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Abstract

This article presents a new affine invariant image transform called Multi-Scale Au-
toconvolution (MSA). The proposed transform is based on a probabilistic interpretation
of the image function. The method is directly applicable to isolated objects and does
not require extraction of boundaries or interest points, and the computational load is
significantly reduced using the Fast Fourier Transform. The transform values can be
used as descriptors for affine invariant pattern classification, and in this article we
illustrate their performance in various object classification tasks. As shown by a com-
parison with other affine invariant techniques, the new method appears to be suitable

for problems where image distortions can be approximated with affine transformations.
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Affine Invariant Pattern Recognition Using

Multi-Scale Autoconvolution

I. INTRODUCTION

Every day we confront situations where we have to recognize an object or patterns, like when
seeing the face of afriend, finding keys from the table, reading a book, smelling food, listening to
a conversation, looking at photos, watching television, etc. These things are often easy for us, but
to build a machine with similar abilities is very difficult. Nevertheless, the many results already
achieved, combined with ever increasing computational power, insure that nowadays it is difficult
to find many scientific or technical disciplines not applying some pattern recognition techniques
in one way or another. Fields like medicine, biology, psychology, marketing, computer vision,
artificial intelligence, and remote sensing make use of patterns and automated recognition.

One of the most difficult things for a machine to do is to identify an object when seen from
different angles. However, this kind of ability is very much desired in many pattern recognition
applications. There is even the dream of a genera pattern recognizer. While it is difficult
to directly achieve such a system, many approximations have been proposed with promising
results. One of these is the idea to model the distortions using some geometric transformation,
like trandation, rotation, scaling etc. and then to find features which are invariant under these
transformations. These features can be used as a basis for classification. For example in models
where only rotation, scaling and translation are involved, well known globa methods are Fourier-
Méllin transform [1], Radon transform [2], wavelet and ridgelet based techniques [3], and Haar
integrals [4]. However many times these three degrees of freedom are not enough for adequate
approximation. Restricting ourselves to essentialy linear models, which are usually much easier
to handle than strongly non-linear ones, the affine mapping gives the best possible approximation.

It is easy to build affine invariances using segmented information like contours or interest
points. Well known methods in this class include boundary based Fourier descriptors [5], [6],
[7], discrete interest point based methods [8], [9], and some wavelet based descriptors [10],
[11]. Some of these methods are actually even capable of handling the more complex case of

projective mappings [9]. The problem is however that these methods stay very dependent on



the success of the segmentation process. Sometimes one also needs additional techniques, like
geometric hashing [9] or interest point detectors [12], for matching correspondences.

The group of global affine invariant methods is more sparse despite the fact that the first
one, affine invariant moments [13], was already presented in 1962. That presentation, however,
contained an error which was later corrected in [14] and [15]. Since then, other methods have
been introduced, e.g. Ben-Arie's frequency domain technique [16], [17], cross-weighted moments
[18], and trace transform [19]. In this article, we propose a novel approach called Multi-Scale
Autoconvolution (MSA) for global affine invariant feature extraction. Our technique is based on
applying standard point-based invariants in a novel way, combined with probabilistic ideas. The
proposed transform has only moderate computational complexity, and it does not require any
image segmentation steps other than background elimination. This idea was originally introduced
in [20] and further developed in [21]. It is also possible to use MSA for convexity recognition,
and some initial results can be found in [22]. As convexity recognition is not directly related to
affine invariant classification we will not consider this here.

In this article, we give a comprehensive treatment of the MSA transform, expanding the
earlier results and complementing them with new experiments. The article is organized as
follows. The upcoming section introduces the Multi-Scale A utoconvolution with its definition and
properties, whereas Section |11 considers the actual implementation. In Section IV, we examine
the computational complexity of the proposed method and compare it with some other similar
techniques. Section V illustrates the discriminative power of MSA based features in various
object classification tasks, including binary and gray-scale cases aso in the presence of noise
and different distortions. Sections VI and VII finally summarize the results and give directions
for future development. Our goal is to present a novel idea for affine invariant recognition and
to discuss its properties and computational aspects, so that it will be easy to implement for the

use of applications.

