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_ `abcdefgbhda
ijklmnopj qrp snt lkj unmt kvl wqmxljk qrp y z lmvqzj zqmqpn{ osqww|y kvl wlqjk }lww ~rn}r znz�wqkonr
nu slwljkoqw � npolj or n�m jnwqm j|jklt � �vl jvnmkqxl nu plkqowlp orunmt qkonr oj t qorw| p�l kn kvl
uqsk kvqk y � lsq�jl nu kvl wqmxl orklmzwqrlkqm| pojkqrslj y poj~�mljnw�lp ot qxlj sqr �l n�kqorlp nrw|
nu q wot oklp r�t�lm nu kvljl kqmxlkj � �l�lmkvlwljj y n�m �ol} nu kvoj znz�wqkonr vqj jkqmklp kn
svqrxl pmqtqkosqww| n�lm kvl zqjk ul} |lqmj � �zqslsmquk ot qxlj qrp plkqowlp mqpqm n�jlm�qkonrj y
kvn�xv �lm| wot oklp or kvlom q�owok| kn sn�lm kvl qjklmnop znz�wqkonr y vq�l qwmlqp| ml�lqwlp kn �j
kvqk qjklmnopj snt l or � �jk q�n�k qww znjjo� wl jvqzlj �umnt jzvlmnopj kn �pnx�nrlj �� y snr�x�mqkonrj
�umnt jorxwl �npolj kn snrkqsk nm jlzqmqkl � orqmolj nm jqklwwokl j|jklt j� y qrp jkm�sk�mlj �m���wl
zowlj y jnwop nm umqsk�mlp mn s~j y jtnnkv nm �nt�qmplp j�muqslj� � �vl rllp unm plkqowlp orunmt qkonr
nr q wqmxl jqtzwl nu qjklmnopj oj kv�j rn} zmljjorx y qrp unmk�rqklw| ok k�mrj n�k kvqk kvlml qml
mosv pqkq jn�mslj mlqpow| q�qowq�wl � � } oww p ojs�jj � lwn} vn} kvl zmljlrk xnwplr qxl nu qjklmnop
mljlqmsv qzzwolj qwjn kn qtqkl�mj y }vn rn} vq�l y kvqr~j kn tnplmr l��ozt lrk qrp ��� sqtlmqj y
q mlt qm~q�wl nzznmk�rok| kn zqmkosozqkl or otznmkqrk jsolrko�s mljlqmsv �

�r qppokonr kn kvlom otznmkqrsl or sntzwlkorx kvl � ox z osk�ml nu n�m jnwqm j|jklt knpq|y qjklmnopj
qwjn sqmm| otznmkqrk orunmt qkonr umnt kvl zqjk � �vl| qml y or q }q|y pornjq�mj nu kvl jnwqm j|jklt �
�rwo~l zwqrlkj kvqk qml kvnmn�xvw| tn�wplp �| �qmon�j zv|josqw qrp xlnwnxosqw zmn sljjlj y qjklmnopj
jkoww snrkqor t qklmoqw umnt kvl zmot nmpoqw jkqxlj � �| jk�p|orx kvlom sntznjokonr y jkm�sk�ml y jvqzlj y
mnkqkonrqw jkqklj y qrp nm�okj y }l sqr mlsnrjkm�sk t�sv nu kvl vojknm| nu n�m j|jklt �

� � �b�cdhe �de��� �cd� c��db� ��a�ha�
�oj~�mljnw�q�wl pomlsk ot qxlj nu qjklmnopj qml q�qowq�wl nrw| umnt �|�|j �l �x �y �vnt qj lk qw � ���� y
����   ¡��lm lk qw � ¢£££�   kvlml qml jnt l �lm| sm�pl wn}�mljnw�konr jrqzjvnkj nu kvl wqmxljk ul}
qjklmnopj kq~lr } okv kvl ¤���wl �zqsl �lwljsnz l y ��k }l sqrrnk l{zlsk t�sv �lkklm mljnw�konr
�lsq�jl nu kvl zv|josqw wot okqkonrj � ¥kvlm t lkvnpj nu n�kqororx orunmt qkonr �orsw�porx mqpqm� qml
orpomlsk y jn kvl| snrjkok�kl or�lmjl zmn�wlt j � ¦l rl�lm zmnz lmw| jll kvl kqmxlk y jn }l vq�l kn
�rp q }q| nu t q~orx q u�ww tnplw nu ok kvqk l{z wqorj kvl n�jlm�qkonrj � �r uqsk kvoj oj zmlsojlw|
}vqk n�m �mqorj pn l�lm| pq| } okv kvl pqkq umnt n�m jlrjlj y orsw�porx ot qxlj y jn or kvqk jlrjl
}l qww jnw�l or�lmjl zmn�wlt j qww kvl kot l § }l qml � �jk qss�jkntlp kn pnorx ok } okv or jkorsk qrp
l{zlmolrsl y rnk tqkvlt qkosj � ¦ vlr }l vq�l kn or�n~l t qkvlt qkosj y kvl �mjk jklz oj kn jnw�l kvl
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pomlsk zmn�wlt y o �l �y kn xo�l plkqowlp t qkvlt qkosqw qrp zv|josqw m�wlj qss�mqklw| pljsmo�orx vn} kvl
n�jlm�lp ��qrkokolj qml plklmt orlp �| kvl zqmqt lklmj pljsmo�orx kvl kqmxlk qrp kvl n�jlm�qkonrqw
soms�t jkqrslj � �r n�m sqjl y }l qml zmot qmow| orklmljklp or kvl mnkqkonrqw jkqkl y jvqzl y qrp j�muqsl
svqmqsklmojkosj nu kvl kqmxlk � �vl jlsnrp jklz oj kn svls~ }vlkvlm }l sqr kmqsl kvoj nmox orqww| nrl�
}q| zqkv �qs~ kn kvl jkqmkorx znork � � j�qww| ok k�mrj n�k kvqk kv oj sqrrnk �l pnrl } okvn�k jnt l
snrjkmqorkj qrp�nm qppokonrqw orunmtqkonr y jn kvl jlsnrp jklz oj snrjoplmq�w| vqmplm kvqr kvl �mjk
nrl � �voj oj }v| or�lmjl zmn�wlt j qml q �lm| qsko�l �lwp nu jk�p| or qzzwolp t qkvlt qkosj � �vl
kv omp jklz oj kn t q~l kvl qsk�qw �qs~}qmp kmoz unm lqsv kqmxlk y jkqmkorx } okv kvl mlqw orjkm�tlrk
mlqporxj qrp lrporx �z } okv tnplw �x�mlj qrp ot qxlj nr kvl sntz�klm pojzwq|�
� �� ������	�
�� 
���
i zml�on�jw| t�sv �r�jlp ��k t q� nm qrp lqjow| q�qowq� wl jn�msl nu orunmt qkonr nr jt qww jn wqm j|j�
klt �npolj snrjojkj nu kvlom zvnknt lkmos woxvks�m�lj y o �l �y t lqj�mlt lrkj nu kvlom knkqw �moxvkrljjlj
kvqk �qm| qj kvl �ol} orx�oww�t orqkonr xlnt lkm| svqrxlj � ¦l sqr rn} }lww jq| kvqk kvl mljnw�orx
sqzqsok| nu woxvks�m�l or�lmjonr wolj y mn�xvw| jz lq~orx y � lk}llr jzqsl klwljsnz l qrp mqpqm y qrp okj
mqrxl l{klrpj umnt rlqm��qmkv kn ��zoklm �mn� qr qjklmnopj �� qqjqwqorlr lk qw � ¢££¢s� �

