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1 Introduction and outline of the method

In this paper we study the problem of recovering the shape of an obstacle
inside a known inhomogeneous background. In particular, we study the prob-
lem arising from electrical impedance tomography (c.f. [K-S] ) were one seeks
a constructive method to determine the shape of an unknown obstacle inside
an a priori known inhomogeneous anisotropic conducting medium by using
current and voltage measurements on the boundary of some exterior domain
surrounding the obstacle. We also study the inverse scattering problem of
determining the shape of an obstacle inside a known inhomogeneous medium
by using far field measurements. We model this by a Schrodinger equation
with short range assumption for the potential. Since the energy is fixed in our
case the methods and results work as well for the acoustic inverse scattering
problem.

The first results in inverse obstacle scattering were based on Schiffer’s
proof by contradiction [L-S], or on relatively delicate high frequency asymp-
totics [Ma]. We refer to [C-K] for the history of the numerous advances on
the problem. Nowadays, simple functional analysis arguments yield proofs
which are constructive and only require scattering data at one fixed fre-
quency. We will use a variant of the factorization method introduced by
Andreas Kirsch. In a series of papers [Ki2,Ki2,Ki4| Kirsch presented an ob-
stacle recovery method that is based on the following approach: Consider
the measurement data to be an integral operator B that is defined on the
measurement domain.The problem is to determine the shape of the obstacle
being imaged from information contained in the operator B. The idea is to
use a factorization for the operator B of the form

(1.1) B = FSF*,

were S is an operator between function spaces defined on the boundary of
the unknown domain and F' is an operator with range in the measurement
domain. From (1.1) one can prove that the knowledge of B determines the
range of F' which then determines the obstacle.

In this paper we solve the open problem of finding new factorizations
which allow the method to be used in the case of inhomogeneous backgrounds.
In addition, we extend the main functional analytic theorem of Kirsch (The-
orem 2.3. in [Ki3]); our formulation leads to a computationally more efficient
method of characterizing the obstacle.

We illustrate our approach on the following two inverse problems .



A. Electrical impedance tomography

Let ; and 5 be bounded Lipschitz domains in R™,n > 2 with ; C Q,
and Q, \ Q; connected. Let y(x) = (77(2)),xn be a known Lipschitz contin-
uous real valued symmetric uniformly elliptic matrix function in s, which
physically describes the anisotropic conductivity in €2,. Here 2y represents
the unknown obstacle lying inside €2 and 0f); is the set where the measure-
ments are made. We assume that on 9€2; the unknown electric potential u
satisfies the Dirichlet boundary condition. In Section 3 we study the conduc-
tivity equation

> 0:(v70;u) =0
i

for the electric potential u and introduce Dirichlet-to-Neumann maps
A1, Ay, A9, 4,5 = 1,2. Then, if S; is the single-layer operator, we will show,
following [N2], the following

Theorem 1 The factorization
A22 _ A2 — A2181(A21)*
holds as an operator Hz(8) — H~2(9y).

The operator A* — Ay (= B in (1.1)) corresponds to the measurement
data in 0Q)s. We will show below that the factorization method gives a con-
structive way of uniquely determining the shape of the unknown obstacle §2;.
In [B] the method was used to locate the support of inhomogeneities in a ho-
mogeneous background from the Neumann-to-Dirichlet map (see also [Ki4]).
Here we seek the shape of an inpenatrable obstacle in an inhomogeneous
object.

B. Inverse obstacle scattering in an inhomogeneous background

Let g be a real valued known background potential in R",n > 2, such
that

(1.2) qe L} (R"),where p > 2, when n =2 and p =n, when n > 2
and satisfying the short range decay condition
(1.3) q(z) = O(Jx|7*7°) as |z| — oo for some ¢ > 0.

In Section 3 we study the Schrédinger equation

(~A+qg—k)u=0
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with fixed wave number £ > 0 in R" as well as a boundary value problem
in R™\ 2, where Q C R™ is the unknown obstacle satisfying either a Dirichlet
or a Robin boundary condition on 9. We prove the following factorization

theorem. (The precise definitions of the operators can be found in Section
3.)

Theorem 2 Let the potential q satisfy conditions (1.2) and (1.3) and let
2 C R" be a bounded Lipschitz domain with connected complement. The
following factorizations hold:

a)
(Aq - Ag,q)S; = FDSI:,q<FD)*

and
(A — AG )(SG,)" = FPSq(FP)*

in the Dirichlet case and

b)
(Ag = Agg)Sg = FT(N )" (F7)

and
(Ag — AG ) (Sg,)" = FIN (F7)"

in the Robin case.

We note that all the factorizations above are of the form (1.1) and that in
the case when the inhomogeneity outside is known, the left hand sides of the
equations in Theorem 2 can be determined from the far field measurements
of the corresponding scattering problems.

Factorizations of the form

B = FS8(FR)

with different F} and F5 corresponding to the case of a constant background
medium first appeared in [N1] and for the case of a variable background in
[I-N]. However for the factorization method to work we need Fj to equal Fy
and in this case our factorizations appear to be new.

The uniqueness of the inverse problem of recovering the obstacle in af
inhomogeneous background from the far field data was proved in [K-P]. The
factorization method in this paper not only gives the uniqueness of the shape
of the obstacle but also a reconstruction method for determining it. Further-
more, we are able to relax the smoothness assumption for the potential ¢
from C? in [K-P] to L?.



For the problem of determining the the shape of an obstacle by the fac-
torization method in a constant backgound see [Ki2], [Ki3] and [G-K] and for
the problem of determining the support of inhomogeneity from the far field
data, see [Ki3,Ki4]. Note that the scattering problem in quantum mechanics
can be easily transformed to one for acoustic scattering.