Il. MULTI-SCALE AUTOCONVOLUTION

In this section, we define an affine invariant image transform called Multi-Scale Autoconvo-
[ution (MSA). We start with an introduction to the ideas behind MSA and then go further into
the mathematical details and the properties of this transform. But before continuing, let us first

define the spatial affine transformation and affine invariance as follows:



Definition 1: Define the affine transformation A = A{T,t} by
X' = A(X) = Tx +1,

where t,x € R? and T is a2 x 2 nonsingular matrix whose elements belong to R. Any such
transformation is invertible with inverse A=1(x) = T-'x — T™'t.

Definition 2: Suppose f(x): R? — R, f > 0, is an image intensity function corresponding to
a gray-scale image in R?. We may apply an affine transformation A to this image, which gives
a new gray-scale image in R? with image function f/, where

f/(X)=fo A (X) = f(T'x =T ).

We call f’ the A transformed version of f.

Definition 3: A feature I, extracted from the function f, is said to be affine invariant if it
produces the same value for f and the A transformed version of f, for any affine transformation
A.

A. The definition of MSA

Let f(x) : R? — R with f > 0 be an image intensity function in L!'(R?) N L?(R?) and
let p(x) = Wf(x) be the normalized version of f, so that [, p(X)dx = 1. Then p(x) is
a probability density function, and we may take X,, X;, and X, to be independent random
variables with values in R* so that px,(x;) = p(x;) (we write px for the probability density
function of a random variable X). Consider three samples (X, X1, X2) of these random variables

as a basis for the following transformation
u= CY(Xl — Xo) + ﬁ(XQ — Xo) =+ XO (1)

where (a, 3) are the coordinates for u in the space spanned by the vectors x; — X, and X — X
and with the origin at X,.

Now let A{T,t} be an affine transformation as in Definition 1. If one takes the A transformed
versions of the sample points X, X; and Xo, i.e. Xj = TXo +1t, X| = Tx; +t, and x;, = Txy + t,

and defines another transformation by

U= a(x; = X) + B0X; = Xp) + X, @)



it can be rewritten as
U = a(Tx; — Txo) + B(Txe — TXo) + TXg + t
=Tu+t. 3)

One can see that also the points u and u’ are connected by A if they have the same coordinate
values («, 3) in the corresponding spaces. This well known phenomenon is illustrated in Figure
1. As known, affine transformations are bijective, so every u has exactly one corresponding u’.

Now recall that the points Xq, X;, and X, were samples of the random variables X, X;, and

Xo, and define a new random variable
Ua,ﬁ = XO + Oé(Xl — Xo) + ﬂ(XQ — Xo) (4)
which has u as the corresponding sample.
Similarly define

o = Xo + a(Xy = Xp) + B(X5 = Xp),
where X = TXp +t, X] = TX; +t, and X, = TX; +t and hence also U}, ; = TU, 3 + t.

«

It follows (see Lemma 2.1 below) that px; (X;) = p'(X}), where p’ is the normalized version of
f/(X)=fo A (x) = f(T'x —T71).
Substituting x = U}, ; we get
f'(Ung) = FT7IUL 5 = T7M)

= f(Til(TUa,ﬁ + t) - Tilt) = f(Uozﬁ)'

Fig. 1. [Illustration of how a point triplet behaves under affine transformation.



Hence f(U.3) and f'(U,, ;) are equal as random variables. This gives a method of obtaining
affine invariant features of an image function f: the expected value of f(U, ), or any of its
moments, or the expected value of ¢(f (U, 3)) for a measurable function ¢, do not change in an
affine transformation of f. Thus, we introduce the following affine invariant features, and single
out one of them as the MSA transform of f.

Definition 4 (Multi-Scale Autoconvolution): Let f be a function in L'(R?) N L?*(R?) with
f >0, and let p(x) = W f(x) be the corresponding probability density function. Take X,
X1, and X, to be independent random variables with values in R* so that px,(x;) = p(X;). For

a, 3 € R define a new random variable
Uag = Xo + a(Xy — Xo) + B(Xo — Xo).
The kth moment of f(U, ) is defined as

F¥a, 8) = E[f(Uap)"],

and the MSA transform of f is defined as the first moment,
F(a, 8) = E[f(Ua)l.

Below we will use the MSA transform for affine invariant classification. The reason for not
using the other moments is that higher moments are in some cases more sensitive to noise. We
note that already the F'(«, 3) give infinitely many affine invariant features by varying o and 5.
Also, for binary images where f is the characteristic function of a set in R?, all the moments

are equa and the first moment carries the same information as the rest of the moments.

