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Inverse scattering problem
for two-dimensional Schrödinger operator

V. SEROV∗ L. PÄIVÄRINTA†
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Abstract — This work deals with the inverse scattering problem for two-dimensional
Schrödinger operator. The following problem is studied: To estimate more accurately
first nonlinear term from the Born series which corresponds to the scattering data
with all energies and all angles in the scattering amplitude. This estimate allows us to
conclude that the singularities and the jumps of the unknown potential can be obtained
exactly by the Born approximation. Especially, for the potentials from Lp-spaces the
approximation agrees with the true potential up to the continuous function.

1. INTRODUCTION

The purpose of this work is to correct (to make more accurate) the estimates
of the first nonlinear term from the Born approximation in the Schrödinger
operator which was published in the works [6–8] and to formulate more pre-
cisely the results concerning the reconstruction of singularities of the unknown
potential. The main result of the above-mentioned articles is that the leading
order singularities (in some particular cases all singularities and jumps) of the
potential are obtained exactly from the scattering amplitude by the linearized
method (Born approximation). Actually in present article we will obtain more
stronger results than in [6–8] for singular potentials in two-dimensional case.
The notation “singular potential” in this article means that a potential is not
locally bounded.

Let q be a real valued potential in R2 appearing in the Schrödinger operator

H = −∆ + q(x).
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We assume that the potential belongs to the weighted space Lp
σ(R2) defined by

the norm

‖q‖p,σ =
( ∫

R2
(1 + |x|)pσ|q(x)|p dx

)1/p

, (1.1)

where 1 < p ≤ ∞ and σ is a nonnegative number that will be specified later.
Below we use the following notations. The space W t

p(R2) denotes the usual
Lp-based Sobolev space in R2 and Ht(R2) = W t

2(R2).
Under the above assumptions on the potential the Hamiltonian H is a self-

adjoint operator in L2(R2). The spectrum of this operator consists of a contin-
uous spectrum, filling out the positive real axis (with possible positive eigenval-
ues), and a possible negative discrete spectrum of finite multiplicity with zero
as the only possible accumulation point. In addition we suppose the potential
has some power decay at the infinity

|q(x)| ≤ C|x|−µ (1.2)

for large |x| and for some µ > 2. Then the discrete spectrum (if it exists) is
purely negative and finite, there are no positive eigenvalues and zero belongs
to the continuous spectrum [0,∞) (see [2, 11]). In this case we can define for
arbitrary k ∈ R, k 6= 0, the scattering solutions of the homogeneous Schrödinger
equation

(H − k2)u(x, k) = 0

to be the unique solutions of the Lippmann–Schwinger equation

u(x, k, ϑ) = eik(x,ϑ) −
∫

R2
G+

k (|x− y|)q(y)u(y, k, ϑ) dy,

where ϑ ∈ S1 and the outgoing fundamental solution of the corresponding
Helmholtz equation G+

k is defined as

G+
k (|x|) =

i

4
H

(1)
0 (|k||x|),

where H
(1)
0 is the Hankel function of the first kind and 0 order. Recall that the

function G+
k (|x− y|) is the kernel of the integral operator (−∆− k2 − i0)−1.

The solutions u(x, k, ϑ) for k > 0 admit asymptotically, as |x| → +∞ uni-
formly with respect to ϑ ∈ S1, a representation

u(x, k, ϑ) = eik(x,ϑ) +
1 + i

4
√

π
eik|x|k−1/2|x|−1/2A(k, ϑ′, ϑ) + o

( 1
|x|1/2

)
,

where ϑ′ = x/|x| ∈ S1 and the function A(k, ϑ′, ϑ) is called a scattering ampli-
tude and is defined as

A(k, ϑ′, ϑ) =
∫

R2
e−ik(ϑ′,y)q(y)u(y, k, ϑ) dy. (1.3)

For reasons of purely technical nature, we define the solutions u(x, k, ϑ) for
negative values of k as

u(x, k, ϑ) = u(x,−k, ϑ). (1.4)
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Therefore, we can extend A to negative k by A(k, ϑ′, ϑ) = A(−k, ϑ′, ϑ) to obtain
a well-defined scattering amplitude for all k ∈ R, k 6= 0. Such extension of A
exactly corresponds to (1.4).

