This is a smooth
function in M by Lemma 2.5.

Now Green’s theorem implies

/F(u&,v —vdyu)dS = /M(uAgU —vAgu)dV.

By (DE) we have Aju = qu and dyulr = Ag4f. Using the properties in
Lemma 2.5 we obtain

/u@,,v dS — S:Agqf(x) = —K;(qu)(x),
r

which is valid for € T™ <. M. The function v is harmonic in M, hence
Oyv|r = Ago(vlr). The symmetry of Ay implies

/ua,,vdS:/uAgp(vh) dS:/Ag70(u]r)vdS:STAgjof(x).
r r r

We obtain
Sr(Agg—ANgo)f = Kr(qu) in T™ < M. (3.2)
Adding u to both sides, using the fact that u solves (IE), and taking traces
on I gives (BE).
(BE) = (EP): Let f solve (BE). We define a function @ € HL _(T) by
@ =1ug— Sr(Agq—Ngo)f.

This function is harmonic in 7"\ IT" by Lemma 2.5, and a|p = f by using
(BE). The jump relation for S; implies that on T’

(Opu)— = (Dtt)+ = —(Agq — Ago)f-
But (0,u)—- = Agof, so we have (0,4)+ = Agq(74+@). Therefore a|r ar
satisfies (EP) i) and iv). Also (EP) ii) is valid by mapping properties of S;.
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To prove (EP) iii) it is sufficient to show that for any h € HY/?(T'),
e’ S hlp v = wlp s for some w € Hloo,O<T)' (3.3)

Formally one has e™1S,h = G, e 1~v*h where G, maps L2(T) to H£m70(T).
However, we have not proved that G has good mapping properties on neg-
ative order Sobolev spaces. Thus, the proof proceeds differently and in-
volves an extension w of €™ S h|p. s into T such that w = G, for some
¢ € L2(T). This will imply (3.3) by the mapping properties of G.
Define
w(z) = { e (Py(yS-h) + F), x€ M,
e™1S h, xeT M

where P : H3/2(F) — H?(M) is the Poisson operator mapping ho to the
function vy with —Agvg = 0 in M and vo|r = ho, and F € H?(M) is a
function chosen so that e"™1w € HE _(T). Clearly we need that F|r = 0,
and since

Du(e™ ™ w)]r = Ago(yS:h) + O, Flr — (,5:h)+

we also require that 8, F|r = (9,S:h); — Ago(vS-h) € HY/(T'). We can
take F to be any function in H?(M) with this Cauchy data, and then e~ ™"1w

and also w is in H2, (T).

We now observe that

—e™AGF, e M,

e (=Ag)e (@) = { 0 zeT~ M.

Since w € HZ (T) this implies that €™ (—Ag)e 1w = 1) where ¢ € L%(T).

Consequently w = G¢ € Hlm70(T) and we have proved (3.3). O

Finally, let us verify that the boundary integral equation (BE) in Propo-
sition 3.2 is indeed Fredholm.

Proposition 3.3. The operator
V57 (Agq — Ago) H3/2(F) - H3/2(F)
is compact.

Proof. Let f € H3?(T), and let u = P,f where P, : H**(T) — H?*(M)
is the Poisson operator mapping hg to vy where (—=Ay + q)vg = 0 in M
and vg|r = ho. The exact same argument leading to (3.2) in the proof of
Proposition 3.2 shows that

Sr(Mgq — Ago)f = Kr(gEJu) in T™ M

where E : L2(M) — L?*(T) is extension by zero and J : H*(M) — L*(M) is
the natural inclusion. Taking traces on I', we obtain the factorization

¥S7(Agq — Ago) = VK-qEJFy.

The result follows since on the right hand side J is compact and all other
operators are bounded. O
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4. PROOFS OF THE MAIN RESULTS

In Sections 2 and 3 we considered layer potentials and equivalent problems
characterizing CGO solutions in the case where (M, g) CC (1™ g) where
T = Rx My, g = eDgo, and (M, go) can be any compact (n—1)-dimensional
manifold with boundary. Now we specialize to the case where (Mo, go) is
simple and prove Theorems 1.1 and 1.2.