B. Explicit expressions for MSA

We proceed to derive different expressions for the MSA transform. In doing this, we will
need the following basic lemma which gives the probability density functions for sums, affine
transformations, and scalar multiples of random variables.

Lemma 2.1: Let X,Y be two independent random variables with values in IR?, and suppose
that they have probability density functions px (X) = p(x), py(Y) = q(y).

@ px+v(2) = (p*)(2) = [go P(X)q(z — X) dX.

(b) Let T beanonsingular 2 x 2 read matrix and t € R”. Then prx4(2) = qp(T'2—T7't).



(©) If a+# 0 then p,x(z) = a%p(é)
For completeness, we include the proof in Appendix I.
Define v =1—a — (. We get (4) in the form

Uas = aXy + BXq + 7 X,. )
Using Lemma 2.1 (a) and (c) severa times we obtain
PU. 5 (W) = (Pa * pg * py) (U), (6)

where p,(x) = 5p(¥) if a # 0, and p,(X) = 6(x) if a =0 (Dirac delta).
We are now able to write out the MSA transform of f(x) in terms of the probability density

function as
F(a, B) = E[f(Uap)] = f( )y, 5(U) du
=/, f(U) (pa * ps * py) (U) du (7

_ /R /}R [ F@n0ps (s (1~ x — y) dxdydu.

Using p(x) = ”fﬁ - f(x) and assuming that al «, 3, # 0, this may be written in the form

Fo.0) = s A T e PO

f<f>dxdydu (8)
If for instance o, 8 # 0 and v = 0, which means that 5 = 1 — «, one has p., = §(x) in (7), and
(8) becomes
X
Fla,1 —a) = / / dX du.
( ) 0421_04 Hf” R2 JIR? _04)

Similar modifications give F'(«, ) when o = 0 or 3 = 0. As we can see from (7) the transform
is based on multi-scale convolution kernels, and thus it is called Multi-Scale Autoconvolution
(MSA).

At this point, we may explain the requirement f € L' N L? in Definition 4. From (7) we see
that F'(«, 3) is defined if the function

f(U) (Pa * P * py) (U) 9)



isintegrable. Since g« h € L? when g € L' and h € L?, we have f € L? and p, * ps * p, € L*
when f € L' N L?, so that (9) is integrable by the Cauchy-Schwarz inequality.
It is essentia for the implementation of MSA that the transform may be computed in the

frequency domain. We define the Fourier transform pair as
fe) = [ s and 00— [ ereiiede
R2 R2

Using the Plancherel formula, f]RQ fg = f]RQ fﬁ, in (8), and noting that the Fourier transform
takes convolutions into products, we obtain

1
f(oy?

Fla, ) = (0@ (36)] (16)de (10)

which holds for al «, 3.

C. Properties of MSA

Here we shall present some important properties of the MSA transform. The first one was
aready considered above.

Property 1: The vaue of the MSA transform F'(«, 3) and the moments F*(«, 3) are invariant
against any affine transformation .A(x) = Tx + t, where t € R?and T is a 2 x 2 nonsingular
matrix whose elements belong to R.

The next property considers symmetries of the MSA transform. For this we will use the
notation F'(«, B) = F(«, 5,7), where it is aways understood that v = 1 — a — §.

Property 2: The transform F(«, 3, ) has the following symmetries.

1. F(a,(3,7v) = F(o(a,3,7)) for any permutation o of three elements,

2. Fla,0,7) = F(2,-2,-2) = 2F(-8,1,-3) = F(-2,-£ 1),

The first part follows immediately from (10), and the second part is obtained from (10) by
changing variables in the integral. Property 2 is particularly important because one can use it to
find small regions in the («, 5) plane which determine al the MSA transform values. There are
several possibilities, and one is presented in the Figure 2.

Property 3: Multi-Scale Autoconvolution can be generalized to cover a group of transforms
that are invariant against other linear transformations of the image coordinates.