Definition 1. We say that the Hamiltonian H has a resonance at zero if
the homogeneous Lippmann–Schwinger equation for k = 0

v(x) = −
∫

R2
G+

0 (|x− y|)q(y)v(y) dy,

where G+
0 (|x|) = −(2π)−1 log |x| + c0 and c0 is known positive constant, has a

nontrivial continuous solution vanishing uniformly at the infinity.

Note that if q(x) ≥ 0 or
∫

R2 |G+
0 (|x − y|)| |q(y)| dy < 1 then H has no

resonance at zero. As it follows from [12] and [13] if the Hamiltonian has no
resonance at zero then the scattering amplitude can be also well-defined for
k = 0 by continuity and it is equal to zero in this case. The inverse scattering
problem that is considered here is: to recover the potential (or its points of
singularity) from the knowledge of A(k, ϑ′, ϑ) for all k > 0, ϑ′ and ϑ.

It follows from (1.3) that for every fixed point ξ ∈ R2

(Fq)(ξ) = lim
k→+∞

A(k, ϑ′, ϑ), ξ = k(ϑ− ϑ′),

where F is the ordinary Fourier transform in R2. If we write ξ = k(ϑ−ϑ′) then
k and ϑ′ can be obtained back as

k =
|ξ|

2(ϑ, ξ̂)
, ϑ′ = ϑ− 2(ϑ, ξ̂)ξ̂, ξ̂ =

ξ

|ξ|
. (1.5)

The latter formulas justify the following definition.

Definition 2. The inverse Born approximation qB(x) of the potential q(x)
is defined as follows:

qB(x) :=
1

32π3

∫
R×S1×S1

e−ik(ϑ−ϑ′,x)A(k, ϑ′, ϑ)|k| |ϑ− ϑ′|2 dk dϑ dϑ′. (1.6)

Note that the latter integral is just the inverse Fourier transform of A on
the manifold R× S1 × S1 (see [5, 6]).

It is very easy to see that within the Born approximation, the scattering
amplitude is simply the Fourier transform of the unknown potential. The weaker
the potential, the better this approximation. But even when the potential is
not weak the Fourier transform of a scattering amplitude contains essential
information of the potential as it was shown in [4, 6, 10, 14] in two dimensions.
In this paper we improve these results for potentials with stronger singularities.

The following estimates for the resolvent of the Laplacian (see [9, 14]) on
the continuous spectrum play the key role in this work.

Proposition 1. Assume that 1 < p ≤ ∞. Then for all k ∈ R, k 6= 0, the
limit

(−∆− k2 − i0)−1 := lim
ε→+0

(−∆− k2 − iε)−1
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exists in the uniform operator topology from L
2p/(p+1)
δ (R2) to L

2p/(p−1)
−δ (R2)

with the norm estimate

‖(−∆− k2 − i0)−1f‖
L

2p/(p+1)
−δ (R2)

≤ C

|k|γ
‖f‖

L
2p/(p−1)
δ (R2)

, (1.7)

where γ = 2 − 2/p and δ = 0 for 1 < p ≤ 3/2 and γ = 1 − 1/2p and
δ > 1/2− 3/4p for 3/2 < p ≤ ∞.

The following corollary is more important for our purposes. Let us denote
by K̂ the integral operator having the kernel

K(x, y) = |q(x)|1/2G+
k (|x− y|)q1/2(y),

where G+
k (|x − y|) is the kernel of the integral operator (−∆ − k2 − i0)−1 and

q1/2 = |q|1/2 sign (q).