The factorization method presented here is based on the following func-
tional analytic result, which extends Theorem 2.3 in [Ki3]. In [Ki3] it was
assumed that in the equation (1.1) the operators F' and B are compact and
that the operator F'is injective. The theorem below does not require these
assumptions. We denote by H* the dual of the Hilbert space H, by ( , ) the
inner product in H, linear in the first argument, and by ( , ) the duality
pairing in H x H*.

Theorem 3 Let H, and Hy be Hilbert spaces. Suppose that B = FSF*
with F' : Hi — Hs bounded and § : H{ — H; bounded and coercive in the
sense that there exist ¢y, co > 0 such that

(1.4) allgl® < (Sg,9)| < callgl® for all g€ HY.

Then for ¢ in Hy the following conditions are equivalent:
(i) ¢ belongs to the range R(F') of F.
(ii) There exists C' < oo such that

(1.5) {0, ¥)| < CUBY, )|z for all o € Hj.

(iii) ¢ is orthogonal to the subspace {¢ : (Bv,1) = 0} and

(1.6) sup  [(p,1))] < o0.
(Bo.w)=1

Moreover, if any of these conditions is satisfied, then there exists f € H;
with F'f = ¢ and

(1.7) Ve sup (o) <IfIf < Ve sup o (g, 9).

(By,)|=1 (B, |=1

In particular, the knowledge of B determines R(F).

In fact , we have the following more general consequence.
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Corollary 4 Let B and F' be as in Theorem 3. Suppose that A : H5 — H,
is an operator that is comparable to B, i.e. there are constants di,d such
that for all ¢ in Hj

(1.8) i [{Ap, )| < [(Bh, )| < da (A, ¥)].
Then knowledge of A determines the range R(F) of F.

The proof and some alternative forms of the theorem are given in Section
2. We will see in Section 3 that the assumptions in Theorem 3 are valid for
the impedance tomography problem (A) where S = &; and in the scattering
problem (B) where S is either Sy, or N7, under the assumption that k? is
neither a Dirichlet nor a Robin eigenvalue of —A + ¢ in 2. Note also that the
condition (1.5) is equivalent to (2.11) in [Ki3]:

(1.9) inf{|(Bo, )] : (i, ) = 1} > 0.

The following theorem allows us to recover the shape of an obstacle from
knowledge of R(F). In the problem (A) we have F' = A*! and in (B) F is
either F¥ or F. In Section 3 we define Green’s functions G, (-, -) in (A) and
G () with the far field pattern (G} (-,))s in (B). It is important that
these Green’s functions don’t depend on the obstacles, and can be computed
since the background inhomogeneity is known.

Theorem 5 In problem (A) we have
y € Qy if and only if v - YVG.(-,y)|oa, € R(A*)
and in problem (B)
y € Q if and only if (G (-,y))e € R(FP).

The proof is given in Section 3.

Combining Theorems 1,2,3 and 5 (together with Proposition 3.6 which
shows that the hypothesis of Theorem 3 is satisfied for problems (A) and
(B)), we obtain our main results.

Theorem 6 Let €y and 25 be bounded Lipschitz domains in R", n > 2, with
Q) C Qy and Qy \ Q, connected. Assume 7 is a known Lipschitz continuous
real-valued symmetric uniformly elliptic matrix function in €)y. Then the
obstacle Q; can be reconstructed from the knowledge of A*? (the Cauchy
data on 0S)y for solutions of the conductivity equations in )y \Q_l with zero
Dirichlet data on 0%, ).



The corresponding inverse obstacle scattering result is the following

Theorem 7 Let Q C R", n > 2, be an unknown bounded Lipschitz domain
with connected complement. Assume that the known potential q satisfies
conditions (1.2)and (1.3) and that k? is not a Dirichlet or Robin eigenvalue
of —A + q in Q). Then () can be reconstructed from the knowledge of the
scattering operator S§ (for the Dirichlet boundary condition) or S§ , (for
the Robin condition) at the frequency k*.

Note that to recover € we do not need to know which operator, SZ g Or
5.4 We were given, nor do we need to know o.

Using Corollary 4 we obtain the following surprising uniqueness, and, in
some sense, stability result which we formulate, for simplicity, for vanishing
q (i.e. homogeneous background).

Theorem 8 Let g = 0. If the scattering operators for two bounded Lipschitz
obstacles are comparable (in the sense of (1.8)) at one non-resonant frequency
k2, then the obstacles must coincide.

Below we list, for convenience, the steps of the reconstruction algorithm.

1. Choose sampling points y; in s (problem (A)) or in R™ (problem(B))
and evaluate the functions v - YVG, (-, y;)|aq, or the far field patterns
(G- Yj))oo for the corresponding Green’s functions; we denote these
functions by ¢;. Note that ¢; can be calculated without any knowledge
of the obstacle. Note also that, in problem(B), if the potential ¢ is zero
inR", then we have (G (-,))o(Z) = e

2. Using the measurement data B determine the subspace {¢ : < By, ¢ >=
0} and the "unit ball’ {¢p € Hj : |(Bv, )| = 1}. This is done only once
without any reference to the sampling points.

3. For each sampling point y; check whether ¢; is orthogonal to {1 : <
B, >= 0} and whether

sup (5, 9)]|
(By.b) =1

is finite or not. By Theorems 3 and 5 we can then conclude whether or
not y; lies inside the obstacle.



Note that if B happens to be compact and normal and {¢;} is an or-
thonormal basis of eigenvectors corresponding to eigenvalues {\;}, then ¢ =
> a;ji; satisfies

[(By, )| =1

1> Alal’ = 1.
j

if and only if

Furthermore in this case

sup [ {0, 9)]
(B, ¥)|=1
is comparable to (3_; |<‘T/’\¢|j>‘)%, and we recover the obstacle identification
J

criterion in [Kil].

