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Optimization Methods for Asteroid Lightcurve Inversion

II. The Complete Inverse Problem
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The rotation period, pole direction, and scattering parameters
of an asteroid can be deduced from its lightcurves simultaneously
with the shape. Simulations and real data indicate that the re-
sult obtained with convex inversion is unique and stable if several
lightcurves obtained at various geometries are available. Since the
parameters of scattering laws such as the Hapke or Lumme–Bowell
models cannot be determined well using lightcurves only, we intro-
duce a simple empirical scattering law. This law can be applied in
the computation of reference lightcurves and phase curves for fur-
ther analysis of the physical properties of the surface. We present
shape, pole, and period solutions for asteroids that have also been
observed by space probes or radar. c© 2001 Academic Press
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In our previous paper (Kaasalainen and Torppa 2001, h
after Paper I) we showed that the convex hull of an aste
can be deduced accurately from its lightcurves if the rota
parameters and scattering properties are known. Above al
proved that the problem can be formulated such that the re
is automatically realistic and still unique; numerical simulatio
showed that it is stable as well. Simulations also showed
nonconvex inversion is possible, although it is clearly not
stable as the convex version, nor is the result unique.

Since the optimization methods used are nonlinear, any
rameters can be changed from fixed to free ones. Adding r
tion and scattering to the parameter space obviously rem
formal uniqueness, but one should not expect this to be an
stacle in practice. In fact, the use of relative brightnesses
function series already removed formal uniqueness in Pap
nevertheless, optimization always converged to the same
tion. The convergence toward the correct convex shape i
robust that a few more parameters do not alter the situatio
cally; a grid search can be used for global scanning of the
parameters.

In Section 2 we give a concise account of the addition of
tation parameters to the optimization procedure. This addi
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not change the principles presented in Paper I in any wa
Section 3 we discuss the role of the scattering law. Inver
results for the five asteroids 243 Ida, 433 Eros, 951 Gas
1620 Geographos, and 6489 Golevka are presented in Sect
Section 5 is dedicated to conclusions and the discussio
further plans for future research and lightcurve obse
tions.

2. POLE AND PERIOD

Let the pole direction of the asteroid be given by ecliptic po
angleβ̃ and longitudeλ, and its angular rotation speed byω. To
avoid needless confusion due to historical notation, we use
following convention:β̃ is measured from the positivez axis
and varies between [0,π ], and the asteroid always rotates
the positive direction (i.e.,ω is always positive). The sense
rotation as viewed from the Earth is thus implied byβ̃. The
ecliptic latitudeβ is given byβ = 90◦ − β̃.

Let recl denote a vector in the ecliptic coordinate frame wh
the origin is translated to the asteroid. This vector transform
the vectorrast in asteroid’s own frame (wherez axis is aligned
with the rotation axis) by the rotation sequence

rast= Rz(φ0+ ω(t − t0))Ry(β̃)Rz(λ)recl, (1)

wheret is the time andRi (α) is the rotation matrix correspondin
to the rotation of the coordinate frame through angleα in the
positive direction about thei axis. The angleφ0 and the epocht0
can be chosen at will. A practical choice (if the initial guess
the shape is an ellipsoid) is to sett0 to the time when a lightcurv
observed at a small solar phase angle is at a minimum, and
φ0 to the azimuthal angle of the vectorRy(β̃)Rz(λ)r (E)

ecl , where
r (E)

ecl is the direction vector of the Earth att0. Thus the Earth will
lie in thexz plane of the asteroid’s frame att0, and the longes
radius of the shape result is likely to be closely aligned with
x axis (provided that the initial pole is not far away from t
final one).
0019-1035/01 $35.00
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The form (1) adds pole and period to the inverse problem
a straightforward way: the directions of the Earth and the S
as seen from the asteroid are now simple functions ofβ̃, λ, and
ω, so these parameters can readily be included in the optim
tion methods of Paper I. Obviously there are now several lo
minima inχ2, so the initial values for the pole and the peri
play a key role. The case of the pole is the simplest. We h
found that it is quite sufficient to use the pole values obtain
by fitting a triaxial ellipsoid. It is important to use all (typicall
four) poles as initial guesses, since the best ellipsoid pole is
necessarily in the correct “valley.” Another possibility is simp
to use, say, a few directions in each octant of the celestial sp
as starting points; such a grid will usually cover all the loc
minima.

If the lightcurve set covers many years and apparitions,
period space is filled with densely packed local minima. T
smallest separation1P of the local minima in the trial pe-
riod P spectrum of theχ2 of the lightcurve fit is roughly given
by

1P

P
≈ 1

2

P

T
, (2)

whereT = max(|t − t0|) within the lightcurve set. This derive
from the phenomenon that ifP is changed by1P, the minima
and maxima of the model lightcurve att0± T will undergo a
phase shift ofπ so they will typically be at roughly the sam
places as withP. The separation1P repeats over the whole o
theχ2 plot and depends only on the epochs of the lightcurv
The P spectrum is also modulated by other, longer1P’s corre-
sponding to apparition gaps shorter thanT .