Corollary 1. Assume that the potential q(x) belongs to Lp
2δ(R2) with

1 < p ≤ ∞ and with δ as above. Then the operator K̂ is bounded in L2(R2)
with the norm estimate

‖K̂‖L2→L2 ≤ C

|k|γ
, (1.8)

where γ is as in (1.7).

Now let Φ0(k) and Φ(k) be the operators, defined for f ∈ L2(S1) as

Φ0(k)f(x) = |q(x)|1/2

∫
S1

eik(ϑ,x)f(ϑ) dϑ,

Φ(k)f(x) = |q(x)|1/2

∫
S1

u(x, k, ϑ)f(ϑ) dϑ.

(1.9)

Corollary 2 (see [6]). Under the same assumptions for q(x) as in Corol-
lary 1, the operators Φ0(k) and Φ(k) are bounded from L2(S1) to L2(R2) with
the norm estimates

‖Φ0(k)‖ ≤ C

|k|γ/2
, ‖Φ(k)‖ ≤ C

|k|γ/2
, (1.10)

where γ is as in (1.7).

We are now in the position to represent the asymptotic expansion for the
Born potential. A repeated use of the Lippmann–Schwinger equation yields the
following representation for the Born potential qB(x):

qB(x)− q(x) = q1(x) +
m∑

j=2

qj(x) + q̃m+1(x), (1.11)

where qj(x) and q̃j(x) have the forms

qj(x) = F−1
M (Φ∗

0(k) sign (q)K̂jΦ0(k)),

q̃j(x) = F−1
M (Φ∗

0(k) sign (q)K̂jΦ(k)),
(1.12)
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where the inverse Fourier transform is applied to the kernel of the corresponding
integral operator and Φ∗

0(k) is the adjoint operator for Φ0(k). And for the first
nonlinear term q1(x) we have a special representation (see (1.6)):

q1(x) =
1

16π3

∫
R2×R2

q(y)q(z) dy dz

∫ ∞

−∞
|k|G̃+

k (|y − z|) dk

×
∫

S1×S1
(1− (ϑ, ϑ′))e−ik(ϑ,x−z)−ik(ϑ′,y−x) dϑ dϑ′, (1.13)

where G̃+
k = G+

k for k > 0 and G̃+
k = G+

k for k < 0 (see (1.4)).
To estimate the smoothness of qj we will prove the following lemmas.

Lemma 1.1. Assume that the potential q(x) satisfies all conditions of Corol-
lary 1 with 3/2 < p ≤ ∞. Then the terms qj(x) and q̃j(x) from the Born expan-
sion (1.11) for j ≥ 2 belong to the Lipschitz class Lip(α) for any α ≤ 1−3/(2p).

Proof. For x1, x2 in R2 we have (see [5] and (1.6))

qj(x1)− qj(x2) = C

∫ ∞

−∞
|k| dk

∫
S1

dϑ

∫
S1

dϑ′(1− (ϑ, ϑ′))

× Φ∗
0 sign (q)K̂jΦ0(k, ϑ, ϑ′)(e−ik(ϑ−ϑ′,x1) − e−ik(ϑ−ϑ′,x2)).

If for l = 1, 2 we denote by el = eik(ϑ,xl) ∈ L2(S1) and El = ϑ ·el ∈ (L2(S1))2 in
the space of vector-valued L2-functions, then the latter difference will be equal
to

C

∫ ∞

−∞
|k| dk ((e1,Φ∗

0 sign (q)K̂jΦ0e1)L2(S1) − (e2,Φ∗
0 sign (q)K̂jΦ0e2)L2(S1)

− (E1,Φ∗
0 sign (q)KjΦ0E1)L2(S1) + (E2,Φ∗

0 sign (q)K̂jΦ0E2)L2(S1)). (1.14)