2 Functional analytic results for factorizations

In this section we prove Theorem 3 and also give some alternative versions
and consequences. We denote by x; : H; — H}, i = 1,2, the isometric linear
isomorphism defined by

(21) (f7 g)Hz = <fa Kzg> fO’F all fvg € H’HZ = 172

We start with a simple general lemma, which gives a good starting point
for understanding Theorem 3. For completeness we provide a proof here.

Lemma 2.1 Let F': Hi — Hy be a bounded operator and let ¢ € Hy. Then
¢ € R(F) if and only if there exist C' < oo such that for all ¢ € H}

(2.2) (2, )] < ClE" |-

On R(F) the operator F' has a right inverse J : R(F) — H; such that for
all p € R(F)

(2:3) 1Tellm = sup [{p,9)]-
|Fell=1

Proof. If p = F'f for some f € Hy, then for all 1 € H; we have

(o, D) = [(EF0) ] = [ EFm o < ([N



Assume now that ¢ € Hy and (2.2) holds. Let us define the linear functional
jo on R(F*) by

Jo(F"¢) = {0, 4).
By (2.2), if F*¢y = F*i, then (p,11 — 1¥2) = 0 and therefore j, is well-
defined. Moreover, ||j,|| = Cy,, where C,, is the smallest constant for which
(2.2) holds. We can extend j, uniquely to a bounded linear functional on

R(F*) and then to all of H} by setting j, = 0 on 73(]7*)l By the reflexivity
there exists a unique f, € Hy with j,(9) = (f,, 9) and ||fy|lm, = C,. We
define Jy := f,, so that

(FJp,¢) = <f<p7F*¢> =J¢(F*¢) = {p,¢)
for all ¢ € Hy. So FJp = ¢ and then (2.3) follows from

I Joll = Cp = sup [{p,9)].

[ F*yfl=1

O

Note that one can consider Lemma 2.1 as a special case of Theorem 3
when S is k7. Next, to obtain Therem 3 from Lemma 2.1, we observe that
condition (1.4) in fact requires S to be comparable to x| .

Proof of Theorem 3. If ¢ = F'f then, in view of (1.4), we have for all
b in H;

(1.4)
2a) el <l < Hyspy, = 1

l
Ve Ve

(B, )2

[SIE

This shows that (i) implies (ii). If ¢ satisfies condition (ii) then

(e, )] < CUBY, ¥)|2 = CUSF ™, Frh)|2 < C/eal| .
Thus by Lemma 2.1 there exists f € H; such that ¢ = F'f and

* l.l .

This shows that (ii) implies (i). To see that (ii) also implies (1.7) we use
hypothesis (1.4) which yields, as above,
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(2.6) % (B, v < | F ()], < %\ww,w

for any ¢ in H;. (In particularF*¢) = 0 if and only if (B, ) = 0). Substi-
tuting (2.6) to (2.5) we obtain

[{, )| [{p, )]
2.7 1 T > Hi >
B0 VA Byt S Wl S Ve s B

and(1.7) follows. Moreover if ¢ is such that (B, ) = 0 (equivalently, if ¢
is in the null-space of F*) then(1.5) implies (p, ) = 0. We have thus shown
that (ii) implies (iii).

Finally we verify that (iii) implies (ii). Assume ¢ satisfies (iii) with

(2.8) Co= sup  [{,[¥)].
(Bw)=1

Let ¢p € Hj. Then either (Bvy,) = 0, in which case (¢,1¢) = 0, so (1.5)
holds, or <Bw ¥) # 0. In the latter case, we let 1 = /(B 1)|"/2, so that
(B, 9)| = 1. Then [(p,4)| < C,, ie. [(p,9)] < Col(B,¥)['/2, so that
(1.5) holds with C = C,.

0

~ We use the isomorphism k» to identify Hy and Hj and define operator
B := k3B : Hy — H3 so that we have for all f,g € H;

With the usual definitions of |B| and |B|1/2 by the formula |B| = (B*B)"/?
we can thus use ky to define |B| and |B|Y/2.

Theorem 2.2 Let the conditions of Theorem 3 be valid and assume that,
in addition B satisfies

(2.9) cs(|Bly, ) < (B, ¥)| < (| Bl ) ;3,00 >0

under the previous interpretations. Then (1.5) < ¢ € R(|B|2). If B is also
injective, then C, ~ || |B|~Y2¢ ||; more precisely,

1 .
(2.10) —| B[ 2p|| £ sup  [{p, )] <
N (B, |=1 \/_

In particular when § is bounded and coercive and B = FSF* satisfies

(2.9), then R(F) = R(|B|2).

— | 1Bl



Proof.  Assume that B satisfies (2.9). Then the condition (1.5) is
equivalent to

(o, )| < CHIBl. )| = C|||BI2¢| for all + € Hj

which is equivalent to ¢ € R(|B|2) by Lemma 2.1.

By (2.9) we can write

1 I (0, )] o, )]
. )] = g N0l
i, P = s E =™ s )

1 [{p, )]
= ) S T — s .
R LT e v el S S LRt

Assuming now that B is injective, then also |B|% is injective and has a dense
range so that

_1
sup (g, )| = sup  [(p,|B| 2u)|
I1B|2y|=1 lull=1

ueR(|B|2)

_1 -1
= s (B Heul = 1B
ul||=1
ueR(|B|2)

which proves (2.10).
0J

Remarks. 1) Note that in Theorem 2.2 we can assume instead of (2.9)
that there exists a positive operator B s.t.

c3(BY, 1) < (B, ¥)| < ca( By, ¥) for all 4 € Hj.
Then (1.5) < ¢ € R(Bz) and if B is also injective, then

5_L1
sup - [(p, )| = [[B72¢].
(B w)l=1

2) If instead of (1.4) in Theorem 3 we assume that
allSgll* < [(S"9.9)| < cal|S"gl* for all g € Hy

then by an easy modification of the proof we can see that ¢ € R(F'S) if and
only if there exist C' < oo such that | (¢, )| < C|(Bi, )|z for all ¢ € Hy.
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3 Factorizations for recovering obstacles in
an inhomogeneous backgrounds

In this section we obtain the factorization theorems 1 and 2 after we have
introduced the relevant operators. We also show that the conditions in The-
orem 3 are valid in both special cases (A) and (B).