In principle, one should use initial periods less than1P apart
from each other covering the whole of the interval within whi
P can be expected to lie (as judged by eye from the lightcurv
In practice, only a part of this interval will be feasible a prio
especially if the lightcurves are of the usual double-sinuso
type. This part can be found by plottingχ2(P) using the fixed
shape and pole(s) of an ellipsoidal model (Fig. 1 shows su
plot for Eros). In any case, several initial values forω = 2π/P
will have to be used: the optimization procedure cannot cli
out of a wrong period “ravine” even if the correct one were rig
next to it. This poses no practical problems, since espec
the function series optimization with the Levenberg–Marqua
method (Paper I) is very fast. Thus one can easily let the
cedure go automatically over hundreds of initial period valu
that may be needed if the lightcurve set spans a large num
of years. However, the best initial values are usually found a
only a few tries if an earlier model of at least some credibility
available. For this reason, we have found even crude ellipso
models very useful as initial guesses.

Error estimates for pole and period are not so easily obt
able. As usual, formal errors (such as the square roots o
elements of the covariance matrix) are worthless in practice s

the effects of random noise are usually negligible compared
systematic and model errors. Indeed, in all our simulations e
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FIG. 1. (a) Coarseχ2(P) plot of an ellipsoidal model of 433 Eros (the
modulations in the plot are due to the chosen sampling interval, which is lo
than1P); (b) detailedχ2(P) plot of the best region with sampling interva
less than1P (now the modulations are due to the gaps between the obse
apparitions in the input data).

strong noise caused only a maximum error of less than 2◦ in pole
and a few thousandths of the local minimum width in perio
while the shape was resolved just as well as in the simulat
of Paper I. In real cases, errors usually must be larger. The
practical way of estimating them is to perform a series of op
mizations with different scattering laws, optimization metho
and initial parameter values. The results withχ2 close to the
best one describe the parameter distribution. This gives at l
a lower bound to the error, which is typically a few degrees
the pole.

The period error is mostly governed by the epochs of
lightcurves. If the best localχ2 minimum of the period spec-
trum is clearly lower than the others, one can obtain an e
estimate of, say, a hundredth part of the smallest minim
width 1P since the edge of a local minimum ravine alwa
lies much higher than its bottom. Thus the period can be v

to

ven
accurate for data that cover many years. On the other hand, if the
neighboring minima are not clearly higher than the best one, the
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ASTEROID LIGHTC

accuracy cannot be considered better than1P since the local
error estimate cannot be applied globally (this is why ma
formal period errors reported in asteroid literature are much
small). This may happen if, for example, there are only two w
observed apparitions available, so the exact number of aste
revolutions between the apparitions is uncertain. The more
paritions there are available, the more pronounced the co
local minimum is; our method thus automatically combines
apparitions and observations to improve the period estimat

The above analysis applies to asteroids in relaxed rota
If the asteroid is processing, only a few more parameters
added to the problem, and it seems that the feasible region
parameter values can be found quite fast. We are currently ex
imenting with different methods to solve for the rotational st
of a freely precessing asteroid. Our studies indicate that aste
lightcurves are so strongly defined by the convex hull and
rotation of the asteroid that convergence toward the cor
minimum can usually be expected to be robust (Kaasala
(2001)).

3. SCATTERING LAW

There are currently no scattering models that could adequa
explain the scattering behavior of asteroid surfaces. For ex
ple, the models by Hapke or Lumme and Bowell (see the rev
by Bowellet al.(1989)) are notorious for producing ambiguo
and unrealistic parameter values in inverse problems (see,
Karttunen and Bowell (1989)). Moreover, they cannot fully a
count for the opposition effect mainly caused by two mec
nisms: coherent backscattering and shadowing (e.g., Muino
(1994), and references therein). Indeed, it is precisely the opp
tion effect that often forces us to use relative brightnesses alre
in theory: if the effect of solar phase angle on surface brightn
cannot be modeled accurately, fitting absolute brightnesse
useless. This problem is further exacerbated by the unfortu

FIG. 2. Reference phase curvesR(α) of substantially nonconvex shape

(dashed lines) and of a sphere (solid line); the scattering law is (3) withc = 0.1
and f (α) = 1.
RVE INVERSION II 39
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FIG. 3. Convex shape model of 6489 Golevka, seen and illuminated fr
two directions: (θ, φ) = (−25◦, 70◦) and (θ, φ) = (15◦, 225◦).

fact that the absolute brightnesses of observations are often
known accurately enough: to obtain proper line-over-points fi
the relativeχ2

rel of Paper I may sometimes be the only possibilit
For lightcurve inversion, the scattering law must be simp

too many parameters and possibilities cause instability and
realistic results. According to our experience, the scattering
can well be simpler than, e.g., the Lumme–Bowell and Hap
laws that aim to account for certain physical properties of t
surface. Our main idea is to avoid detailed physical parame

and simply to try to describe the general photometric properties
of the surface.
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Thus we reportf (α) in the three-parameter form

f (α) = A0 exp

(
− αD

)
+ kα + 1, (4)
40 KAASALAINEN, TORP

While striving toward a simple scattering law, the model m
still be chosen realistic enough. We make use of

S(µ,µ0, α) = f (α)[SLS(µ,µ0)+ cSL(µ,µ0)]

= f (α)µµ0

(
1

µ+ µ0
+ c

)
, (3)

which combines single (Lommel–Seeliger termSLS) and multi-
ple scattering (Lambert termSL) with a weight factorc for the
latter. For the sake of convenient inversion, the phase func
f (α) is taken to multiply the sum of the single- and multipl
scattering terms. Such a simplification can be justified by
ambiguity in what should be called single or multiple scatter
in a particulate medium consisting of small particles that are
an extent, aggregates of even smaller particles.