Because ‖E1 − E2‖L2(S1) = ‖e1 − e2‖L2(S1) and ‖el‖2L2(S1) = |S1| = 2π, we
obtain from (1.14)

|qj(x1)− qj(x2)| ≤ C

∫ ∞

−∞
|k| dk ‖e1 − e2‖L2(S1)‖Φ∗

0 sign (q)K̂jΦ0‖. (1.15)

Next, let us stress now that (see, for example, [16])

‖e1 − e2‖2L2(S1) =
∫

S1
(2− eik(ϑ,x2−x1) − eik(ϑ,x1−x2)) dϑ

= 4π(1− J0(|k||x1 − x2|))

where J0 is the Bessel function of order zero. According to Corollary 1 and
Corollary 2 and due to the fact that H has no resonance at zero we have

‖Φ∗
0 sign (q)K̂jΦ0‖ ≤

C

1 + |k|γ(j+1)

with γ as in Proposition 1.
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These two facts and (1.14) imply that (by denoting r = |x1 − x2|) we need
an estimate for the integral∫ ∞

0

k

1 + kγ(j+1)
(1− J0(kr))1/2 dk. (1.16)

We split this integral into two parts: 1/r < k < ∞ and 0 < k < 1/r. Using the
asymptotic behavior of the Bessel functions for large argument we estimate the
first part by

C

∫ ∞

1/r

k

1 + kγ(j+1)
dk ≤ Crγ(j+1)−2

with the condition γ(j + 1) > 2. In order to estimate the remaining part of the
integral (1.16) we use the following asymptotic behavior of the Bessel functions
for small argument

J0(x) = 1 + O(x2),

If we take it into account then we can estimate the second part of (1.16) by

Cr

∫ 1/r

0

k

1 + kγ(j+1)
dk ≤ Cr

(
1 +

∫ 1/r

1

1
kγ(j+1)−2

dk
)
≤ Crmin (1,γ(j+1)−2).

Hence, the proof for qj(x) is complete if we can show that qj ∈ L∞. But this is
true, since

|qj(x)| ≤ C

∫ ∞

0

k

1 + kγ(j+1)
(‖e‖L2(S1) + ‖E‖L2(S1)) dk ≤ C < ∞

for γ(j + 1) > 2. It remains to observe that for γ = 1 − 1/(2p) and j ≥ 2 the
condition γ(j + 1) > 2 implies 3/2 < p ≤ ∞. We leave it for the readers to
check that the proof goes through for q̃j(x) with obvious changes. Lemma 1.1
is thus proved.

Let us prove a little bit more “rough” result for qj but for any j ≥ 1.

Lemma 1.2. Assume that the potential q(x) satisfies all conditions of Corol-
lary 1 and in addition q(x) belongs to L1(R2). Then for j ≥ 1 the terms qj(x)
and q̃j(x) belong to the Sobolev space Ht(R2) for any t < γ(j + 1/2) − 1 and
with γ as in Proposition 1.

Proof. As it follows from (1.12) and (1.10) it is enough to prove the state-
ment of this lemma only for qj(x). By the definition of the norm in the Sobolev
space Ht and (1.12) we obtain

‖qj‖2Ht(R2) = ‖(1 + |ξ|2)t/2F (qj)(ξ)‖2L2(R2)

=
1
2π

∫
R2

(1 + |ξ|2)t dξ
∣∣∣ ∫

S1
[Φ∗

0 sign (q)K̂jΦ0]
( |ξ|

2(ϑ, ξ̂)
, ϑ− 2(ϑ, ξ̂)ξ̂, ϑ

)
dϑ

∣∣∣2,
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where [Φ∗
0 sign (q)K̂jΦ0] denotes the kernel of the corresponding operator inside.