Example: Let us consider a transform which is invariant against translation, rotation, and

scaling. In such a case, we only need to draw two samples from p(z, y): xo which defines the



(1/3,1/3)

Fig. 2. Illustration of the («, 3) plane region that will give al the MSA transform values.

center of the rotation and scaling, and x; which represents the orientation and the extent of the

rotated and scaled x axis. Using these points, we can express the transformation as follows:

u = a(x; — Xg) + BS(x1 — Xo) + X0 (11)

0
where S = . This transform is invariant against translation, rotation and scaling of
1 0

the image coordinates. It can be shown that the corresponding probability density function of u
is
pua,@(u) = (PR.x1 * PRox,)(U) (12)
where R; = ol + S, Ry = (1 — o)I — 3S, and pgr,x, and pr,x, are probability density
functions of R{X; and R,X, obtained from Lemma 2.1. The transform coefficients are then
obtained similarly to Definition 4.
The next two properties are concerned with the MSA transform and convex sets. If K C R?

is a compact set define

1 ifxeKkK,
XK (X) =
0 otherwise.

We say that K is convex if for any x,y € K, the line segment {(1 —¢{)x +ty|0 <t < 1} is
contained in K. We will also use the notations A for the closure and int(A) for the interior of

aset A C R% The proofs of the following two properties are found in [22].



Property 4: Let K beacompact subset of R? and let f = yx. If K isconvexthen F'(«, 3) =1
whenever 0 <a<land0<pg<1-a.

Property 5. Let K be a compact subset of R? which satisfies K = int(K). If f = yx and
F(3,3) =1, then K is convex.

In Figure 3, we have plotted the MSA transforms of three images. Notice the symmetries and

the behavior with convex objects.

D. MSA in higher dimensions

It is easy to extend the definition of the MSA transform to functions in R™, where n > 3.
The transform will have natural corresponding properties, including affine invariance. For higher
dimensional applications, the most important case is n = 3, and there has been interest in 3D
shape analysis and classification of 3D gray scale models [23], [24], [25]. However, the main
subject of this article is the two-dimensional case, and we will only briefly discuss the theory
in R™.

Definition 5: Let f € L'(R") N L*(R™) with f > 0 be an image intensity function in R".
We let p(x) = | L f(x) be the corresponding probability density function. Let X, Xy, ..., X,

@]~
1B

Fig. 3. Three images and their MSA transforms for «, G ranging from —1 to 2. « is on the

horizontal axis and (3 is on the vertical axis.
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be independent random variables with probability density function p, and define
qu """ an :X0+061(X1—X0)++04n(xn—X0)
= qul + ...+ oann + Oln+1X0

where a1 =1 — a; — ... — «,,. We define the kth moment of f(U,,

and the MSA transform of f is the first moment
Fon,...,0n) = E[f(Uay....an)l-

The MSA transform has similar expressions as in the two-dimensional case. An analogue of

Lemma 2.1 gives that
pUal,...,an (U) = (poq kLK pan+1)(u)7

where p,(X) = a "p(x/a) for a # 0, and p,(X) = 6(x) for a = 0 (Dirac delta). We then have
Flag,...,a,) = f(u)(pal*...*panﬂ)(u)du
R”

T (@1 ) ||f!|”+1/f f(oz_n)
X T T Xy o, du

Opi1
if each o; # 0, and with straightforward modifications if some of the «; are zero. In the last
expression there are n + 1 integrals over R".
We write f(&) = Jin €772 f(x) dx for the Fourier transform of f. Then the Plancherel
formula gives the following expression for the MSA transform:
1 . . .
Flon, . om) = s [ SO (018) - flonn) de

Most properties of the two-dimensional MSA transform have obvious counterparts in n di-

mensions, and the proofs are similar. Most importantly, F'(«q, . .., «,) and the higher moments
F¥(ay, ..., «a,) are invariant under spatial affine transformations x — Tx + t, where T is an
n x n nonsingular real matrix and t € R™. The symmetry properties are stated using the notation
F(ay,...,an) = F(ag,...,an, an11), Where dways ag + ... + ap, + apyq = 1

1. F(og,...,0n1) = F(o(a,...,a,51)) Whenever o is a permutation of n + 1 elements,
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2. F(Oél,...,Oén_H) =
ozj#O.

Also Properties 4 and 5 have analogs in higher dimensions.

F(—e % Lo ol whenl < j < n+1 and

A L) - .
Q; a; 7oy Q; a;

&:Q:|H

I11. IMPLEMENTATIONAL |SSUES

When applied to digital images, a discrete form of MSA must be used. A direct evaluation
of the triple integral in (8) would be computationally expensive, and it is crucial for the imple-
mentation of MSA that the transform may be computed from the single integral in (10) which
involves the Fourier transform of f. Fast algorithms for computing Fourier transforms are easily

available, e.q. [26]. Discretizing the integral (10) gives

NiNa—1

= > f-w) flaws) F(Bwa) f(yw;) (13)

1=0

Fle, 8) =

N1N2f

where w; are N; x N, points in a rectangular grid in R2. We may think of f as the discrete
Fourier transform of a discrete function f, i.e. f isan N; x N, matrix which represents the
digital image.