The first step is to fix the harmonic functions ug used in Proposition 3.2.
We first choose a simple manifold (M, go) such that (Mo, go) CC (Mo, go)-
Below, we will write (r, ) for the polar normal coordinates in (MO, go) with
center at a given point p € My ~ M (these exist globally because the
manifold is simple), and we write, following [7, Section 5],

a4 = d(xl,r, 0) — e—iﬂ-r’g’—1/46i)\(x1+ir)b(0)

where ) is a fixed nonzero real number and b € C*°(S"~2) is a fixed function.
Note that a € C°°(T) since the coordinates (r,#) are smooth in M.

Proposition 4.1. Given any 7 with |[7| > 1 and 72 ¢ Spec(—A,,), and for
any point p € My \ My, for any real number A # 0, and for any smooth
function b = b(0), there is a function uy with

Agug =0 inT, ug € HE(T),
of the form
ug=e Fla+e Flrg
where rg = G f for some explicit function f and ||| 2(a) = O(|7| ") as
|| — oo.
Proof. If ug is of the required form, then Ajug = 0 is equivalent with
6T131(_Ag)e—T171,r-0 — f (41)

where f = €1 A (e7™1a). Writing ® = x1 + ir, we compute

f _ _e—i’TT’ [eT<I>(_Ag)e—T<I>](‘g|—1/4ei)\(x1+ir)b(9))
= —e T [—7dD, dD) + 7(2(dD, d - ) + Ag®) — A, (|g| TV EFp(g)).
Here we have extended (-, -) as a complex bilinear form to complex val-
ued 1-forms. As in [7, Section 5], we see that (d®,d®) = 0 and also that

(2(d®,d-) + A,®)(|g|~ /1A @ +mp(9)) = 0 (this was the reason for the
choice of a). Consequently

f — efiTrAg(eiﬂ"d) _ efi‘rr(a% 4 Ago)(eiﬂ"d)
= e (A gy — N)(lg] e 0(6))].

Then for any § > 1/2 one has f € L? 4(T'), the norm HfHL2_6(T) is indepen-

dent of 7, and the Fourier transform .%,, f( -, ') is supported in {|&1| > ||}
By Proposition 3.1 we have a solution g = G, f of (4.1), which gives the
required solution wuy. O

We can now prove the main theorems.
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Proof of Theorem 1.2. We first consider the case, as in the beginning of this
section, where (M, g) is an admissible manifold with conformal factor ¢ = 1.
Suppose that the manifold (M, g), and consequently also (Mg, go), and the
map A, , are known. We wish to determine ¢ from this knowledge.

First note the basic integral identity (see [7, Lemma 6.1])

/ (g — Ago) f1) fodS = / quis dV (4.2)
oM M

which is valid for any u; € H*(M) with (—=A +q)u; =0 in M, Ajus =0 in
M, and ujlgp = fj. We consider CGO solutions in T" of the form

—TX1

up = up,1 + e T1,

U2 = UQ,2

where ug ; are harmonic functions provided by Proposition 4.1 having the
form

ug 1 = e_T(xl—HT)‘g‘_1/4ei>\(x1+ir)b<9) + G_TIIG7—¢1,

Ug = 67'(931+i7")‘g‘fl/4ei/\(x1+ir) TG abs.

Here 7 > 79 and 72 ¢ Spec(—Ay,), (r,0) are polar normal coordinates in
(Mo,go) with center at p € My~ My, A # 0, b is a smooth function in S 2,
and 1; are explicit functions with ||G -9 p2(ar) = o(j7|7Y).

The point is that ug ; are explicit functions which can be constructed from
the knowledge of (M, g), and also fo = ug2|r is known. By Proposition 3.2
there is a unique CGO solution u; of the above form, and the boundary
value f; = u|p is the unique solution in H3/2(T') of the boundary integral
equation

(Id + ’YST(Aqu — Agyo))fl = up,1 oOn I.