When relative brightnesses are used in inversion, we auto

ically obtain a scale factor a posteriori for each lightcurve by
dividing the average observed brightness by the corresponding

whereA0 andD are the amplitude and scale length of the opposi-
tion effect, andk is the overall slope of the phase curve. The final
FIG. 4. Typical lightcurve fits for 6489 Golevka. The observed brightne
PA, AND MUINONEN
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model brightness (when other, trivial scale factors such as d
tances have been corrected for). We can then obtain the ph
function f (α) by fitting, e.g., a simple exponential and linea
model to the scale factors. This has proven to be a versa
choice when modeling the intensity of scattered light as a fun
tion of phase angle (cf. S. Kaasalainenet al. (2001) and refer-
ences therein), but we emphasize that any other function c
be used without altering the pole/shape result in any way. Sin
f (α) can be multiplied by any constant (when the absolute sca
of the size and darkness of the asteroid need not be fixed),
can normalize the linear part to unity at opposition after the
to be able to compare the shapes of different phase functio
sses are shown as asterisks, and the model brightness is shown as a dashed line.
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scattering law has now only four parameters, and only on
them (the Lambert weight) is optimized in lightcurve inversio

Note that the present empirical modeling does not req
hypotheses about the physics behind the opposition effec
fact, we do not have to know anything about the opposit
effect, not even whether it exists in the first place: if (4) does
fit the scale factors well, we can use any other function or
plot the points as such.

We have found that Hapke, Lumme–Bowell, and the ab
scattering model all give very closely the same results for
shape and the rotational state; examples of this are show
Section 4. When the two first scattering laws are used in c
junction with the relativeχ2

rel, a further constraint is introduced
the scale factors for a given wavelength (different colors hav
somewhat different scattering properties) should remain c
stant by definition (as nof (α) is used) since otherwise the fitte
law would be meaningless. Thus the scale factors must be a
to the inversion procedure as a regularization function in
form of an additional model “curve.” This usually succeeds w
at least at solar phases not very close to opposition; at sm
phase angles, the scattering law must be able to describ
opposition effect well. Often some of the parameters mus
fixed a priori for a stable solution, and the allowed intervals
the others must be restricted in the same way as albedo in P
I since typically the numerically best fit is obtained at physica
very peculiar parameter values.

Whatever the parameters and functional form of the scatte
law, the inversion result is only an empirical fit: the final va
ues of physical scattering parameters should never be take
seriously. In view of the above we conclude that, for invers
purposes, it may sometimes be better to avoid “physical” sca
ring models altogether. The drawbacks of an empirical mode
that it can seldom be used for extrapolation in solar phase an
and the points to be fitted must be dense for proper interpola
In the case of (4), for example,f (α) may reach negative value
at phase angles much larger than those of the observations
the description of the opposition effect is not accurate if there
not enough lightcurves at small phase angles. Physical mo
usually constrain the shape of the phase curve more efficie
with fewer points.

3.1. Reference Phase Curves

Once the scattering law, shape, and the rotation period
pole are known for the asteroid, we can compute “refere
lightcurves and phase curves” as functions of solar phase a
in a partially fixed illumination and observation geometry, i.e.
a “reference geometry.” Equatorial illumination and viewing
a natural choice for this purpose. It is highly plausible that s
reference curves depend very little on the detailed scattering
utilized in inversion: since the scattering law is employed twi
in inversion and subsequent direct computation, errors in
simple scattering law tend to cancel each other, so the refer

lightcurves should well represent observations made at arbitr
geometries.
RVE INVERSION II 41
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We define the reference phase curveR(α) as the intensity time
average of the lightcurve generated in the reference geometr
solar phase angleα (to conform with the established practice o
portraying phase curves, we use magnitude units when plott
R). Such well-defined phase curves can be applied in furth
detailed studies of asteroid surfaces; these curves are cons
ably more reliable than the traditional badly defined curve fi
obtained directly from observed magnitudes (often questiona
aryFIG. 5. Convex shape model of 433 Eros, seen and illuminated from two
directions: (θ, φ) = (50◦, 10◦) and (θ, φ) = (20◦, 190◦).
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reduced without a proper shape model). One can also com
any other characteristic quantities, e.g., the amplitude–phas
lationship, just as easily.

We have found that, unlike phase curves at nonequatorial
metries (not to mention plots of maxima or minima), the ref
ence phase curve is remarkably insensitive to the shape of th
teroid. In the Appendix we show that the reference phase cu
of convex bodies are actually completely independent of
shape for some scattering laws. This property is quite welcom
a separating tool: the information on large-scale features and
arate details (that would be distinctly visible in a disk-resolv
image) is virtually lost at the phase curve stage, leaving only
statistical small-scale properties to be inferred. Our simulati
with irregular shapes show that large-scale nonconvexities
not affect the phase curve significantly: it is precisely the sm
scale roughness that causes the darkening at growing p
angles, not the shadows of macroscopic topographic featu

The scale from roughness to topographic nonconvexities is
course, a continuum; we intend to study where exactly, in the

w-
parameter model; as will be shown in Section 4, it can mimic,
FIG. 6. Typical lightcurve fits for 433 Eros. The observed brightness
PA, AND MUINONEN
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photometric sense, the transition zone between the two reg
lies.