Formula (13) contains scaled versions of the continuous Fourier transform f. We know that
flaw) = fa(w) where f,(x) = a%f(l), so we may write (13) equivalently as

N1N2—

Z F(=Wi) fa(W;) f(wi) £ (ws). (14)

=0
This has the advantage that we have scaled versions of the original image instead of the Fourier

Flah) = 5 v f

transform, and accurate scaling is easier to do for the original image. Therefore we will base
our implementation of the MSA transform on (14).

Implementing (14) is quite straightforward, apart from the fact that we need a method to
interpolate or decimate the original image f. In our implementation, the interpolation was done
by adding zeros between the known samples. The decimation, on the other hand, was done by
dividing the image into equal sized regions and then summing the elements in them to form one
element in a decimated image. These methods were chosen because in the probability sense they
preserve statistical relations between each part of the image. One should aso keep in mind that
the Fourier transform length must be long enough to avoid the wrap-around error, so if the original
image f isan M; x M, matrix, the transform length V; must satisfy N; > (|a|+|3|+|v|) M; —2.
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Fig. 4. The 29 («, ) pairs used to obtain the MSA based features in our experiments.

To ensure this in our implementation, the transform length for both dimensions i = 1,2 was
taken to be (|a| + |3] + |y|)M;. The actual 29 («, 3) pairs that we selected for obtaining the
features in our experiments are shown in Figure 4. The Matlab algorithm that we implemented
and used in Section V to compute the MSA transform values for any («, 3) can be retrieved
from the URL: http://www.ee.oulu.fi/research/imag/msal.

V. COMPUTATIONAL COMPLEXITY

Let us make some observations about the computational complexity of the Multi-Scale Auto-

convolution compared to some other affine invariant feature extraction methods, namely affine

=
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Fig. 5. The measured and approximated computation times for 29 MSA values.
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Fig. 6. The measured and approximated computation times for 4 affine invariant and cross-

weighted moment values.

invariant moments[15] and cross-weighted moments [18]. However, one should keep in mind that
the actual computation times depend on the specific implementation and computing resources.
We first consider the MSA case, and assume the implementation described in Section 111 for an
N x N image. We need three scaled versions of the image whose size depends on the («, 3) pair,
but, as known from the theory, we only need o and 3 in the region in Figure 2, so we may assume
that |o] < 1, |#] < 1 and |y| < 2. If we neglect the operations needed for image decimation,
we have to perform 4 discrete Fourier transforms, and each is a O(N?log, N) operation with
standard Fast Fourier Transform (FFT). After these we must compute their products, requiring
3N? operations, and the sum requires N2 — 1 operations. Also computing f(0) uses N2 — 1
operations, but this computation is only needed once. Taking into account the final multiplication
with a constant, we have a total of O(N?log, N) operations for one («, 3) pair, and we will
compute 29 of these. Figure 5 illustrates the measured and approximated MSA computation
times, where the approximation curve was computed by fitting the data to an z2log,  model.
The affine invariant moment method, using second and third order algebraic invariants, is
straightforward to implement according to the theory in [15]. It can be easily seen from this that
one needs O(N?) operations for computing one invariant for an N x N image, and usualy 4
invariants are used for classification. Figure 6(a) shows a graph of measured and approximated

computational times, and we can see that at least thus far the second order polynomial model
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fits well.

Also in the case of cross-weighted moments [18], the implementation is trivial, only that due
to the cross-operation the amount of the operations needed rises to O(N*) for 4 invariants for
an N x N image. Now Figure 6(b) illustrates the computational time taken by computing the
cross-weighted moments, as well as the model approximation.

Comparing these results, we can immediately see that the computational complexity of the
cross-weighted moments increases very quickly, leading to the fact that this method is practical
only when the image dimensions are much smaller than 100. As expected, the classical affine in-
variant moments have the smallest computational complexity, but neverthel ess the computational

load for MSA is still bearable, also for larger images.