�lk �j �mjk } mokl kvl t qkvlt qkosqw t nplw pljsmo�orx qr qjklmnop �j �moxvkrljj �� qqjqwqorlr
� �nmzzq ¢££ �� � �voj oj pnrl �| orklxmqkorx n�lm qww � ojo� wl qrp oww�t orqklp j�muqsl zqksvlj nu
or�rokljot qw qmlq

ds
� �r q snnmporqkl umqt l �{lp kn kvl qjklmnop y kvl snrkmo��konr

dL
kn kvl

knkqw �moxvkrljj
L =

∫
dL

oj y qk jnt l znork
r
nr kvl j�muqsl �oxrnmorx kvl kmo� oqw pojkqrsl�j��qmlp

uqsknmj� y
dL = S[µ(r), µ0(r)]$(r) ds,

���
}vlml

$
qrp

S
qml kvl qw�lpn qrp kvl jn�sqwwlp woxvk�jsqkklmorx tnplw nu kvl j�muqsl  

µ = E ·n(r)qrp
µ0 = E0 · n(r)

y }vlml
E
qrp

E0

qml y mljz lsko�lw|y �rok �lsknmj kn}qmpj kvl n�jlm�lm ��qmkv �
qrp kvl ��r qk kvl tntlrk nu n�jlm�qkonr y qrp

n(r)
oj kvl j�muqsl �rok rnmt qw � �qt�lmk �j wq} y

unm l{qtzwl y oj
SL = µµ0

y }vowl kvl �nttlw��llwoxlm wq} oj
SLS = SL/(µ + µ0)

� �nkl kvqk
Loj xo�lr or orklrjok| �rokj mqkvlm kvqr t qxrok�plj � �r zmqskosl y �moxvkrljj svqrxlj qml qjsmo� lp

qwt njk sntzwlklw| kn jvqzl   znklrkoqw qw� lpn �qmolxqkonr n�lm kvl j�muqsl sqr �l jlzqmqklp umnt
jvqzl kn jnt l l{klrk y ��k umnt zv|josqw snrjoplmqkonrj qrp jzqslsmquk ot qxlj }l sqr l{zlsk j�sv
l�lskj kn � l ��okl jt qww � �vl orklxmqw oj or zmqskosl sntz�klp �| kljjlwwqkorx kvl j�muqsl orkn
jtqww zwqrqm uqslkj qrp mlzwqsorx kvl orklxmqw �| q j�t � �r kvl or�lmjl zmn�wlt }l jnw�l unm kvl
zqmqtlklmj pl�rorx j�sv q j�muqsl �o �l �y � � �| t or ot o� orx } okv j� okq�wl nzkot o�qkonr zmnslp�mlj
kvl svo�j��qml mljop�qw

χ2 =

N∑
i=1

(Lobs
i − Li)

2,
�¢�

}vlml
Lobs

i

qrp
Li

qml y mljz lsko�lw|y kvl n�jlm�lp qrp tnplwwlp �moxvkrljjlj qk kvl
N
n�jlm�qkonr

lzn svj �
�nkqkonr zqmqt lklmj qml lqjow| orkmnp�slp kvmn�xv mnkqkonr tqkmoslj kmqrjunmt orx snnmporqklj

� lk}llr kvl qjklmnop umqt l qrp q xwn�qw umqt l j�sv qj kvl lswozkos nm l��qknmoqw nrl �� qqjqwqorlr lk
qw � ¢££¢s   qwjn su � �qom�qomr ¢££�� � �nm tnjk qjklmnopj kvljl zqmqt lklmj qml kvl pomlskonr nu kvl jzor
q{ oj qrp kvl joplmlqw mnkqkonr zlmonp � �nt l qjklmnopj qml zmlsljjorx y o �l �y kvlom mnkqkonrqw jkqklj vq�l
rnk |lk mlwq{lp kn kvl jn�sqwwlp zmorsozqw�q{oj mnkqkonr p�l kn lrlmx| pojjozqkonr or kvl k�t�worx
qjklmnop t qklmoqw � ��sv zmlsljjonr sqr qwjn �l pljsmo� lp tqkvlt qkosqww| qrp kvl snmmljznrporx
zqmqtlklmj � l orsw�plp or kvl snnmporqkl kmqrjunmt �� qqjqwqorlr ¢££ �� � � oxvks�m�l n�jlm�qkonrj
sqr qwjn ml�lqw �orqm| qjklmnopj ml�nw�orx qmn�rp lqsv nkvlm �� mq�ls lk qw � ���� y � nkknwq � �qv�wwq
¢£££� �

�vl pomlsk zmn� wlt oj kv�j �� okl jkmqoxvkunm}qmp �oq ��� � �vl or�lmjl zmn�wlt y vn}l�lm y oj
rnknmon�jw| po� s�wk y qrp vqj nuklr �llr kvn�xvk �rjnw�q� wl � �rpllp y ok }qj jnt lkv orx nu q j�mzmojl
kn �rp n�k kvqk y }vlr t lmlw| rqk�mqw qrp jotzwl snrjkmqorkj qml qzzwolp y kvl zmn�wlt vqj q }lww�
pl�rlp jnw�konr � �vl zqkv kn kv oj jnw�konr oj mqkvlm q } orporx nrl qrp or�nw�lj q r�t�lm nu
t qkvlt qkosqw qrp zv|josqw snrjoplmqkonrj � } oww rnk pojs�jj vlml �� qqjqwqorlr � �nmzzq ¢££ �y
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� ox�ml � � ���qknmoqw � ol} j nu kvl woxvks�m�l��qjlp tnplwj nu qjklmnopj ���£ �lk�woq �wluk� qrp ��£�
�|{ �moxvk� �

� qqjqwqorlr lk qw � ¢££¢s� � �vl t qor mlj�wkj qml kvqk kvl mnkqkonr zqmqt lklmj sqr �l plp�slp
�lm| qss�mqklw|y qrp kvl � ����� jvqzl sqr �l }lww orulmmlp � �voj jvqzl sqr �l kvn�xvk nu qj
kvl snr�l{ jvqzl �ljk t ot os~orx kvl jowvn�lkkl nu kvl �np| or qww � ol} orx pomlskonrj � �lkqowlp
knznxmqzvos�rnrsnr�l{ ulqk�mlj sqr jlwpnt �l snr�mt lp �jorx poj~�orklxmqklp zvnknt lkmos pqkq
qwnrl ���mlsv � � qqjqwqorlr ¢££�� � �voj oj k|z osqw nu qr| or�lmjl zmn�wlt � jntl orunmt qkonr oj
nuklr orl�okq�w| wnjk nr kvl }q|y or kvoj sqjl p�l kn kvl jtnnkvorx l�lsk nu orklxmqkonr n�lm kvl
poj~ � ¥�m � n� oj kn tq~l j�ml }l xqkvlm l�lm|kv orx kvqk kvl orunmt qkonr jn�msl vqj kn n�lm � �vl
otznmkqrk kv orx vlml oj kn vq�l pqkq umnt �qmon�j n�jlm�orx xlnt lkmolj y qrp q�n�l qww }vlr kvl
jnwqm zvqjl qrxwl

α = arccos(E ·E0)
oj rnk wn} y o �l �y kvl jvqpn} orx l�lskj ml�lqworx kvl jvqzl qml

zmnt orlrk � ¦l jvn} l{qtzwlj nu kvl tnplwj qrp woxvks�m�lj nu k}n rlqm��qmkv qjklmnopj ���ij�
���£ �lk� woq qrp ��£� �|{ or � ox�mlj ��� �

� ox�ml ¢ � �}n woxvks�m�lj nu ���£ �lk� woq � i jklmoj~j qml kvl n�jlm�lp orklrjok| znorkj �or mlwqko�l
�rokj� y qrp kvl pqjvlp worl oj kvl tnplw �k y z wnkklp qxqorjk kvl mnkqkonrqw zvqjl �or plxmllj� �
�vl znwqm qrxwlj nu kvl �qmkv qrp kvl ��r y qj jllr umnt kvl qjklmnop y qml

θ
qrp

θ0

y mljz lsko�lw|�
�vl jnwqm zvqjl qrxwl oj xo�lr �|

α
� �nkl kvl �lm| mqzop svqrxl nu kvl woxvks�m�l jvqzl qj kvl

n�jlm�orx xlntlkm| svqrxlj y sq�jlp �| kvl ommlx�wqm jvqzl qrp kvl voxv jnwqm zvqjl qrxwl �
�vlml qml jntl �£ £££ mlsnmplp woxvks�m�lj nu jl�lmqw v�rpmlpj nu n�� lskj ��qxlm~�ojk lk qw �

¢££ �� y qrp kvl r�t�lmj qml xmn} orx � ¦l vq�l jn uqm ��owk t nplwj nu n�lm loxvk| n�� lskj �l �x �y
� qqjqwqorlr lk qw � ¢££¢q y� y ¢££�   �wo�qr lk qw � ¢££�   �nmzzq lk qw � ¢££� � y qrp qk wlqjk qj t qr|
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sqr �l qrqw|�lp or kvl rlqm u�k�ml } okv kvl qop nu }lww�z wqrrlp n�jlm�qkonrj � ��ij qml ljzlsoqww|
ml}qmporx kqmxlkj � ��l kn kvl ��os~w| svqrxorx n�jlm�orx xlnt lkmolj y q sntzmlvlrjo�l tnplw nu
q ��i sqr nuklr �l snrjkm�sklp quklm qr n�jlm�qkonr jzqr nu nrw| q ul} tnrkvj � �r qppokonr kn
��ij y kvlml qml r�t lmn�j t qor�� lwk qjklmnopj ���ij� unm }vosv nrw| nrl nm k}n tnml n�jlm�qkonr
sqtzqoxrj qml rllplp kn sntzowl q xnnp pqkq jlk �

� ox�ml � � �}n woxvks�m�lj nu ��£� �|{ y knxlkvlm } okv kvl tnplw �kj �

� �� �����	�	���
� 
��� � 
�
�
 � ���	
�	
��	�
�� � ����������	

�vlml qml nkvlm jn�mslj nu orunmt qkonr kvqk qml z lmvqzj rnk qj mn��jk qrp lqjow| q�qowq�wl qj
zvnkntlkm|y ��k vq�l q sntzwlt lrkqm| svqmqsklm � �nt�or orx l�lr q wot oklp r�t�lm nu j�sv pqkq
} okv zvnknt lkm| sqr mlj� wk or q tnml plkqowlp jnw�konr � ¦l vq�l mlslrkw| jkqmklp pnorx kvoj } okv
mqpqm qrp orklmulmnt lkmos n�jlm�qkonrj qrp nss�wkqkonr kot orxj � �r kvl un wwn} orx � �mol�| wojk kvl
�qjos tnplwj unm kvljl jn�mslj kn jvn} kvqk kvl t qkvlt qkosqw mlwqkonrjv oz �lk}llr kvl tnplw
zqmqtlklmj qrp kvl n�jlm�q�wlj oj qw}q|j �� okl jkmqoxvkunm}qmp � �k oj kvl �qs~kmqs~orx kvqk oj kvl
vqmp zqmk �

�qpqm oj q zn}lmu� w knnw unm qjklmnop n�jlm�qkonrj �¥jkmn lk qw � ¢££¢� � i plwq|��nzzwlm l{z lm�
ot lrk rnk nr w| t lqj�mlj kvl orklrjok| nu kvl ml�lsklp mqpqm joxrqw qj q u�rskonr nu kvl �nzzwlm
uml��lrs| �po�lmlrk j�muqsl znorkj vq�l po�lmlrk mqpoqw �lwn sokolj p�l kn qjklmnop �j mnkqkonr �   ok
qwjn t lqj�mlj kvl orklrjok| qj q u�rskonr nu ��lm| qss�mqklw| plklmt orlp� kot l � �voj xo�lj kvl
mqpqm plzkv sn�lmqxl qj zqmkj nu kvl �np| u�mkvlm q}q| umnt kvl mqpqm ml�lsk kvl jqt l joxrqw �qs~
wqklm � �n} kvl n�jlm�q�wl �snnmporqklj �

(d, D)
�
d
unm plzkv qrp

D
unm qzzqmlrk �nzzwlm �lwn sok|

or kvl mqpoqw pomlskonr q}q| umnt kvl n�jlm�lm� qrp kvl j�muqsl znork
r = (x, y, z)

or kvl qjklmnop �j
n}r snnmporqkl j|jklt qml mlwqklp �|

d = −(x cosφ + y sin φ) cos δ − z sin δ,
�� �

D = ω cos δ (y cosφ − x sin φ),

}vlml
ω
oj kvl qrx�wqm jzllp nu kvl qjklmnop �j mnkqkonr q�n�k okj q{ oj y

δ
oj kvl j���mqpqm wqkok�pl y

o �l �y kvl wqkok�pl nu kvl mqpqm qj jllr umnt kvl qjklmnop y qrp
φ
oj kvl j���mqpqm wnrxok�pl � �vl nuklr

jvn}r mqpqm �ot qxl � nu qr l{zlmot lrk oj q zwnk nu kvl snt�orlp n�jlm�lp orklrjokolj nu qww � ojo� wl
j�muqsl zqksvlj or kvl

(d, D)
�z wqrl y jn ok jvn�wp rl�lm � l t ojkq~lr unm q jrqzjvnk nu kvl kqmxlk �

�nm nrl j�sv zwnk y kvlml qml jkoww jl�lmqw j�muqsl zqksvlj kvqk snmmljznrp kn kvl jqt l
(d, D)

�zo{lw �
�vl 
�moxvkrljj� nu nrl zo{lw oj kvl orklxmqklp mqpqm smnjj jlskonr �lsvn jkmlrxkv� nu kvljl zqksvlj y
sntz�klp � �jk qj or ��� �rn}

µ = µ0

qrp
S ∼ µn

� �
�u kvlml qml plwq|��nzzwlm l{zlmot lrkj unm jl�lmqw lzn svj y qrp kvl wqkok�pl

δ
oj po�lmlrk umnt

�lmn y kvl t qr|�kn�nrl zo{lw t qzzorx oj po�lmlrk unm po�lmlrk ot qxlj y qrp nrl sqr �jl kvoj kn
smlqkl q tnplw nu kvl kqmxlk �¥jkmn lk qw � ¢££¢� � �r zmqskosl y kvoj mlj�wkj or jkqrpqmp wlqjk�j��qmlj

�



nzkot o�qkonr � �nm qjklmnopj rnk swnjl kn kvl �qmkv y vn}l�lm y kvl lsvn zn}lm oj �j�qww| rnk j�� solrk
unm plzkv mljnw�konr y jn }l xlk �nzzwlm�nrw| joxrqw �qwjn ~rn}r qj �¦ y snrkor�n�j }q�l� � �n} kvl
lsvn zn}lm unm nrl uml��lrs| oj xo�lr �| orklxmqkorx n�lm j�muqsl zqksvlj snmmljznrporx kn nrl

D
�

�or � �vljl pqkq qml �j�qww| rnk j�� solrk unm mlwoq�wl n�� lsk tnplwworx �| kvlt jlw�lj � �orsl kvlom
orunmt qkonr oj �nmkvnxnrqw � kn zvnkntlkm|y kvl| sqr �l ltzwn|lp kn xo�l qppokonrqw qss�mqs| kn
tnplwj �qjlp nr woxvks�m�l or�lmjonr � ir l{qtzwl nu kv oj oj jvn}r or � ox�ml � � i snrkqsk��orqm|
k|zl qjklmnop jvn} j kvl }qojk �lk}llr okj k}n t qor zqmkj or q �nzzwlm zmn� wl y ��k woxvks�m�lj
jlwpnt sqmm| orunmt qkonr nr j�sv orplrkqkonrj �rwljj kvl| qml �lm| wqmxl qrp qml n�jlm�lp qk �lm|
voxv jnwqm zvqjl qrxwlj ���mlsv qrp � qqjqwqorlr ¢££� � �

� ox�ml � � i kljk jvqzl qrp okj �nzzwlm mqpqm zmn� wl �qjklmoj~j� y knxlkvlm } okv kvl �kj umnt q
woxvks�m�l� mqpqm��qjlp tnplw �pqjvlp worl� qrp woxvks�m�lj�nrw| tnplw �pnk�pqjv� �

�rklmulmntlkm| oj qrnkvlm t q� nm mltnkl jlrjorx klsvro��l � �k oj �qjlp nr kvl uqsk kvqk l�lr
kvn�xv kvl kqmxlk sqrrnk � l mljnw�lp y okj rnr�qrojv orx qrx�wqm jo�l orl�okq�w| pojk�m�j kvl nzkosqw
jkqrpqmp orklmulmlrsl zqkklmr kvqk }n�wp �l n�kqorlp umnt q znorkwo~l jn�msl � �vl pojk�m�qrslj
vq�l q t�sv wqmxlm qrx�wqm } opkv kvqr kvl jn�msl � �vl pojk�m� lp zqkklmr oj q snr�nw�konr nu kvl
�rpojk�m� lp nrl } okv kvl zwqrl�nu�j~| ot qxl nu kvl kqmxlk � �lrnkorx kvl zwqrl�nu�j~| pojkqrsl
qwnrx kvl jsqrrorx pomlskonr �|

x
}l vq�l

P (x) =
1

L

∫ ∫
I(u, v)T (x − u cos γ + v sin γ) du dv,

�� �
}vlml }l orklxmqkl n�lm kvl zwqrl�nu�j~| ot qxl orklrjok|

I(u, v)
nu kvl kqmxlk �

u, v
qml kvl svnjlr

zwqrl�nu�j~| snnmporqklj� y
T (x)

oj kvl jkqrpqmp orklmulmlrsl zqkklmr jkmlrxkv y qrp
γ
oj kvl zwqrl�

nu�j~| kowk qrxwl �lk}llr
x
� qrp

u
�pomlskonrj � �vl �rqw zqkklmr

P
oj rnmt qwo�lp } okv kvl kqmxlk �j

knkqw poj~�orklxmqklp �moxvkrljj
L =

∫ ∫
I(u, v) du dv

� �vl tnplw ot qxl pojkmo��konr
I(u, v)

oj
pomlskw| xo�lr �| kvl z wqrl�nu�j~| zmn� lskonrj nu kvl j�muqsl uqslkj qrp kvlom �moxvkrljjlj

dL
umnt

��� y jn kvl orklmulmntlkmos sqjl oj jotzw| qr l{klrjonr nu kvl zvnknt lkmos nrl y qrp kvl or�lmjl
zmn�wlt sqr �l vqrpwlp qssnmporxw|� ¥rl sqrrnk mlsnrjkm�sk qr ot qxl umnt nrl jsqrrorx jljjonr y
��k }l sqr �jl qww q�qowq�wl pqkq umnt jl�lmqw pqklj qrp xlnt lkmolj kn t q~l q u�ww t nplw �

¦l �jl y unm l{qtzwl y kvl � orl ��opqrsl �lrjnm orklmulmnt lkm| } okv kvl ¤���wl �zqsl �lwljsnz l
} okv k}n nmkvnxnrqw jsqrrorx pomlskonrj �¤ljkmn�lm lk qw � ¢££¢ y �qrxq lk qw � ¢££� � � �rklmulmnt lkmos
pqkq qml y nu sn�mjl y n�kqorlp t�sv wljj nuklr kvqr zvnknt lkmos pqkq y jn qxqor kvl| qwnrl qml rnk
j�� solrk unm tnplwworx or zmqskosl y ��k kvl| qml q �qw�q�wl qppokonr kn zvnkntlkmos orunmt qkonr �

� ot orxj nu jklwwqm n ss�wkqkonrj �| qjklmnopj qml xqkvlmlp qwt njk l{sw�jo�lw| �| qt qkl�m qj�
kmnrnt lmj � �vljl qml mqkvlm umqxowl qrp unmk� okn�j l�lrkj y ��k or zmorsozwl snrkqor jrqzjvnkj
zmn� wlj nu kvl kqmxlk ou }lww n�jlm�lp � ¤lml kvl pomlsk zmn�wlt oj qxqor lqjow| l{zmljjlp � �nm q
xo�lr nss�wkqkonr kot orx

∆t
umnt jnt l lznsv y kvl zmnz lm n�jlm�lp ��qrkokolj �snnmporqklj nu q

�




zmn� wl znork� � sqr �l }mokklr qj

(ξ, η) = [ŝξ · (x + ∆v∆t), ŝη · (x + ∆v∆t)],
���

}vlml
x
oj kvl n�jlm�lm �j znjokonr nr kvl �qmkv or kvl joplmlqw l��qknmoqw umqtl y xo�lr �|

x =
(R cosβ cos θ, R cosβ sin θ, R sin β)

�} okv
R
kvl wn sqw �qmkv mqpo�j y

β
kvl wqkok�pl y qrp

θ
kvl wn sqw

joplmlqw kot l� y
∆v

plrnklj kvl po�lmlrkoqw jzqsl �lwn sok|
vEarth−vasteroid

y qrp kvl jowvn�lkkl zwqrl
zmn� lskonr �rok �lsknmj sqr �l svnjlr kn �l

ŝξ = (− sin δ cosα,− sin δ sinα, cos δ),
���

ŝη = (sin α,− cosα, 0),

}vlml
α
qrp

δ
qml kvl moxvk qjslrjonr qrp plsworqkonr nu kvl n ss�wkorx jkqm � �vl snmmljznrporx

zmn� lskonr znork nu q j�muqsl znork
r
nu qr qjklmnop tnplw oj jotzw|

(ξmod, ηmod) = (ŝξ · req, ŝη · req) + (ξ0, η0),
���

}vlml
req

oj
r
kmqrjunmt lp kn kvl l��qknmoqw snnmporqkl j|jklt �| kvl mnkqkonr zqmqt lklmj y qrp