A typical result is shown in Fig. 2. The reference phase cur
of the nonconvex shapes of Paper I as well as the Gaspra sha
this paper are plotted for the scattering law (3) withc = 0.1 (and
f (α) = 1 for simplicity), all normalized to start from the sam
point at opposition. The phase curve of a sphere is plotted as w
the phase curves of the convex hulls of the shapes (or of any o
convex shapes such as bricks, ellipsoids, or pyramids) fol
the sphere’s curve very accurately, and match it exactly ifc = 0
(see Appendix). Obviously the effects of even strong conca
ties are practically negligible. Roughly speaking, if an observ
phase curve drops, say, some two magnitudes between op
tion andα = 60◦, then thef (α) part contributes about 1.3 ma
to the darkening, the decreased illumination of the disk accou
for about 0.6 mag, and the darkening due to macroscopic n
convex shadowing is typically responsible for less than 0.1 m

The empirical model (4) is remarkably versatile for a fe
es are shown as asterisks, and the model brightness is shown as a dashed line.
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e.g., Hapke phase curves very closely. We thus believe
within observational uncertainties, the empirical approach
phase function modeling is wholly justifiable at least for clas
fication purposes.

4. RESULTS FOR FIVE ASTEROIDS

In the following, we report inversion results for five aste
oids of which there are plenty of lightcurves as well as pro
or radar images. The qualitative comparison of the differen
between the shapes obtained for a single asteroid with di
ent scattering laws or parameters would require a lot of p
space filled with images that are practically copies of each ot
Therefore we use1ρ introduced in Kaasalainenet al. (1992)
as a quantitative measure of the difference between
shapes.

If the centroids of the two body shapes are translated to
origin, and their volumes are scaled to be the same,1ρ is given
by

1ρ = 1

4π

∑
i

∣∣ρ(A)
i − ρ(B)

i

∣∣
ρ

(A)
i

1σi , (5)

where A and B refer to the two shapes,ρi is the distance of
faceti from the origin, and1σi is the area of the triangle on th
unit sphere that determines the direction of the surface norm
faceti . This measure is stable and reflects the difference betw
two shapes rather well. (When1ρ is small, the asymmetry o
the measure with respect toA andB is insignificant.)

The scale for1ρ is roughly as follows:1ρ ≤ 2%, practically
the same shape;1ρ ≤ 4%, the shapes resemble each other v
closely;1ρ ≤ 6%, the shapes are quite similar;1ρ ≤ 8%, the
shapes are roughly similar;1ρ ≤ 10%, the shapes have simila
general dimensions. As a rule,1ρ between the best ellipsoi
and the general convex result is about 10% or more. A somew
surprising finding is that the shapes obtained with three diffe
scattering laws are typically within1ρ of only a few percent.
From this we can deduce that lightcurves indeed constrain
possible convex hull of the object very strongly.

The deviation of the lightcurve fits is computed from
√
χ2

rel/N;
i.e., the mean brightness of each observed lightcurve is sc
to unity. Note that the lightcurve plots describe intensities,
magnitudes. The plots are given as functions of the syno
rotational phase, i.e., the opposite of the azimuthal angle o
Earth as seen from the asteroid. The solar phase angleα as
well as the aspect angles for the Earth (θ ) and the Sun (θ0)
are reported for each lightcurve. Our error estimates for p
and period describe the deviation between results for diffe
scattering laws and initial values, so they should be taken
lower bounds of the real errors.

All the lightcurves used in inversion were obtained from t

Uppsala Asteroid Photometric Catalogue(UAPC; Lagerkvist
et al.1996, 2001). Some lightcurves contain hundreds of poin
RVE INVERSION II 43
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while most have 30–70 and some only a few; also, some d
may be represented more heavily than others. This is a po
tial source of biasing effects; however, visual checking of pl
shows whether some lightcurves have been unduly favored a
expense of others, and separate weighting factors (also ta
into account the quality of the lightcurves) can be applied.
far we have not found any such factors necessary, but it is so
times expedient simply to remove redundant or bad lightcur
from the data set. As there was no shortage of data in any o
five cases presented here, we decided to use only the best o
vations (later checking that the inversion results fit the lefto
data as well).

Although we used three scattering laws—Hapke, Lumm
Bowell, and the empirical model—in all cases, we purposely
not report the detailed parameters of the first two lest too m
importance should be attached to them. The different scatte

FIG. 7. (a) The phase functionf (α) for 433 Eros; (b) the correspondin
reference phase curveR(α) for Eros (solid line), together with the phase cur
obtained with the best-fit Hapke parameters (dotted line), and the comp
maxima at the reference geometry (dashed line). Observed average bright
ts,
are plotted with asterisks, and the observed maxima with diamonds (note the
displacing effect of nonreference geometries).
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models serve best to give error estimates for all other optim
parameters; a stable representation of an object’s scatterin
haviour is, e.g, the reference phase curve (of which we give an
ample for 433 Eros). The model images are displayed at opp
tion with an artificial “revealing” scattering law for visualizatio
purposes. The viewing latitude is given byθ and longitude by
φ. In order to keep the paper compact, we do not show mult
views or sequences; we are planning an electronic library (ac
sible via Internet) for full 3-D models and graphics packages
viewing/illumination in, e.g., observational lightcurve geom
tries. Examples of such animations can be found in Kaasala
et al. (2001) (http://epubs.osa.org/opticsex-
press/) .