V. EXPERIMENTS

The purpose of this section isto illustrate the performance of the MSA compared to the affine
invariant moments and the cross-wei ghted moments in various object classification problems. The
comparison methods are described in [15] and [18], and we have implemented these methods
as discussed in the articles. For the cross-weighted moments, we must choose certain values for
the exponent s, and according to [18] we chose the values 0.8, 0.95, 0.99, 1.05, 1.1, 1.2, 1.5 and
1.07 to produce 4 absolute invariants. The reason for not computing more than 4 invariants is the
high computational complexity of the method. With the affine invariant moments we constructed
the four invariants using second and third order moments.

In the experiments, we have used the nearest neighbor classifier, but, before passing the
computed features to it, they were normalized by subtracting the mean and dividing by the
standard deviation. We used three different test sets: binary images, gray scale images, and gray
scale images with 3-D objects viewed from different angles. All the images were normalized to
have intensity values in the interval [0, 1], where 0 is black and 1 is white. Random affine
transformations were generated by randomly choosing the affine transformation matrix and

trandlation according to following expressions:

Ao cos(w) —sin(w) 10 cos(¢) —sin(¢) L th | (15)
sin(w)  cos(w) 0 d sin(¢)  cos(¢) to

wherew, ¢ € [0,27),d € [0.35,1] and ¢, t, € [—5, 5] are uniformly distributed random variables.
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Fig. 7. Randomly affine transformed versions of the first eight letters in the aphabet.

A. Binary image classification

In the first experiment, the classified images were al the capital letters in the alphabet. After
constructing the nearest neighbor classifier using the images with no distortions, we took as test
images randomly affine transformed versions of the same letters. A few samples of these test
images are illustrated in Figure 7. The purpose of this test is to verify that the methods work
correctly in the case of real digital images. As aresult of 2080 test runs using al three methods,
we achieved almost 100% accurate classification resullts.

In order to make the situation a bit more challenging, we introduced uniformly distributed
binary noise into these same letters. As we know, al the methods are, however, quite sensitive
to single separated noise pixels in the background, so before recognition we performed a simple
connectivity analysis to remove them. The fina affine transformed test letters had a rough
boundary, and holes in the interior. Samples of these are illustrated in Figure 8. The noise
level D here is the probability of a pixel to be disturbed by noise before connectivity analysis.

Figure 9 shows the results of 2080 test runs using the nearest neighbor classifier under different
noise levels. As we see from the results, the overall performance of MSA and cross-weighted

moments is superior to the affine invariant moment classification at all tested noise levels. The

N EEE

Fig. 8. Samples of noise disturbed letters after connectivity analysis. The noise level D = 0.07.
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Fig. 9. Error rates for the letter classification at different noise levels.

affine invariant moment method seems to collapse after D = 0.02, while the others give bearable
error rates up to the noise level D = 0.06. If we compare the MSA and cross-weighted moments,
it seems that MSA is more reliable with low noise rates, and when a certain limit is reached the

error rate starts to increase more rapidly than with the cross-weighted moments.

B. Gray-scale image classification

In the second experiment, we classified gray-scale images of 94 different fish, some illustrated
in Figure 10. The resolution of the images was 200x400. First, we trained the classifier using
the image with no distortions and then tested the methods by classifying the same images which
had now undergone some distortion, not necessarily affine. The experiments were done in order
to see how the methods handle different types of deviations from the ideal theory. The cross-
weighted moments were left out of these experiments, because one needs fairly large images

to get the distortion phenomena clearly visible, and the method is not computationally feasible

Fig. 10. Samples of fish images used in the gray-scale classification problem.
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Fig. 11. Samples of projective transformed fish with nonlinearities ¢ from top to bottom
{20,40} - 1074,

with images larger than 100x100 (see Figure 6).

1) Projectivetransformation: Inthefirst test case, the perturbation introduced was a computer-
simulated projective transformation that is the real model for the pinhole camera and an adequate
approximation for many real cameras. Here we recall that a (plane) projective transformation
P =Pp:R? — R?isamap

P(z) = (pnIl + P12%2 + P13 P2171 + Parly +p23)
P3121 + P32l + D33’ D311 + Psata + P33/’

where p31x1 + p3axs + p33 # 0. In our experiment these parameters were chosen so that py; =
P22 = P33 = 1, p12 = P13 = pa1 = pe3 = 0, and the value ¢ = |p3;|+ |ps2|, which can be seen as a
measure for the nonlinearity of the transformation, was varied from 1-107% to 4- 10~3. We have
plotted some samples of the resulting distorted images in Figure 11. The classification errors
with different methods are illustrated in Figure 12(a). One can observe that the error rates with
both methods start to increase rapidly, but MSA is clearly more tolerant against the nonlinearities
caused by the perspective projection.