A. Electric impedance tomography

Let €25 and €23 be bounded Lipschitz domains in R", n > 2, with O CQ,
and € \ ©; connected. Let

¥(@) = (17 (2))nxn € C™ ()

be a known Lipschitz continuous real valued symmetric matrix function,
which is uniformly elliptic, i.e. there exist constants ¢, C' > 0 s.t.

(3.1) cle? < Zw 2)&€; < ClE]? forall € € R™ x € Q.

Physically 7 describes the anisotropic conductivity in 2. Following [N2] we
define six Dirichlet-to-Neumann maps in the following way:

Let u € H'(€;) be the weak solution of the conductivity equation

(3.2) V- (yVu) =0 in Qy,
or in coordinate form

Z@ 99,u) =0 in Qy,

satisfying the Dirichlet boundary condition

(3.3) ulog, = f € H2(5).

Let v(x) denote the outer unit normal on the boundary of 2. We assume
that all function spaces in this section have real scalar fields. Define

(3.4) Nof = v AVulog, € H ()

in the weak sense, i.e.
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(3.5) /Z”yij&u Ojvdr = (rv, Ao f)  for all v € H'(Qy),

Q2 7‘7.7

where 7, : H'(€y) — H2(9%,) is the trace-mapping and (-, ) is the bilinear
duality pairing in Hz(8%) x H™2(9y).

Physically the conductivity equation (3.2) corresponds to the absence of
sources and sinks of the electric current generated by the potential with given
boundary values (3.3). The Dirichlet-to-Neumann map (3.4) then gives the
current flux across the boundary 02, in the static situation.

Let Ay : H2(8€) — H™2(0;) be the corresponding map with €, in
place of Qy. On the boundary 0 the direction of v(x) is chosen to be
outwards from €.

For j =1 or 2, let u; € H*(Q \ Q1) be the weak solutions of

(3.6) u; = feHz2(8Y) ondQ,
uj = 0 on the rest of the boundary.
We define
(3.7) AT fi=v - yVuylaq,
and
(3.8) AP f = v - yVuglaq,.

Note that the Dirichlet-to-Neumann map in {2, \Q_l can be written as a
matrix

_All _A12 1 1 1 1
(3.9) ( A2 A2 ) s H2(0) & H2(00Q) — H 2(08) & H 2(0529)

if the outward normal is chosen on the boundary of the domain as usual.
This formula and the symmetry of the D-to-N map imply that

(310) (All)* — All, (AZQ)* — A22 and (A12)* — _A21‘

Let G, be the inverse operator of the isomorphism

= 010, Hy(Q) — H™ ()

.3
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and define the self-adjoint single-layer operator
(3.11) S, =1G, H2(08) — H?(0%,),

where 71 1 H}(Q) — Hz(0%)) is the trace-mapping. The integral kernel
G (z,y) of G, : H1(Q3) — Hy(€2) is the Dirichlet Green’s function satisfy-
ing

(3.12) Vo -7V.Gy(z,y) = —6y(x) in Qy
’ Gy(z,y) = 0 for x € 00,y €
and we can also write
(3.13) Sig(z) = /Gv(%y)g(y) do(y) , v € 0.
a0,

It is a well-known consequence of the classical de Giorgi-Nash theorem
that G, (x,y) is continuous in {(x,y) € Qy X Qs : x # y}. The singularity of
G,(-,y) at y is given by (see [Se]):

|$_y|27n ,TL>2
log — ,n =2

[z—y|

(3.14) Grto.) = {
when z is in a neighborhood of y. Here f &~ ¢ means that dci,co > 0 s.t.
ag<f<cg

One can easily modify the results of Section 6 in [N2] to see that the
following factorization is true:

(3.15) A2 — Ny = —A?ISA? = APLS (AP,
which shows the validity of (1.1) when we choose

Hy = H2(0), Hy = H2(9%,),
F =A% and B = A??2 — A,.

The inverse problem in this case can now be formulated: determine the shape
of the unknown scatterer €; from the knowledge of B, which is interpreted
as the given data: A*? is measured, and A, can be calculated (since €, and
7 are known).

B. Scattering in an inhomogeneous background

We denote by Hy the self-adjoint extension of the Laplacian —A in L?(R"™),n >
2, with domain D(Hy) = H?*(R™). It is well known that the spectrum of

13



Hy consists entirely of the absolutely continuous spectrum and o(Hp) =
U(ac)(HO) = [0, OO)

Now consider the perturbed differential operator Hy + ¢, where ¢ is as-
sumed to be a real valued potential satisfying the previous conditions (1.2)
and (1.3) in Section 1. By Holder’s inequality one can then see that

q(x) == (14 |z))"*q(z) , 0< & <&,

belongs to the Stummel class

M, ={f:R"—=R: sup / |f()) |z — y|P " dy < oo, when p < n
TER"™
lz—y|<1

or sup / |f(y)|* dy =: sup Ns(z) < oo when p > n}
z€R" z€R"
lz—y|<1

for some p < 4 and that also Nj(x) — 0 as || — oo. These conditions
are sufficient for the multiplication operator ¢ to be Hy—compact (i.e. § :
H?*(R") — L*(R™) is compact) (see e.g. [S]). It follows that ¢ is compact
operator from HZ(R™) into L2, (R") for sufficiently small £ > 0 and for
every s € R. Here