4.1. 6489 Golevka

6489 Golevka is in many ways a model example of a w
observed asteroid and a rich lightcurve set, proving that o

a few months’ observation campaign can provide enought d
for a detailed analysis of a near-Earth object. Our data set c

h by
sisted of 32 lightcurves with solar phases as large as 81◦, mea- which is a few seconds longer than the 6.0289± 0.0001
FIG. 8. Convex shape model of 1620 Geographos, seen and illu
PA, AND MUINONEN
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sured between April and August 1995. Since the observations
from one apparition only, the typical thicket of local minima i
theχ2(P) plot is absent. Therefore one local minimum cove
the whole of the feasible period region, so the procedure finds
best period with any initial guess. The solutions obtained w
different scattering laws/parameters differ from each other ve
little; 1ρ between comparison pairs ranges from 1.5 to 3.5
while for the best ellipsoid vs others1ρ > 10%.

The shape result and some interesting input lightcurves
shown in Figs. 3 and 4. The lightcurves were fitted within le
than 3% deviation (0.03 mag). Note that the convex model rep
duces all lightcurve features accurately. The shape result sh
that Golevka is clearly a very irregular body with sharply de
fined edges. Golevka is also in other respects an example o
asteroid that cannot be modeled with an ellipsoid: the corr
pole is in the direction opposite to that estimated by Motto
et al.(1997); i.e., the rotation is retrograde rather than progra
Our shape model agrees well with the radar model by Huds
et al. (2000).

For Golevka’s period we obtainP = 6.0297± 0.0001 h,
minated from two directions: (θ, φ) = (10◦, 160◦) and (θ, φ) = (0◦, 270◦).
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Hudsonet al. (2000). The pole is atλ = 208± 3◦, β = −47±
4◦, a few degrees away fromλ = 202± 5◦, β = −45± 5◦ ob-
tained by Hudsonet al. (2000). Numerically the best fits (th
difference inχ2 having no statistical significance) were obtain
with (3) (c = 0.3) and the Lumme–Bowell law. Since we we
mostly interested in the shape and the rotational state o
object, and no absolute magnitudes were reported for our
set at small solar phases (and those reported for the lef
data were not very accurate), we did not study the details o
scattering behavior near opposition. Roughly speaking, the
rameters of (4) areA0 ≈ 0.6,D ≈ 4◦, k ≈ −0.007. In all cases
albedo effects (Paper 1) were negligible or very small, hav
no effect on the shape result.

4.2. 433 Eros

433 Eros is one of the longest and the best-observed aste

now thoroughly mapped by NEAR Shoemaker (Veverkaet al.
2000). We used a data set of 78 lightcurves reaching solar phases

small error estimate. To be more on the safe side, we estimate
P = 5.2702528± 0.0000007 h.
FIG. 9. Typical lightcurve fits for 1620 Geographos. The observed brigh
RVE INVERSION II 45
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up to 59◦, measured between 1951 and 1993 (the great majo
during the 1974–1975 apparition). The initial scan of theχ2(P)
plot of an ellipsoidal model (Fig. 1b) showed many possible in
tial period values; the final local minimum of the best solutio
stood out quite clearly. All shape results fitted within1ρ = 2%,
while between these and the best ellipsoid1ρ = 9%. The shape
result and some input lightcurves are shown in Figs. 5 and
The fit with the Hapke law and scale factor regularization wa
as usual, ambiguous: many possible parameter sets gave eq
good fits. As good aχ2 was also obtained with (3) andc = 0.1.
For the period we obtainedP = 5.2702528± 0.0000002 h, and
the pole is atλ = 16± 1◦, β = +9± 2◦, coinciding accurately
with the pole from probe images. For Eros, the separation
the localχ2(P) minima is about 0.00007 h; within the bes
local minimum practically all initial values and optimization
techniques indeed lead to periods within much less than a h
dredth part of the local valley’s width—hence our extreme
tnesses are shown as asterisks, and the model brightness is shown as a dashed line.
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The lightcurves were fitted within 6% deviation, most o
which is due to the early lightcurves that clearly contain lar
systematic photometric errors; the majority of the lightcurv
were fitted within 3%. Some later lightcurves also have syste
atic errors apparently due to erroneous timing or data reduct
It is surprising how little effect the sizable surface concaviti
have on the shapes of the lightcurves. No specific features
seen, and all lightcurves are well explained by the convex mo
that very much looks like the probe image of Eros wrapp
in gift paper: the long, straight side of the convex shape betr
the existence of the now well-known banana-shaped indenta
below.

Eros is a prime example of how the convex hull of an aster
defines the lightcurves even at large solar phase angles. Ind
so far we have not seen a single distinct lightcurve feature
could not be explained by a convex shape. The banana sh
was reproduced in some of our nonconvex inversion solutio
but not conclusively. This point will be discussed in more det
below after the analyses of the sample asteroids.