2) Occlusions combined with affine transformation: In many situations, an object may be
disturbed by some other unwanted object which causes partial occlusion. We tested this by
introducing different sized and randomly situated occlusions on the fish images. The occlusion
was a square shape, with a uniform gray-value 0.5 and the center of the occlusion always on the
fish. Before the occlusion, we made a random affine transformation, because the occlusion is

many times combined with some view angle distortions. We show some samples of the resulting
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Fig. 12. Error rate graphs for gray-scale classification in the case of projective and occlusion

distortions.

test images in Figure 13. The actua classification errors as a mean of 1410 test runs, with
different methods and different occlusion sizes are then illustrated in Figure 12(b).

3) lllumination changes combined with affine transformation: It is usualy very difficult to
set up ideally uniform lighting conditions, and we typically get some illumination distortions
in the images. We tested how the methods behave in the case of linear illumination distortion
combined with the affine transformation. The illumination distortion was done so that starting

from the vertical center line, to the left we linearly decreased the gray-scale values and to the

Fig. 13. Samples of occluded and affine transformed objects with occlusion sizes from top to
bottom {20, 30}.
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Fig. 14. Error rate graphs for gray-scale classification in the case of illumination and Gaussian

noise distortions.

right we similarly increased them. We performed 1410 test runs with different slopes, and the
results are illustrated in Figure 14(a).

4) Gaussian noise combined with affine transformation: Since we do not have perfect cameras,
we aways get some noise from various sources like CCD arrays. In this experiment, we
performed an affine transformation to the image and then added some Gaussian noise. However,
the size of the background has a strong effect on both of the methods, since due to noise
the large background will acquire considerable probability mass distracting the features. To
diminish this effect, we performed a simple threshold operation to remove the background. This
type of distortion is difficult since it affects both the gray scale and the shape information. The
classification results are shown in the graph in Figure 14(b). With this type of distortion, MSA
most clearly outperforms the affine invariant moments, as it seems that they can tolerate almost

Nno noise.

C. Classification in the presence of real view angle disturbances

Asafinal test, we wanted to see how the methods perform with images having real view angle
distortions. In order to test this, we used the Coil-100 image database of Columbia University
as a test set. Coil-100 contains 100 different objects each viewed from 72 different angles,
i.e. every 5 degrees. For the details of the database arrangements, see [27]. The RGB images
from the database had to be first converted to gray scale. Then, the first images of each object,
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Fig. 15. Two samples of the Coil-100 database objects viewed from angles 0°, 5°, 10° and 15°.

those taken at angle 0, were used as the training images to create the classifiers. To also get
some idea of the absolute performance that can be achieved, we included 20 randomly affine
transformed versions of the original training image in the training set. This improves the results
considerably and offers some insight as to how affine transformation can be used as a model
for real distortions. With this larger training set we were also able to use a linear discriminant
classifier, which gave dlightly better results than the nearest neighbor classifier.

The test set was taken to include all the objects in angles +5°, +£10° and +15°, in order to
see how the classifier performed in the presence of real perspective transformations. Figure 15
contains some samples of these test objects. This classification task is very challenging, because

the objects are not quite planar compared to the distance of the camera. From the test resultsin

TABLE |
ERROR RATES OF THE COIL-100 CLASSIFICATION PROBLEM AT VIEWING ANGLES —15...15

USING LINEAR DISCRIMINANT CLASSIFIER.

View angle MSA Affine invar. moments C-w moments

—-15° 2% 44 % 46 %
—-10° 1% 31 % 27 %
-2 0% 21 % 15 %
5° 0% 23 % 25 %
10° 0% 41 % 34 %

15° 1% 55 % 49 %
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Table | one can see that MSA is superior compared to both comparison methods with all tested
angles and classifiers. The error rates 0% — 2% with the linear discriminant classifier indicate
that the proposed method is quite robust against the approximation errors caused by the view

angle disturbances.