(ξ0, η0)
oj jntl n� jlk � �vl or�lmjl zmn�wlt snrjojkj nu qp� � jkorx kvl tnplw

r
qrp mnkqkonr zq�

mqt lklmj j�sv kvqk kvl kvlnmlkosqw zmn� wl worl snorsoplj } okv kvl n�jlm�lp zmn� wl znorkj qj }lww qj
znjjo�wl � �n} l�lr jnt l wqmxl snrsq�l unmt qkonrj qml mljnw�q�wl or zmorsozwl y qrp }l qwjn xlk kvl
jo�l jsqwl nu kvl kqmxlk pomlskw| qj } okv mqpqm qrp orklmulmnt lkm|�

�vlml qml jnt l nkvlm mltnkl jlrjorx jn�mslj qj }lww y t njk rnkq�w| kvlmt qw orumqmlp n�jlm�q�
konrj qrp znwqmot lkm|� �vl unmt lm oj y qxqor y swnjlw| mlwqklp kn nmporqm| zvnknt lkm|y ��k or kvoj
sqjl }l qwjn vq�l kn or�n~l q kvlmt qw tnplw kn l{zwqor kvl kmqrjulm nu vlqk or kvl j�muqsl t qklmoqw y
}vosv �morxj �j kn jwoxvkw| wljj }lww ~rn}r zmqskosqw zv|josj � �vl jqt l qzzwolj l�lr tnml kn
znwqmot lkm| � tnplwj nu kvl znwqmo�qkonr jkqklj sq�jlp �| kvl j�muqsl tqklmoqw qml qj |lk �omk�qww|
rnrl{ ojklrk �

� �� �b�fc d���c��bhda� �c� h�� dcb�ab
i ml�nw�konrqmow| l� solrk zmqskosl or zvnknt lkm| oj kvl l{klrjo�l �qrp orklrjo�l� �jl nu jt qww
klwljsnz lj � iss�mqkl ��� zvnknt lkm| nu kqmxlkj �moxvklm kvqr q�n�k �� tqx oj ��okl ulqjo�wl
} okv mlwqko�lw| orl{zlrjo�l klwljsnzlj wljj kvqr �£ st or qzlmk�ml � ��lr voxv���qwok| klwljsnzlj
nu nrw| ¢£ st nm jntl}vqk jt qwwlm qml jkoww �jlu�w � �voj t lqrj kvqk kvlml qml qk wlqjk v�rpmlpj
nu orjkm�tlrkj or kvl }nmwp l��ozzlp unm kvl qjklmnop tnplwworx zmn� lsk � � njk mlt qm~q�w|y t qr|
nu kvljl qml nz lmqklp �| plposqklp qrp j~owu� w qtqkl�m qjkmnrntlmj � �ljk qt qkl�mj sqr mn�korlw|
t q~l n�jlm�qkonrj nr q zqm } okv jt qww zmnuljjonrqw n�jlm�qknmolj qk qr q�knt qklp wl�lw �nm qsk�qww|
j�mzqjj kvlt § jn uqm y nrw| qt qkl�mj vq�l � llr q�wl kn plwo�lm q pljomlp woxvks�m�l n�lmroxvk
} okv sntzwlkl orjkm�tlrkqw mlp�skonrj �� � it qkl�m n�jlm�qkonrj qml kv�j � � jk qj otznmkqrk qj
zmnuljjonrqw nrlj § nss�wkqkonr kot orxj nm woxvks�m�l pqkq umnt q ¢£�st klwljsnzl qml qrqw|�lp
jot�wkqrln�jw| } okv kvnjl umnt kvl wqmxl imlso�n mqpon klwljsnz l nm kvl ¤���wl �zqsl �lwljsnzl �
�k oj qwjn otznmkqrk kn rnkl kvqk xlkkorx xnnp zvnknt lkmos sn�lmqxl unm v�rpmlpj nu qjklmnopj
kq~lj kvn�jqrpj nu vn�mj nu klwljsnz l kot l � �voj t q~lj qt qkl�m n�jlm�lmj orpojz lrjq� wl � ok
}n�wp � l zv|josqww| otznjjo�wl kn xlk lrn�xv n�jlm�orx kot l umnt zmnuljjonrqw klwljsnzlj unm kvoj
zmn� lsk � ¦ vqk oj t nml y kvoj n�jlm�orx tnpl oj l{kmlt lw| �l{ o�wl qrp �r��mlq�smqkos � it qkl�mj
sqr qwjn z lmunmt orklrjo�l n�jlm�orx sqtzqoxrj nr q jzlso�s kqmxlk § kv oj oj nuklr �jlu�w p�morx nrl
qzzqmokonr nu q ��i �jll y l �x �y �n� lk qw � ¢££¢� � �}n l{qtzwlj nu �lm| xnnp qt qkl�m n�jlm�qkonrj
nu mlwqko�lw| �moxvk ��ij qml jvn}r or � ox�ml � � �vl pqkq qml snrjojklrk qrp vq�l �lm| wokkwl
rnojl l�lr kvn�xv kvl| }lml n�kqorlp } okv q jt qww klwljsnzl �

i rqk�mqw unmt nu nmxqro�qkonr unm qjklmnop woxvks�m�l n�jlm�lmj oj q �l{ o�wl rlk}nm~ tqor w|
sntt�rosqkorx n�lm kvl �rklmrlk � � wojk vlml q ul} v��j nu kvoj rlk}nm~   wor~j qrp zlnzwl soklp nr
kvljl joklj unmt q rqk�mqw x�opl unm kvnjl orklmljklp or kvl j��� lsk � ir orkmnp�skonr kn kvl zmn� lsk y
qr qwlmk wojk nu xnnp qjklmnop kqmxlkj y jnt l z��wosqkonrj y qrp nkvlm t qklmoqw qml zmljlrklp nr kvl

�



� ox�ml � � �}n woxvks�m�lj nu �� � oplj qrp �¢� irkoxnrl �| � � �n}qwj~o y n�kqorlp } okv qr ���st
� q~j�kn� klwljsnzl qrp qr ���� ����� ��� sqtlmq �

}l�zqxlj nu n�m zmn� lsk nr or�lmjl zmn�wlt j or qjkmnrnt| ���� ������ ���	�
�� 
 �

�
∼
����	�
� � �¥rsl kvl l��ozt lrk oj kvlml y t q~orx qsk�qw jsolrko�s n�jlm�qkonrj nu qr qjklmnop oj ��okl jkmqoxvk�

unm}qmp quklm jnt l zmqskosl � ir l{slwwlrk wor~ snrkqororx zwlrk| nu qp�osl qrp nkvlm wor~j oj �moqr
¦qmrlm �j �i�� ��nwwq�nmqko�l i jklmnop � oxvks�m�l � or~ � jokl
��� �� 
����	������ ������ ���� ����	����
��	� ���� � irnkvlm orunmtqko�l wor~ oj � osvqmp �n}�qwj~o �j i��¥ �ijjn soqkonr nu ��rqm qrp � wqrlkqm| ¥�jlm�lmj� qjklmnop n�jlm�orx zmnxmqt jokl
��� �� 
�� 
� ���� �����	��� � �runmt qkonr nr nss�wkqkonr kot orxj oj xo�lr nr kvl �¥�i ��rklmrq�
konrqw ¥ss�wkqkonr �ot orx ijjn soqkonr � zqxlj
��� �	���� �����	��� 
��� ���� �
����������
���������� ���� ��vl �mjk jkqxl nu zvnkntlkmos qjklmnop n�jlm�qkonrj oj kn xlk kvl �mjk ul} woxvks�m�lj nu q
kqmxlk y lrq�worx nrl kn xlk kvl �mjk ljkot qkl nu okj mnkqkonr zlmonp qrp zlmvqzj jnt l vorkj nu okj
jvqzl svqmqsklm � �nkqkonr zlmonpj qml qwmlqp| ~rn}r unm v�rpmlpj nu qjklmnopj y qrp ok oj znjjo�wl
kn pmq} otznmkqrk jkqkojkosqw orulmlrslj umnt j�sv q jlk �� mq�ls lk qw � ¢££¢� �

�vl jlsnrp jkqxl oj kn xlk tnml woxvks�m�lj qk rl} qzzqmokonrj y kv�j zmn�oporx orunmt qkonr
qk rl} �ol} orx�oww�t orqkonr xlnt lkmolj � ir l� solrk }q| nu xlkkorx kvl tnjk nu nrl qjklmnop
qzzqmokonr oj kn n�kqor k}n woxvks�m�lj qk kvl wqmxljk �jlu� w jnwqm zvqjl qrxwlj �kn xlk q t lqrorxu�w
zqmk nu kvl z lmonp sn�lmlp   t nml kvqr nrl r oxvk oj xnnp unm kvoj� y qrp nrl qk q jt qwwlm zvqjl � �jk
kn xlk qj wnrx q jkmlksv qj znjjo� wl � �vl voxv zvqjl qrxwlj qml otznmkqrk unm mlqsvorx t q{ot qw
jvqpn} orx l�lskj �qrp woxvk�jsqkklmorx � lvq�on�m po�lmlrk umnt kvl jotzwl rlqm�xlnt lkmos t npl
rlqm nzznjokonr � � i plrjl woxvks�m�l jl��lrsl snrkqorj q }lqwkv nu orunmtqkonr qrp vlwz j kn m�wl
n�k lmmnmj � �l�lmqw klrj nu znorkj z lm mnkqkonr zlmonp qml kvl nzkot�t y jn qr q�knt qkos n�jlm�qkonr
tnpl oj rlsljjqm|� i xnnp zmqskosl oj kn lwot orqkl znklrkoqw j|jklt qkosqw lmmnmj �| n�jlm�orx nr
k}n qp� qslrk nm qk wlqjk rlqm�| roxvkj y zqmkos�wqmw| ou kvl mnkqkonr zlmonp oj rnk jvnmk lrn�xv unm
n�lmwqzzorx mnkqkonrqw zvqjlj p�morx nrl roxvk � �r kvoj }q| nrl sqr �l j�ml kvqk znjjo�wl ulqk�mlj
or kvl woxvks�m�l qml mlqww| mlz lqklp qrp rnk qmko�soqw �

� orqww|y jlrporx kvl n�jlm�qkonrj kn � l qrqw|�lp oj �lm| lqj|� �vl pqkq sqr �l jlrk �| ltqow
�or q �l{o�wl unmt qk� kn t l nm kn �moqr ¦qmrlm �nm kn qr|nrl lwjl }vn oj xqkvlmorx qrp unm}qmporx
n�jlm�qkonrj kn �j kn � l qrqw|�lp�   }l qml qwjn or kvl zmn sljj nu ��owporx qr q�kntqklp �rklmrlk�
jlm�osl unm kv oj z�mznjl � �vl n�jlm�lm qw}q|j xlkj q�kvnm smlpok or kvl zqzlm }vlml kvl pqkq qml
z��wojvlp �

� �dag�f�hda� �ae �agdfc�����ab
�nwqm j|jklt �npolj qml uqjsorqkorx qwmlqp| umnt kvl znork nu �ol} nu pqkq qs��ojokonr qj ul}
qjkmnzv|josqw kqmxlkj n�lm j�sv q } opl mlz lmknoml nu pqkq jn�mslj � ¦l wo�l or kvl xnwplr lmq nu

�



zwqrlkqm| mljlqmsv y qrp zqmkos�wqmw| unm jt qww jnwqm j|jklt �npolj kvoj lmq vqj � �jk �lx�r � itqkl�m
n�jlm�lmj vq�l rn} q xmlqk svqrsl kn zqmkosozqkl or jnwqm j|jklt l{zwnmqkonr qrp vlwz kn t q~l kvl
qjklmnop znz�wqkonr qj }lww ~rn}r qj kvl wqmxlm zwqrlkj �

¦ vowl �}vqk pn kvl| wnn~ wo~l � oj kvl rqk�mqw zmot l orslrko�l unm qs��omorx zvnkntlkmos pqkq y
kvl unwwn}��z ��ljkonr �}v| pn kvl| wnn~ wo~l kvqk � oj � � jk qj otznmkqrk � ¦ vlr }l vq�l q wqmxl
r�t�lm nu qjklmnop jvqzl qrp jz or tnplwj qk n�m pojznjqw y }l sqr pmq} otznmkqrk jkqkojkosqw
orulmlrslj nr kvl nmoxorj qrp l�nw�konr nu kvoj znz�wqkonr � �n tlrkonr � �jk nrl l{qtzwl y �wo�qr
lk qw � �¢££� � �jlp kvljl t lkvnpj kn or�ljkoxqkl kvl s�mon�j sw�jklmorx nu kvl jzor jkqklj nu jt qww
�¢£��£ ~t � tlt�lmj or kvl �nmnroj qjklmnop uqt ow|� �lslrk mlj�wkj ��n~mn�vwos~| lk qw � ¢££��
j�xxljk kvqk j�sv sw�jklmorx sn�wp xlrlmqww| kq~l zwqsl or kvoj jo�l mlxonr or kvl n�klm qjklmnop
t qor �lwk qk wn} orsworqkonrj � �u l�oplrsl unm kvoj oj un�rp or kvl n�lmqww qjklmnop znz�wqkonr y }l
} oww vq�l otznmkqrk rl} sw�lj kn p|rqt osqw l�nw�konr zqmkos�wqmw| p�l kn kvl jn�sqwwlp �¥��
��qm~n�j~|�¥ �� llul��qp� ol�j~oo��qppqs~� kvlmt qw mqpoqkonr zmljj�ml l�lsk �
� 	�	
	��		

��mlsv � � � � qqjqwqorlr � � ¢££� y i�i y �£� y �£�
�qom�qomr � � ¢££� y ��i�� y �� y �¢
¤ljkmn�lm � �y �qrxq � �y �lwworn i �y ��xwolwt lkko � �y �qkkqr� o � �y � o � qmkorn � �y ¡qzzqw� � � �
�lmkvolm � � ¢££¢ y i�i y �� �y ��¢�
� qqjqwqorlr � � ¢££ �y i�i y ��� y �£¢
� qqjqwqorlr � � � �nmzzq � � ¢££ �y �sqm�j y ��� y ¢�
� qqjqwqorlr � �y �nmzzq � � � � oomnrlr � � ¢££¢q y i�i y ��� y � ��
� qqjqwqorlr � �y �nmzzq � � � � oomnrlr � � ¢££¢� y �sqm�j ��� y ���
� qqjqwqorlr � �y � nkknwq � � � ��wsvoxrnro � � ¢££¢s y �r ijklmnopj ��� y lpj � �nkk~l ¦ �y � or�lw � �y
�qnwossvo � � � �lwworn i � ��ro�lmjok| nu imo�nrq � mljj y ��sjnr� y ���
� qqjqwqorlr � � � �� snwwlqx�lj ¢££� � i�i y �£� y �¢�
�n� � � i �y � mq�ls � �y �qmn�rn�� � �y ��jromq~ � �y �morsqk � �y �nmlkko � �y �znjlkko � �y �klzvlrj
� � � ¦qmrlm � � ¢££¢ y � ornm � wqrlk ��wwlkor y ¢� y � �
�qxlm~�ojk � ��� �y � oomnrlr � � � � mo~jnr i � ¢££ �y ijklmnop �vnkntlkmos �qkqwnx�l y � oukv �zpqkl
��zzjqwq �ro�lmjok| � mljj y �zzjqwq�
� nkknwq � � � �qv�wwq � � ¢£££ y �sqm�j ��� y ���
¥jkmn � �y ¤�pjnr � �y �lrrlm � �y � onmxor o � �y � qxmo � �y � qmxnk � ��� � � �nwqr � � ¢££¢ y �r
ijklmnopj ��� y lpj � �nkk~l ¦ �y � or�lw � �y �qnwossv o � � � �lwworn i � ��ro�lmjok| nu imo�nrq � mljj y
��sjnr� y �� �
� mq�ls � �y ¦nwu � � � �qmn�rn�q � � ���� y �sqm�j ��� y ��
� mq�ls � �y ¤qmmoj i �¦ � � � osvqwn} j~o � � ¢££¢ y �r i jklmnopj ��� y lpj � �nkk~l ¦ �y � or�lw � �y
�qnwossvo � � � �lwworn i � ��ro�lmjok| nu imo�nrq � mljj y ��sjnr� y ���
�wo�qr � �y � or�lw � �y �mljzn pq �ow�q � �y � qqjqwqorlr � �y �|rpq~lm � � � � msn � � ¢££� y �sqm�j y
��¢ y ¢��
�qrxq � �y ¤ljkmn�lm � �y �lwworn i �y �qkkqr� o � �y � o � qmkorn � � � ¡qzzqw� � � ¢££� y i�i y �£ �y
���
�vntqj � �� �y �l�lm~q � �y �ot nrlwwo � �y ¤lwulrjklor � �y �qmsosv � �y �lwknr � �� �� �y � q�olj � �� � �
�vqzt qr � � ���� y �sqm�j y �£� y ¢�

�



�vntqj � �� �y �lwknr � �� �� �y �qmsosv � �y �vqzt qr � �y �q�olj � �� �y ��wwo�qr � � � �l�lm~q � �
���� y �sqm�j �¢£ y ¢£
�nmzzq � �y � qqjqwqorlr � �y � osvqwn} j~o � �y �}oqk~n} j~o � �y � m|j�s�|rj~q i �y �lrsvl� � � �
�n}qwj~o � � ¢££� y �sqm�j y ��� y ���
�n~mn�vwos~| � �y �lj�nmr| � � � �nkk~l ¦ � ¢££� y �qk�ml �¢� y ��� �
¡��lm y � � � � lk qw � ¢£££ y �solrsl y ¢�� y ¢£��
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