After the change of variables (1.5) we can get from the latter equality

‖qj‖2Ht(R2) ≤ C

∫
R×S1×S1

(1 + |k(ϑ− ϑ′)|2)t
∣∣[Φ∗

0 sign (q)K̂jΦ0](k, ϑ′, ϑ)
∣∣2

× |k| |ϑ− ϑ′|2 dk dϑ′ dϑ

≤ C

∫ ∞

0

k(1 + k2)t dk

∫
S1

∫
S1

∣∣Φ∗
0(sign (q)K̂j(|q|1/2eik(ϑ′,· ))

∣∣2 dϑ dϑ′

≤ C

∫ ∞

0

k(1 + k2)t dk

∫
S1
‖Φ∗

0‖2‖K̂‖2j‖q‖L1 dϑ′

≤ C
(
1 +

∫ ∞

1

k1+2t dk

kγ(2j+1)

)
.

But the latter integral converges if and only if t < γ(j + 1/2) − 1. Therefore,
Lemma 1.2 is proved.

2. ANALYSIS OF THE FIRST NONLINEAR TERM
AND MAIN THEOREM

In this section it will be shown that the smoothness estimates obtained in the
previous section are not the best possible, especially for q1(x) (see Lemma 1.2).
That’s why we will try to write the first nonlinear term in a more explicit form
to refine the analysis of the degree of smoothness.

Let us remark also that the final step (the inequality (4.14)) in the proof
of Lemma 2.4 in [7] is not correct. The same situation with the proof of The-
orem 2.2 in [6]. And in this section we will give the revised version of the
corresponding proofs in two dimensional case.

To estimate the smoothness of q1 we will first prove the following result.

Lemma 2.1. Assume that the potential q(x) belongs to Lp
2δ(R2) with p and

δ as in Proposition 1. Then the first nonlinear term (1.13) admits the integral
representation

q1(x) =
1

8π2

∣∣∣∫
R2

x− y

|x− y|2
q(y) dy

∣∣∣2. (2.1)

Proof. Since (see [16])∫
S1

e−ik(ϑ,x−z) dϑ = 2πJ0(|k||x− z|)

and

ϑe−ik(ϑ,x−z) = − 1
ik
∇xe−ik(ϑ,x−z)

then using the following property for Bessel functions (J0(r))′ = −J1(r) we can
rewrite the integrals in (1.13) with respect to k, ϑ and ϑ′ in the equivalent form
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as

4π2

∫ ∞

−∞
|k|G̃+

k (|y − z|)
(
J0(|k||x− y|)J0(|k||x− z|)

− J1(|k||x− y|)J1(|k||x− z|) (x− z, x− y)
|x− z||x− y|

)
dk. (2.2)

Due to the definition of G̃+
k (see (1.4) and (1.13)) this integral (2.2) can be

rewritten as

− 2π2

∫ ∞

0

kY0(k|z − y|)
(
J0(k|x− y|)J0(k|x− z|)

− J1(k|x− y|)J1(k|x− z|) (x− y, x− z)
|x− y||x− z|

)
dk, (2.3)

where Y0 is the function of Neumann of 0 order.
In order to calculate (2.3) precisely it remains to calculate the following two

integrals ∫ ∞

0

kJ0(ak)J0(bk)Y0(ck) dk,

∫ ∞

0

kJ1(ak)J1(bk)Y0(ck) dk, (2.4)

where we denoted by a = |x − y|, b = |x − z| and c = |z − y|. Let us remark
that a + b > c and a− b < c.

For the calculation of these two integrals we will use the following represen-
tation

Y0(ck) = − 2
π

K0(−ick) + iJ0(ck),

where K0 is the function of Macdonald of 0 order. With respect to such rep-
resentation, in order to calculate the two integrals from (2.4) it is needed to
calculate the following four integrals:

I1 =
∫ ∞

0

kJ0(ak)J0(bk)J0(ck) dk, I2 =
∫ ∞

0

kJ0(ak)J0(bk)K0(−ick) dk

I3 =
∫ ∞

0

kJ1(ak)J1(bk)J0(ck) dk, I4 =
∫ ∞

0

kJ1(ak)J1(bk)K0(−ick) dk.