(3.16) L2R") = {u(z) : (1 +|a*)**u(z) € L*(R")}
with norm
(3.17) lullo.s = (1 + [2*)* %l 2y

for every integer m > 0
(3.18) H™R"™) = {u(x) : D*uv € L} R"), 0 < |a| < m}

with the weighted Sobolev norm

a 1
(3.19) ltllms = (D 1D%ulls,)z-

la|<m

The Hy-bound for ¢ is 0, so the Kato-Rellich theorem [R-S II] shows that

H::H0+q

14



is self-adjoint and that D(H) = D(H,) = H?*(R"). Weyl’s theorem [R-S
IV] implies that the essential spectrum 0.5 (H) (by definition the union of
accumulation points of o(H) and isolated eigenvalues of infinite multiplicity)
equals the essential spectrum of Hy, which is [0,00), so that the negative
part of o(H) may consist only of denumerable set of eigenvalues with finite
multiplicity and the only possible accumulation point for them is 0.

Agmon [A] considered the larger class of potentials ¢ € L? (R™) such that
the multiplication operator (1 + |z|)'*¢q(z) is Hp-compact for some & > 0.
In that case there might be imbedded eigenvalues on the positive real axis,
but as a consequence of the unique continuation principle it is known that

with our assumptions for ¢ that cannot happen [J-K].

For a fixed & > 0 we denote by ®(z — y) the integral kernel of the
resolvent Ry (k) = (Ho— k*>Fi0)~!, which exists as a bounded operator from
L2 into H2, for all s > £ [A]. It is well known that
eiik|az\

- dr|x|’

v,k

(320)  Pp(x) = Z(m

VT HED (k|2)  ( when n = 3),

where ngl’z) are the Hankel functions of the first and second kind. Here the
+ stands for the outgoing and — for the incoming fundamental solution.

Now we define the radiation condition as a modification of the definition
in [A] which allows us to consider exterior boundary value problems.

Definition 3.1 A function v € L} (R") is (k—)outgoing if

loc
(3.21) u=R$(k)f

outside some compact set for some f € L2(R"),s > 3. If R{ (k) is replaced
by R, (k) we say that u is (k—)incoming.

Note that this definition allows us to change u inside some compact set
without disturbing the radiation condition, in particular it allows us to leave
u undefined in any compact set.

The asymptotics of u = R¢ (k) f is known to be

252 pikle]
(3.22) u(z) = C, k—f(kw) + ug(x),

n n—1
2|72
where

1 1 n—3

2 =—(—) 2z
(3 3) Cn 47T(27Tz') ’
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w = ﬁ' e S" ! and

rT—00

(3.24) lim 7! / uo(2)|2 dz = 0.
|z|<r

Here the Fourier transform is defined by

fo = [ees@n

Rn

We can now define the far field pattern for outgoing functions:

Definition 3.2 If u = R (k)f, f € L?,s > 1/2, is an outgoing function, we
define the far field pattern us, € L?(S™"1) of u by

~

(3.25) Uso(w) = fkw) = /e‘ik“"xf(:v) dx for we "1,
R‘IL

The far field pattern is well defined because the Fourier transform maps
L? into H*, so when s > 1/2 we can apply the trace theorem on the sphere
kSm=1. Also the far field pattern does not depend on f: let f; and f, be such
that outside some compact set K we have u = Ry (k) fi = Rg (k) f2. Then

Ra_(k)(fl - f2) =we Hc20mp

and so
f1 - f2 = (Ho - kQ)w

which implies that ﬁlksnfl = ]/“\2|k5n71.

The next step is to define scattering solutions to the Schréodinger equation
(3.26) (H—Kk)p =0, k>0 fixed,
in the form
(3.27) e (z,0) = ™0 + pF(x,0), 0e 5",

where ¢ is outgoing/incoming. If the potential ¢ is compactly supported
ot is defined as the solution of the Lippmann-Schwinger equation

(3.28) o (1, 0) = €0 / =z — y)al)e* (v, 0) dy;
J
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¢F solves the integral equation

(3.29) ¢, (z,0) + / O (z—y)a(y)es (y) dy = — / OF (x — y)q(y)e™ dy.

Since Ry (k)q : H2, — H?, is compact for any s > 1, Fredholm theory yields
a unique solution of (3.29) in H?_. The uniqueness follows from the classical
Rellich’s lemma and the unique continuation principle (UCP) [J-K]:

Theorem 3.3 (Unique continuation principle) Let @ C R"™ be open
and connected. If n > 3, let V € Lan/f(Q),f c HPQ),p = n2—]:2 and
IAf(z)| < |V(2)||f(z)]| a.e. in Q. If f vanishes in a neighborhood of some
xo € Q, then f =0 in Q. When n = 2, the conclusion holds if V € L (Q)

loc
for some p > 1 and f € H ().

loc

In order to allow the more general short range decay assumption on the
potential ¢ we use instead of the plane wave e?**? the Herglotz wave operator

(K] , [R-S TI]
(3.30) [2(S") = H2,(R") : g / %70 0(0) dor(0)

and interpret the solution function ¢*(x,6) as a bounded operator

(331)  I2(S"1)— HZ(R"): g / (2, 0)9(0) dor(6)

for s > 1/2 (see also [I-N]). We denote the right hand side of (3.30) and
(3.31) by ¢) and ¢ respectively. The boundedness of the Herglotz wave
operator follows easily from duality and the trace theorem. Now we define
the scattering solution ¢, for g € L*(S""') as the solution of

(3.32) wa =@y — Ry (k) (qpy)
or
(3.33) vy = (I + Ry (k)a) 'y

Here I+ R¥(k)q is indeed invertible as a bounded operator in H? for s > 1/2
[A]. Note that in the case of compactly supported ¢ the equation (3.32) follows
from (3.28) by multiplying by ¢g(f) and by integrating with respect to 6.
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By using the resolvent

—87

‘ 1
Ry (k)= (H — K*Fi0)"": L2 — H? >3
[A] (note the absence of positive eigenvalues) we can also write

(3.34) oy = (I — Ry (k)q)(¢)).