In Fig. 7a we show the phase functionf (α) of (4) fitted to
the obtained scale factors (A0 = 1.0,D = 4.5◦, k = −0.009),
and in Fig. 7b the corresponding reference phase curve (s
line). For comparison, we also show the curve of the compu
maxima as well as the observed averages (asterisks) and ma
(diamonds). The effect of the difference between observing
reference geometries is clearly seen, and the widening gap
tween the curves of averages and maxima defines the amplitu
phase relationship. The reference phase curve obtained
the best-fit Hapke model (shown in dots), whose parame
were constrained to typical values, follows the solid line
close agreement; note that the two curves are obtained f
two independent optimizations of shape, pole, and scatte
model. Because of the ambiguity problem of Hapke modeli
the phase curves of many outlandish Hapke solutions are v
similar to that of the solution with typical parameter values. A
though unambiguous, the empiricalf (α) is somewhat uncertain
because of the noise and scarcity of input scale factors at s
phase angles; it is, in fact, possible to fitf (α) such that itsR(α)
matches the Hapke curve even more accurately while still fitt
the scale factors very well.

The absolute brightnesses of the model lightcurves, compu
after theχ2

rel fit using the estimatedf (α) or Hapke parameters
match the observed ones well with an average deviation of
than 0.05 mag. It is also interesting to note that the abso
brightnesses from the two scattering laws differ from each ot
only 0.02 mag on average. We can thus see that, in addi
to reproducing both the shapes and the absolute magnitude
the lightcurves well, two independent optimizations with diffe
ent scattering models yield almost identical descriptions of
shape, rotational state, and photometric properties of objec

4.3. 1620 Geographos
The lightcurves of 1620 Geographos can also be modeled v
well with a convex shape (Figs. 8 and 9). All three scatterin
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models fitted the observations (35 lightcurves,α < 57◦, mea-
sured mostly, 1993–1994—only a few in 1969 and one in 19
within 3% deviation (0.03 mag). The difference1ρ between the
corresponding shape models was less than 5%. The slightly
panded elbow room for the shape result (as compared to the
vious examples) is caused by the narrow latitude coverage o
serving geometries, restricted to equatorial aspects. In this
the initial ellipsoid is already a good guess, since the differe
1ρ between it and the others is only slightly over 6%. Aga
our model agrees well with that by Hudson and Ostro (1999

The period is 5.2233260± 0.0000008 h, and the pole is a
λ = 55± 3◦, β = −45± 3◦. The phase dependence of lig
scattering cannot be determined well as there are no obse
tions below 11◦ solar phase, and there is proper coverage o
afterα > 17◦. For this asteroid, both Lumme–Bowell and Hap
laws fitted the lightcurves slightly better than (3), and the cor
sponding shape results were closer to the radar model. No
parameter values could, however, be obtained only by seve
constraining most of the parameters to values such as tho
Hudson and Ostro (1999).

4.4. 951 Gaspra

Asteroid 951 Gaspra is an example of an asteroid with a la
yet insufficient lightcurve data set (48 lightcurves,α < 25◦,
g
FIG. 10. Nonconvex shape model of 951 Gaspra, seen and illuminated

from two directions: (θ, φ) = (15◦, 90◦) and (θ, φ) = (0◦, 230◦).
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measured 1988–1991, almost all during the apparitions of 1
and 1991). None of the lightcurves at our disposal were
served below 20◦ north of the equator level; i.e., a large porti
of the southern hemisphere remained unseen. This mad
shape result uncertain even though pole and period seem
well defined, withP = 7.04206± 0.00002 h andλ = 20± 3◦,
β = +19± 3◦, only a tenth of a second and 2◦ away from the
Galileo values. The inversion result fits the lightcurves with
2% deviation (0.02 mag). For Gaspra, the parameters of (4
about the same as for Golevka, with slightly smallerA0 ≈ 0.5
and steeperk ≈ −0.01.

To illustrate a typical result of nonconvex inversion, we sh
in Fig. 10 a nonconvex shape result for Gaspra obtained wit
any regularization; some lightcurve fits are shown in Fig.
It must be stressed that this solution is not unique, and th
convex solution gives as good aχ2. Also, the lowest parts o
the southern hemisphere are only defined by extrapolation

the spherical harmonics series. With different smoothness reg-
ularizations or initial guesses we obtain differently undulating

estimated atλ = 262◦, β = −67◦. For the period we obtained
P = 4.633638± 0.000002 h.
FIG. 11. Typical lightcurve fits for 951 Gaspra. The observed brightne
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surfaces and practically the sameχ2. However, all results do
exhibit some of the major nonconvex features seen inGalileo
images. Simulations (such as in Paper I) indicate that s
persistent features may have statistical significance; we re
to this below.