Since the operator on the left and the function on the right are known from
our data, we can construct fi as the unique solution of this Fredholm integral
equation. Then the left hand side of (4.2) is known, and consequently we
can determine from our data the integrals

/ quiug dV (4.3)
M

for any u; and uo as above.
Since uy solves (—Ay + q)ug = 0 with r; € Hloo,O(T)’ Proposition 3.1
shows that

ry = —G-(Id + qGT)fl(emlquo,l)
and using the form of g ; and norm estimates for G, gives
1/l z2cary = O(7|7H).

Thus, taking the limit as 7 — oo in (4.3), we have recovered from our
boundary data the quantities

/ q|g’71/262i)\(:v1+ir)b(0) dv.
M
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At this point it is convenient to extend ¢ into T as a function in C°(T™%).
This may be done by recovering the Taylor series of ¢ on M via bound-
ary determination [7, Section 8] (this procedure is constructive), and by
extending ¢ to a function in C°(T'™%) so that g|7. s is known. Using that
dV = |g|*/? dzx1 dr df, the last integral becomes

/ / e AT [/ e* A1 q(xy, v, 0) day | b(6) dr db.
0 Sn—2 —00

Denoting the quantity in brackets by fi(r,0) and by varying the smooth
function b, we determine the integrals

/ e 22 £\ (r,0) dr for all @ € S"72.
0

These integrals are known for any nonzero real number A and for any
point p € My~ My which is the center of the polar normal coordinates (r,0)
in My. Noting that r — (r,0) is the unit speed geodesic in (My, go) starting
at p in direction 6, and letting p approach 0 My, we can recover the integrals

T
| e naea (4.4)

0
for any geodesic v : [0,7] — My where v(0),v(T") € OMy and ~(t) for
0 <t<T lies in M(i)nt. This is the attenuated geodesic ray transform of fy
in (Mo, go), with constant attenuation —2\. Now, assuming dim(M) = 3 so
(Mo, go) is 2-dimensional, we invoke the invertibility result for the attenuated
ray transform [28] which allows to recover the function fy in My from the
integrals (4.4) for any A. Thus, we have determined the integrals

m .
/ 622)‘mlq(:c1, 2') dxy
— 00

for any A\ # 0 and for any ' € M. This determines ¢ in M by inverting
the one-dimensional Fourier transform.

We have proved the theorem in the case where (M,g) is an admissible
manifold and with conformal factor ¢ = 1. For general conformal factors,
suppose that (M, g) is admissible and g = ¢g where § = e @ go. Define also

G = c(q — q.) where g. = T Acg(cfn%?). The identity

n+2 _n=2 ~
(A + ) Tu) = (-2 + qu
implies that, since vz = ct/ 21/9,
n _n=2 n—2 _
Aggf =cthgo(c T f)+ 1 c 1(81,50)]“. (4.5)

Thus, from the knowledge of Ay, and (M, g) we can determine Az;. The
proof above then shows that one can reconstruct ¢, from which ¢ is easily
determined. O

Proof of Theorem 1.1. Let (M,g) be admissible and known and suppose
that Acg = Acg,0 is known. By boundary determination [7] we can determine
clonr and 9y clonr. The identity (4.5) shows that

n—2 _4

1 C (Ovze) f

Ngof = C%Acgyg(c_nTizf) +
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. ~ nt2 _n=2 . .
with ¢ = —c 4 Acg(c™ 7 ). This shows that A.; determines A, and
Theorem 1.2 implies that we can recover q.

n—2
We write w =log ¢ 7 and compute

n
Agw =" |g317V20;(|g|" g% T (e T))
j.k=1
" _ _n=2  _ N\ _n=2
= 37 Pleg| 20T gV A (eg) k(e T)
gk=1
= chHAcg(c*nTﬂ) + Z c%ﬂgjkaj(cf%)ak(c*nf).

jk=1
This implies that

—Ajw + (dw,dw); =q¢  in M,

wlanr = log ¢ T |ar.

This nonlinear Dirichlet problem has a unique solution by the maximum
principle [9] and we have already recovered the right hand side ¢ and the

boundary value log T loar, SO we may construct w in M by solving the
problem. This determines ¢ in M. O
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