We denote by GjE the radiating Green’s function for the scattering problem,
i.e. the integral kernel of Ri(k:). The solution of the Lippmann-Schwinger
equation (3.28) can then be written as

(3.35) 0 (z,0) = e*f — /qu z,y)q(y)e™? dy

corresponding to equation (3.34).

We now collect some well known properties of the scattering solution o+
when ¢ is bounded and compactly supported, see e.g. [C-K|. The corre-
sponding formulas for ¢~ are also valid. The function ¢* has the asymptotic
behaviour

- knTigeikm 1
90+($’ 0) = e + Cn?Aq(‘W 0) + o(—=)
x| |z
where w = & € 5" I'and C,, was defined by (3.23). Here the scattering
amplitude A,(w, #) has the representation as an integral
(3:30) Ayw.0) == [ a0 (0.0 dy
Rn

which exists as a continuous function.
We denote the corresponding integral operator (the far field operator) by
A

A,f(w) = / A,(w,0)1(6) do (6).
Sn—l

which is bounded and compact as a map L*(S"') — L?(S"!) and define
the scattering operator

(3.37) S, =1+ ;(ﬁ

(o) A, (ST — LS.

18



It is well known that S, is unitary.

We now turn to the general ¢ and extend the definitions of A, and S, to
this case. We define the far field operator A, € B(L*(S"'), L*(S™ 1)) by

—

(3.38) Agg(w) = (pg — ©D)oo(w) = —(qF) (kw).

Since the multiplication by ¢ is a compact operator from H? into L2 .,
for any s < —1/2 and for sufficiently small ¢ > 0 we see easily that A, is
compact. The formula (3.36) shows that this definition indeed extends the
earlier one for compactly supported potentials. The scattering operator S, is
defined now also by the formula (3.37). The unitarity of S, can be proved (see
[A]) by approximating the potential ¢ by the sequence of bounded compactly
supported potentials

v f a(z) when |z| < j and |¢(x)| < j
(3.39) g;(x) = { 0 otherwise

and using the unitarity of S, for every j > 1.

Now we turn to the obstacle case. Let 2 C R"™ be a bounded Lipschitz
domain such that the complement R™ \ Q is connected. Physically € is
interpreted as an unknown scatterer whose shape is to be found by using far
field measurements.

Consider the following exterior boundary value problem: find the outgoing
solution u to the Schrodinger equation

(3.40) (-A+qg—FK)u=0 inR"\Q

where the boundary condition is either the Dirichlet condition
(3.41) uloo = f € H2(09)

or the Robin condition

(3.42) (%u +ou)|oq = f € H2(0Q);

here o € L*>(012) is a given real valued function. The Neumann boundary
condition is considered as a special case o = 0.

Theorem 3.4 The problem (3.40) and either (3.41) or (3.42) has a unique
outgoing solution w € Hj, (R" \ Q)N HYQ\ Q) where Q is any smooth
bounded open set containing ).
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Proof. We first verify uniqueness. Let u be the solution of the problem
satisfying either u = 0 or a%u + ou = 0 on the boundary 0€2. Because u is
outgoing, we have u = R (k)g outside some compact set K (2 ) for some
g € L?*(R™). We may also take K so large that g is bounded outside K. We
will show that

(3.43) Im(R{g,9) =0,

which implies that u., = glgsn—1 = 0, see [A]. Then the asymptotics (3.22)
and the fact that u satisfies Schrodinger equation outside K imply that there
exists a sequence (r,),r, — 00 so that

lim |0,ul* + |u* do(z) = 0

n—oo

le|=rx

(see [G-Y]). The classical theorem of Kato [K] forces u to vanish outside K.
The unique continuation principle then shows that u must be equal to zero
in R™ \ Q, which proves the uniqueness part of the theorem. Now let us
prove (3.43). Let R > 0 be so large that K C Bg = {z : || < R} and let
v= Rjg e H?,. Green’s first identity implies that

/ vgdr = / v(Hy — k?)vdx

lz|<R lz|<R
= / (Vo|? — E*v)? dz — / v?da
v
|z|[<R |z|=R

Taking the imaginary part, letting # — oo and noting that Green’s identity
applied to v in Bgr \ € implies

Im / Uada—lm/ugda—]m/u—da—o

lz|=R lz|=R
we obtain (3.43).

Now let us prove the existence part. At first we choose a smooth bounded
open set 0 containing ¢ Qs.t. k?is neither a Dirichlet nor a Robin eigenvalue
for —A + ¢ either in 2\ Q or in Q. This can always be done by modifying
Q if needed. Let’s fix the cut-off function y € C*°(R™) s.t. X = 1in the
neighbourhood of Q and supp x C Q. We denote by € the set Q \ Q.
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The idea of the proof is to seek the solution « in the form
(3.44) u= R (k)p+ xv

where p € L*(Y') is solved by the Fredholm theory and v € H' ()N HE ()

is chosen in an appropriate way to take care of the boundary behaviour. Note
that such wu is outgoing because of the resolvent equation

(3.45) RS (k) = Ry — RjqR;.

We start with the Dirichlet case. The substitution of (3.44) into the
equation (3.40) leads to
(3.46) p+[X(=A+q—k*) — AxJv — 2V - Vv = 0.