4.5. 243 Ida

243 Ida proved to be an interesting case. Although Ida
a well-observed asteroid, the data set (40 lightcurves,α < 21◦,
measured 1988–1993) admits two pole solutions (obviously
to restricted observing geometries), both of which fit the obs
vations very well (within 3.5% deviation). Typical lightcurv
fits are shown in Fig. 12. The data could not constrain the l
tude of the local poles very accurately either: the two pos
ble solutions are atλ1 = 262± 3◦, β1 = −55± 10◦ andλ2 =
85± 3◦, β2 = −47± 5◦, while the pole fromGalileo images is
sses are shown as asterisks, and the model brightness is shown as a dashed line.
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FIG. 12. Typical lightcurve fits for 243 Ida. The observed brightnes

Because of the two possible poles, no quantitative detail
the shape can be inferred. Judging from lightcurves only,
would have to content ourselves with reporting the basic dim
sions of the object despite some qualitative similarities betw
the two model shapes. Since there are probe images of Ida
show a nonconvex shape result for the correct pole (Fig. 13
illustrate an important point discussed next.

4.6. Photometric Convex Hull and Stability

As described in Paper I, the strong stability of the Minkow
problem makes convex inversion robust. The convex shape r
is not exactly the convex hull but a shape close to it, “trimme
such that its shadowing properties mimic those of the noncon
shape best. In other words, the basic convex shape of whic
nonconvexities could be seen as “deviations” is not the con
hull but something closely related to it; we call this basic sha

the photometric convex hull of the body. Minkowski stabilit
means that the “trimmings” may be considerable in the loc

pe
es are shown as asterisks, and the model brightness is shown as a dashed
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surface curvature but do not influence the global shape of
photometric convex hull very much.

For example, the Ida model of Fig. 13 produced aχ2 slightly
higher than that of the convex result even though this shape m
ics some of the features of the shape model fromGalileoimages.
In fact, even if one uses the correct nonconvex shape and p
the observed lightcurves are not fitted any better than with
photometric convex hull because of observational errors and
necessarily inadequate scattering model. Thus it is not surpris
that our fits are better than those of Simonelliet al.(1995, 1996),
who only fitted Hapke parameters using the asteroid shape
pole already known from flybys. The photometric convex hull
usually a stable inversion result, whereas any nonconvex sh
solution obtained from lightcurves alone is, at best, an educa
guess.

Figure 13 is an example of an educated guess: the noncon
solution was obtained by using a low-order function series fitt
to the vertices of the photometric convex hull as the initial sha

alfor iteration. This procedure can, in a way, interpolate the convex
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FIG. 13. Nonconvex shape model of 243 Ida, seen and illuminated fr
two directions: (θ, φ) = (20◦, 10◦) and (θ, φ) = (0◦, 240◦).
.

model and thus describe the probable nonconvex fluctuation
the body. The early truncation point is essential, as discusse
Paper I.

Can nonconvex models be trusted at all then? In principle
reliability conditions are quite obvious: at least as good aχ2

as that of the convex model, and the same major surface
tures from different initial values and regularization strengt
In practice, these conditions typically seem to be fulfilled
better than moderately well. But since we know that astero
are not convex, a nonconvex model fitting the data as well (
with some persistent features) as a convex one is certainly a
teresting possibility—even if the (necessarily artificial) conv
model reproduces all the features seen in the lightcurves.

5. CONCLUSIONS, FUTURE PLANS, AND EXHORTATION

To sum up, the recipe for asteroid lightcurve inversion is
follows:

1. Determine the sampling interval of the period from t
separation between the localχ2(P) minima by using (2) or by

2
plottingχ (P) using, e.g., an ellipsoidal model (neither the ratio
of the axes nor the pole need to be accurate for this purpose

etric
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2. Choose the trial set of the initial values of pole and p
riod from a suitable grid and/or a previous model. Choose
scattering law and its initial parameters. If the initial shape
not a sphere, use a suitableφ0 as discussed in conjunction wit
(1).

3. Use the function series method of Paper I, adding p
period, and scattering parameters to the Levenberg–Marqu
procedure. Try different convexity (and/or scale factor) re
larization weights if necessary. Pick the best solution of
set.

4. Refine the shape result by switching to the separate f
method of Paper I, using the facet values from step 3 as the s
ing point. If there still are unexplained features in lightcurv
use new initial values especially for pole. Nonconvex invers
can also be tried at step 3.

5. If the best solution contains real nonnegligible resid
nonconvexity, separate the shape solution and albedo asymm
using convexity constraint (and smoothness regularization
shown in Paper I.

6. Plot the scale factors to determine the solar phase func
f (α). Plot the reference phase curveR(α).

7. Find the shape from the facet areas by Minkowski mi
mization (Paper I).

8. Repeat steps 2–7 with different (but nearby) initial valu
and scattering laws to obtain error estimates and1ρ of (5).

We stress the fact that this approach is completely s
contained and independent of other methods; however, p
results are very useful as initial guesses. The procedure is
simple and automatic since it is general rather than base
modifications of some model types.

It is clear that asteroid lightcurves contain a wealth of “robu
information about the object’s overall shape and rotational st
Indeed, Russell’s early paper (1906), often erroneously thou
of as somehow proving detailed asteroid lightcurve invers
almost impossible, has today little more than historical int
est. Even very complex lightcurves can be modeled easily
consistently using convex inversion. If the data sets covers
ficiently many geometries, the resulting pole, period, and sh
solutions are stable regardless of noise or the scattering la
used. The potential insufficiency of the data shows during
inversion procedure; even large data sets may not be as i
mative as smaller but more varied ones. Often the pole and
period can still be expected to be accurate even if no details
be obtained for the shape.