V1. DISCUSSION

Let us say a few words about the experimental results achieved in Chapter V. In binary image
classification, al the tested methods performed well when no noise was present. When binary
noise was introduced, we observed that MSA seems to perform reliably up to a certain noise
threshold, after which it collapses quickly. One could argue that this does not come as a surprise,
but is a consequence of the strong nonlinear structure. By looking at our benchmark method,
the affine invariant moments, one can see that both MSA and cross-weighted moments clearly
outperform it in the sense of classification accuracy, with any noise level. However, using higher
order moments for producing more invariants might increase the performance of affine invariant
moments.

The gray scale classification experiments tested the performance of the methods under different
types of distortions that are usually encountered in the photographing process. The tested cases
were perspective transformation, occlusion, nonuniform illumination and image noise. As it is
difficult to simulate these distortions using small images, we had to omit the computationally
expensive cross-weighted moments from this experiment. From the achieved results, one can see
that the methods may not perform well in the presence of nonaffine distortions, which was to
be expected. However, the final test using the Coil-100 database verified that if one is able to
eliminate the object background and if the photographing conditions are reasonably good, then
these distortions will stay in such limits that a reliable recognition system can be constructed.
Altogether one should not pay too much attention to the absolute error levels, but more to the
relative performance of the methods. Thisis because the actual recognition system will in practice
use enhancements like more sophisticated classifier structures, or more training images of the
actual object. From the error rate graphs, one can observe that, apart from the Gaussian noise
test, the methods have graphs of similar shape, but in all the test cases the relative performance
of the MSA is significantly better. This result can also be observed from the real world example
with the Coil-100 database.
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Asan overall result, we might conclude that there does not seem to be a single superior feature
computing method or classifier which would give the best performance in al circumstances, and
this is exactly what we were expecting. Anyway, using the classification error as a measure, we
would argue that the best overall performance of all the tested feature computing methods was
provided by MSA. Even in the noise disturbed binary classification, the points where the cross-
weighted moments outperformed MSA were aready at high noise powers. One can, of course,
notice that the affine invariant moments are, by any measure, the most efficient to compute, but
one should consider the trade off between computational complexity and classification accuracy
depending on the application. It should also be noted that the computing time for MSA can be
reduced using fewer («, 3) pairs, which might on the other hand lead to some decrease in the
classification performance. In fact the optimal choice of («, 3) pairs will be one of the important

future research issues.

VIl. CONCLUSIONS

In this article we presented a novel transform called Multi-Scale Autoconvolution, which is
applicable to affine invariant feature extraction. The proposed method was analyzed theoretically
and assessed experimentally by comparing it to other similar techniques. We also considered the
implementation and computational complexity of the method.

In the theoretical part of the article, we defined the MSA transform and gave different
expressions for it. We also proved its affine invariance property along with a number of other
useful properties. The experiments performed with similar comparison methods showed that
apart from the binary image classification scheme with high noise levels, MSA provided reliable
results in the classification error sense.

Theory and experiments made it clear that the computational complexity of the cross-weighted
moments rises quickly with the image size, which generally makes the method computationally
impractical aready for images smaller than 100 x 100. Although the affine invariant moments
provided superior computational speed with O(N?) complexity, the O(N?log, N) complexity
of MSA was not much worse, and it will provide a computationally conceivable alternative.

As observed in the experiments, the affine transformation provides an adequate approximation
of real view angle distortions, and hence affine invariant feature computing methods remain an

important part of statistical pattern recognition. From the comparison with other affine invariant
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techniques, it appears that MSA based classifiers provide accurate results for such problems.
Bringing MSA to real applications still requires some further investigation of the computational
algorithms and feature selection. However, MSA has already proved its discriminative capacity,

and we expect to see MSA in 3D object recognition applications in the future.
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APPENDIX |

THE PROOF OF LEMMA 2.1

(@) Let A C IR? be measurable. We denote by 15 the indicator function of a set B in some
probability space, so that 1 = 1 in B and 15 = 0 outside B. Since X and Y are

independent, we have

P(X +Y e A) = E(l{X+Y€A})

/]Rz ( /R Lcryenp(¥aly) dx) dy
- L.  Pay) dy) X
- /]R (/AP(X)CJ(y ~ ) dy) dx
= [ ([ ptats )

by Fubini’s theorem and a change of variables. This shows that the probability density

function of X + Y is the convolution p * q.

(b) If A C R? is measurable we have
PMX+tc A =PXeTtA-T")

= [ =g [Ty =Ty
T 1A-T- 1t ‘T‘ A

using the change of variables x = T~y — T't.

(c) This follows from (b) by choosing T = oI, t = 0.
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