We now write v = vy — v, where vy € H'(Q') and v, € H'(') satisfy the
equations

(3.47) (~A+q—k)vy=(-A+q—k)v,=01in
such that

(3.48) Viloo = f and vy|yg =0

and

(3.49) Vplaa = Ry (k)plaa and v,|,g = 0.

Here p belongs to L*(€'); also note that v, can be solved without p. The stan-
dard interior regularity theorem implies that v; and v, belong to H7 (') and
so does u. Note that Holder’s inequality and Sobolev’s embedding theorem
imply that qus and qu, € Li (€).

We can write equation (3.46) in the form

(3.50) p+ Kp=(Ax)v; +2Vyx - Vv € L*(Q),

where K is the compact operator in L*(Q') taking p € L*(Q) first to v, €
H(Q') and then to (Ax)v, +2Vx - Vu, € L*().
We will now show that the operator I + K is injective and then the
Fredholm alternative completes the proof.
Let (I + K)p = 0, where p € L*(€'). Now (3.44) and (3.46) imply that
the function
U= R;(l{)p — XYp
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is an outgoing solution of (3.40) satisfying u|sq = 0. Then by the uniqueness
we must have @ = 0 outside (2 or

R (k)p=xv, inR"\ Q.

Since y = 1 is the neighbourhood of 0f2, the definition of K implies that Kp
and then also p is equivalently 0 near 0€2. But this means that we can extend
v, into 2 as R} (k)p obtaining the solution of

(~A+q—k)v,=0 inQ

which is 0 on the boundary 9. But then v, has to vanish by our assumption
for 2 and then also p must be 0. The Dirichlet case is now proved. The
Robin case is handled similarly; all we have to do is to use the corresponding

boundary condition in defining v.
O

We now define the far field operators for Dirichlet and Robin bound-
ary value problems, FP : HY2(9Q) — L*(S™!) and F’ : H-Y/2(0Q) —
L2(S™Y), by setting FP f and F°f to be far field patterns of the outgoing

solutions of the corresponding exterior boundary value problems (3.40) and
(3.41) or (3.42) with data f.

Let us consider the following obstacle scattering problem
(A +q¢—k)u=0in R*"\ Q
u(x,0) = e*0 4y (z,0)

us(+, 0) is outgoing

ulpg = 0 or (Lu+ ou)|pn = 0.

(3.51)

To allow for potentials ¢ which satisfy the short range decaying condition, we
use Herglotz operators as before. We formulate the problem in the operator
form:

For g € L?(S™ ') find u, such that u, — gpg is outgoing,

(3.52) (—A+q— k) (uy — ¢g) = —qp, nR"\Q
and either

(353) ug|ag =0

or

(3.54) (aug + ougy)|aq = 0.
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Theorem 3.5 The problem (3.52) and either (3.53) or (3.54) has a unique
solution u, € H2 (R*\ Q)N HY(Q\ Q) where Q is any smooth bounded open

Zloc
set containing €.

Proof. The proof is similar to the proof of Theorem 3.4 except that we
seek the solution in the form

(3.55) ug — 00 = RE(k)(—qp)) + R} (k)p + xv

instead of (3.44) to take care of the right-hand side of (3.52).

We now define the obstacle far field operators
Al and A € B(L*(S" ), L*(S" ™))

and corresponding unitary scattering operators by using Theorem 3.5. Here
the superscript D refers to the Dirichlet case and o to the Robin case. Ag?q’o)
are defined by the sequence of operators

(3.56) g 902 = ug = (uy — ‘Pg)oo

and they are clearly compact. Sg(fq’a) € B(L*(S™1), L*(S™!)) are then de-
fined by

(Do) _ k \n2 1(Do)
(3.57) See I+47T(27T) AL,

We note here that because of the continuous dependence of R (k) on g [A],
that is

(3.58) lim RT (k) = Rf (k) in B(L? H*)

j—oo 7 1

where Rj(k;) corresponds to the bounded compactly supported potential g;
defined by the formula (3.39), as a consequence of Theorems 3.4 and 3.5 the

operators Aéfq’a) and Sgil’a) are limits of the corresponding operators for g;.
The same applies also for operators F'” and F°. For compactly supported
potential g; we note that the corresponding u,, satisfies Helmholtz equation

outside some compact set, and we see that the operators S((qu 7]?') are unitary

by modifying the proof in [Kil]. The unitarity of Sg(ﬁl’g) then follows by the
above limiting procedure.
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Next we fefine layer potentials and layer operators. For proofs of the
following results in Lipschitz domains, see [C], [M] or [I-N]. Let 2 be a smooth
open bounded set containing 0€). By duality and by interpolation we see that
the operator R} (k) is bounded from H!(R") into H"*(R") for t € [—2,0]
and s > 1/2. We define the single layer potential

(3.59) SLf = R!(k)r*f for f € H 3(dQ),
where 7 is a trace mapping H'(Q) — Hz(8%2), and the single layer operator
(3.60) Skof =7(SL flg).

The definitions are obviously independent of the choice of Q) and we see that
1

Sk, maps H _%(89) continuously into Hz2(0€2). By using the integral kernel

Gy (2, y) we can also write

Skof (z /quxy y)do(y) , x € 05

The following jump relations are valid

(3.61) (=)L f =0 and (2 — 2 \sp =g
. T = - = = -
v v ’
where 7 and %i are trace and normal derivative operators on 0f) from

Q\Q (+) and QNQ (—).
The double layer potential is defined by

(3.62) DL f:=R:(k)f € L2, for f € H3(9Q),5 > 1/2
where -
(f,0) = /fa—f do for p € H*().
[2}9]

It can be shown ([M] , [I-N]), that actually DL f|5 € H(Q) and that the
jump relations
(3.63) (r+ — )DL f = fand(a+—ﬁ_)DLf—0
‘ v v B
are valid. Here Z- *DL are bounded from H3 2(89) into H~2(092). We need

the Robin modlﬁcatlon of the normal derivative of double layer potential

g .

kyq -

n
(3.64) vl = (% + 01 oo(DL f + SLof).
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It is a consequence of the previous jump relations that we also have

(3.65) rol = (% + o7 )|oa(DL f + SLof)

and that N  is bounded from Hz(09) into H2(05). We also write

£1(0) = (Gogey + 00D [ (G + NGL e ) doty) . o € 00

o0

We are now ready to prove Theorem 2.