It is rather surprising how minimal the fingerprints of ev
large concavities are in lightcurves. The weak effect of mac
scopic nonconvex features even at large solar phase angles
seem even counterintuitive at first: after all, the shadows
clearly visible in any disk-resolved probe or simulation imag
The paradox is solved by two things: the smoothing prope
of lightcurves (doubled for reference phase curves) and the
that the inversion results is a photometric rather than geom

).convex hull of the body. As our inversion results and simulations
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show, the explanatory power of such convex shapes is quite
markable.

It is also clear that the role of the scattering model is very mi
(as long as the model is realistic). Our simulations and real d
thus confirm the similar conclusions of Karttunen and Bow
(1989). To put it in a nutshell, pole, period, and the photome
convex hull of the object overwhelmingly dominate lightcur
morphology. Concavities and scattering properties are, in a w
comparable to noise: even though changing them does ch
the lightcurves somewhat in the direct problem, the solution
the inverse problem does not change much since there are n
tably different convex shapes that could model the lightcur
better. The well-posedness and stability of the inversion pro
dure is thus a result of the convex formulation. The decoupl
of the free parameters is remarkably distinct: lightcurves are
tated by rotation and shape, whereas (reference) phase c
are determined by the scattering properties.

We are now in the process of going systematically throu
the UAPC data base, and it is our purpose to publish a col
tion of analyses of several asteroids in the near future. It is
intention to build a Web page that would show the results
far, list the asteroids of which observations would be nee
the most, and contain a standard report form to be used
observers. We take this opportunity to encourage observe
acquire more lightcurves of good quality: detailed information
vital for proper analysis, whereas poor data are not only wo
less but harmful. We would also like to stress that lightcurv
with only a few points are usually made in a hurry and und
poor conditions and thus belong to the latter category. Ne
Earth asteroids are especially rewarding targets: a good co
age of one apparition can produce a detailed model in just a
months.

There are currently no practical scattering laws for the f
Stokes vector of light describing both the brightness and
state of polarization. Moreover, polarimetric lightcurve obs
vations, as compared to photometric ones, are still at an e
stage of development (see, e.g., Cellinoet al. (1999)). Solv-
ing the inverse problem for the Stokes vector will thus rem
an important observational and theoretical challenge. It is q
plausible that, combined with the photometric procedure,
larimetric lightcurve observations can be fully utilized to deri
small-scale physical characteristics of asteroid surfaces.

APPENDIX

5.1. Invariant Shapes of Reference Phase Curves

The integrated brightness of a convex body can be written as (see Kaasal
et al. (1992))

L(α, γ, θ, ϕ)=
∑
lm

glm

∑
km′

d(l )
km′ (γ )d(l )

m′m

(
θ − π

2

)
e−im′π/2eimϕ Iik (α), (6)
where the anglesα,γ ,θ , andϕ are, respectively, the solar phase, obliquity, aspe
and rotational phase;glm are coefficients describing the curvature function o
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the body;d(l )
m′m are the rotation matrices of spherical harmonicsYm

l ; and

Ilk (α) =
∫ π

α

∫ π

0
S′(ϑ,ψ, α)Yk

l (ϑ,ψ)sinϑ dϑ dψ, (7)

whereS′(ϑ,ψ, α) gives the scattering lawS(µ,µ0, α) in the form in whichµ
andµ0 have been replaced by the identities

µ = sinϑ sinψ, µ0 = sinϑ sin(ψ − α). (8)

In the equatorial reference geometryγ = 0 and θ = π/2, so we have
d(l )

km′ (0)≡ δkm′ andd(l )
m′m(0)≡ δm′m. Averaging the brightness over the rotation

phase results in yet another Kronecker deltaδm0 (i.e., the shape of the body ca
affect the phase curve only via the latitudinal direction), so the reference p
curveR(α) is simply given by

R(α) = 1

2π

∑
l

gl0 Il0(α) (9)

Further inspection shows that even the remaining influence ofgl0 is very res-
tricted.

If the scattering law is suitable,Il0(α) is separable into single integrals ove
ψ andϑ , the indexl (i.e., shape dependence) being associated withϑ , andα-
dependence withψ . Thus, for example, geometric scattering (not to be us
in any realistic studies) always produces reference phase curves shap
R(α) = a(1+ cosα), i.e., in magnitudesb− 2.5 log(1+ cosα), wherea or b
is a constant depending on the size and shape of the body.

If the scattering law is of the form (3), we obtain

R(α) = f (α)[ckL fL(α)+ kLS fLS(α)], (10)

wherekL andkLS are shape-dependent constants (the latter equal toa of geome-
tric scattering), andfL(α) and fLS(α) are the invarient shapes of the phase curv
given by, respectively, Lambert and Lommel–Seeliger scattering. The con
kLS, for example, is given by

kLS =
∑

l

hl gl0, (11)

where the coefficientshl are nonzero only for evenl and decrease very rapidly
at first by an order of magnitude betweenl andl + 2, and then asymptotically
l + 5-fold. The form (3) resembles the more complicated and inseparable H
or Lumme–Bowell models; thus, taking into account the convergence ofgl0 and
the fact thatfL(α) and fLS(α) are not very different whenα < π/2, we have an
analytical result supporting the numerical conjecture that the shape of a
affects its reference phase curve very little.
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