Since a, b and c are the sides of a triangle we can apply formula (4) (see [16,
p. 412]) and obtain

I1 =
1

πab
(1−X2)−1/2, I3 =

X

πab
(1−X2)−1/2, (2.5)

where X = (a2 + b2 − c2)/(2ab). Applying now formula (4) and (6) (see [16,
p. 156, and p. 412, respectively]) and formulas (12) and (13) (see [1, p. 150]) we
can obtain that

I2 =
i

2ab
(1−X2)−1/2, I4 =

iX

2ab
(1−X2)−1/2 − 1

2ab
, (2.6)

where X is as in (2.5).
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Combining (2.4)–(2.6) we obtain that the first integral in (2.4) is equal to
zero (this fact has an independent interest) and the second integral is equal to

1
πab

=
1

π|x− y| |x− z|
.

Therefore, this fact implies (see (1.13), (2.2)–(2.4)) that

q1(x) =
1

16π3

∫
R2×R2

q(y)q(z)
(
2π

(x− y, x− z)
|x− y|2|x− z|2

)
dz dy

=
1

8π2

∣∣∣∫
R2

x− y

|x− y|2
q(y) dy

∣∣∣2.
Thus, this lemma is proved.

Lemma 2.2. Under the same assumptions for q(x) as in Lemma 2.1 we
have

1) for 1 < p ≤ 3/2 the function q1(x) belongs to (W 1
p,−1(R2))2;

2) for 3/2 < p < ∞ the function q1(x) belongs to (W 1
p,2δ−1(R2))2 for

1 − 3/2p < 2δ < 2 − 2/p, where W 1
p,σ(R2) denotes the space of all func-

tions f(x) from Lp
σ(R2) such that ∇f(x) belongs to Lp(R2);

3) for p = ∞ the function q1(x) belongs to (Λ1(R2))2, where Λ1(R2) denotes
the classical Zygmund space with smoothness index 1.

Proof. We introduce Riesz potential I−1 and Riesz transform R (see [15])
as

I−1f(x) = F−1
( f̂(ξ)
|ξ|

)
(x), Rf(x) = F−1

(ξf̂(ξ)
|ξ|

)
(x),

where F−1 denotes the usual inverse Fourier transform in R2. We first observe
that ∇I−1 = R is bounded in Lp(R2) for every 1 < p < ∞ (see [15]). But due
to the well-known estimates by Nirenberg and Walker (see [3]) we have also that

I−1 : Lp
σ+1(R

2) → Lp
σ(R2),

where −2/p < σ < 2/p′−1. Since for 1 < p ≤ 3/2 we can choose 1+σ = 0 then
the statements 1) and 2) of this lemma follow from these two facts immediately.
As it concerns the case p = ∞ the statement 3) can be proved by exactly the
same manner as Lemma 2.2 from [5]. Hence, this lemma is completely proved.

We are now in the position to formulate and prove our main result.

Theorem 1. Assume that the potential q(x) satisfies all conditions of
Lemma 1.2. Then

1) for 2 < p ≤ ∞ the difference qB(x)− q(x) is continuous;
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2) for 3/2 < p ≤ 2 the difference qB(x) − q(x) − q1(x) is continuous and
bounded;

3) for 5/4 < p ≤ 3/2 the difference qB(x) − q(x) − q1(x) belongs to the
Sobolev space Ht(R2) for any t < 4− 5/p.

The proof of this theorem follows immediately from Lemmas 1.1, 1.2, 2.1
and 2.2 and we leave it for readers to check that the proof goes through.

Remark. This theorem gives that all singularities and jumps of the un-
known potential from Lp(R2) for 2 < p ≤ ∞ can be obtained exactly by the
Born approximation. In particular, if the potential is the characteristic function
of a bounded domain then this domain is uniquely determined by this scattering
data. Whereas if the potential belongs to Lp(R2) for 5/4 < p ≤ 2 then by the
Born approximation we can obtain only the leading order singularities of the
unknown potential.
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