Proof of Theorem 2. We already saw that all of the operators in the
claims depend continuously on ¢ in the sense we formulated before. Therefore
it is enough to prove the theorem only for potentials that are bounded and
compactly supported. Let us assume this in the rest of the proof.

The Green’s formula and the well known asymptotics

. "5 ciklyl . ) 1
ly| Jyl*=
lead to the identity
B v ko, ~ . .
BT GlLylow) - Grylo) = =G [ ¢ D) (-2 o).
Sn—l

Subtracting the two equations (3.35) and using (3.67) and (3.36) we get

o1(w.0) = @.0) = o [ [ a2 o) ) dy

R" gn—1
(3.68) = (z,0)+ 4—(%)"_2 / Ay (=0,2)p (z,—2)do(2)
S’l’l—l
(3.69) = RS;Re™(x,-)(0),

where Rf(0) = f(—0),0 € S"L.
We denote the restriction of the Herglotz operator (3.31) by H, : L*(S™!) —
Hz(09) so that

H,g(z) := / ot (z,a)g(a)ds(a) , x € O0.
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Its adjoint H : H=2(0) — L2(S"!) satisfies

Hy f(a) = /gp_(x, —a)f(z)ds(z) , a € S" 1,

o0N

where the identity ¢*(z,6) = ¢~ (x,—60) was used. Multiplying (3.69) by
f(x) and integrating over 0}, we get

(3.70 [ ¢t ~0) @ ds(a) = 5,1, £16).
o0

If u(x,0) is the solution of (3.51) with the Dirichlet boundary condition,
then ot (z,0) —u(z,0) = (T (z,0) — ) — (u(x, §) — e*?*) is the outgoing
solution for the Schrodinger equation in the exterior domain R™ \ € whose
restiriction to 02 is ¢t (-, 0)|sq. From this we conclude that

(3.71) FP(e* (- a)lon) () = A0, 0) — Ag (0, o).

Green’s function’s asymptotics (3.66) shows that the left hand side of equa-
tion (3.70) equals FPS;,,f(6) so using the unitarity of S, we get

Hy=SiFPS, o0 Hy=S;; (FP)*S,,
which together with equation (3.71) gives

FPS; (FP)'S, = FPH, = A, — A{,

or
FPS;: (FP) = (A, — A§ ) Sk
Denoting
1 k n—2
P = E(ﬁ)

and by taking the adjoints we have
vk

FPS,(FP) = Sy(A; = A,) = (1 + =(5)"40)(4; — A,

= A; — Aaq + ipAqA; - i,oAqAaq
= A, - ipAqA;‘ — A, + Z'pAQ,qAaq + ipAqAZ — ipAqAaq
= (A —Aqg) - ipA;m) = (A4, — AQ#])S;L(]?

because the unitarity of S = I +ipA implies that A — A* = ipAA*. The proof
of the part a) is now complete.
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To prove part b) we define the operator HJ : L*(S"") — H~2(9Q) by

Hoa) = [ (G + o) (. )g(a) doa) . o € 00

Sn—1
so that (HJ)* Hz(8Q) — L2(S™ ') has the representation

(Hy) g(a) = / [( 3Va(x) + o)) (z,—a)lg(z) do(z) , a € S™ L.

o0

Differentiating (3.68) with respect to z, adding the same equation multiplied
by o(x), multipying by f(z) and integrating over J2 we get

[ G + @) @ =0 a) doa)

_ / ( a:zx) +o(x)e” (x, ~0)] f(x) do(x)

o9
b [ [ A2 + o@)e @ 2)f(0) do(2) doo)
47 2 BT v () ’
Sn=1 90
= Sq(H7)"f(0).
Because of the asymptotics (3.66) the left side of this equation equals F7N f(0),
so we have
H = (N, (F7)"S,.

Similarly to part a) by using the solution u(z, #) of the Robin boundary value
problem (3.51) we can now write

F"((% +0)9" (L a)lon) () = Ag(0,a) — A7 (6, @),

so as operators we obtain
(Ag —AQ,) = F H] = F7(N/ ) (F7)"S,.

The second formula of part b) is established in the exactly same way as in

part a), so the theorem is now proved.
QE.D

In particular Theorem 3 makes it possible to determine R(F') from the
knowledge of operator B. We now prove Theorem 5, which shows that the
unknown object in problem (A) and (B) can be recovered from R(F).
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Proof of Theorem 5. We first consider case (A). Let y € Q. Since
G,(-,y) is the H' solution of the conductivity equation (3.2) in Q5 \
satisfying G, (-, y)|ao, € Hz(99;) and G4 (-, y)|oa, = 0, we have

V- YVG, (- y)|an, = NG (- y)|oa,)-

Next let y € €, \ € and assume that there exists f € H2(9) s.t. v -
VG, (-, y)|oa, = AL f. Let u € HY(Qy \ Q1) be the corresponding solution
of the equation (3.2), ulgsq, = f and u|gq, = 0. Let > 0 be so small that
B, (y) C €y, in which case v := G, (-, y) — u satisfies (3.2) in Q\ (2 UB,(y))
with vanishing Cauchy data on 0€)s. Extend + as an arbitrary Lipschitz
continuous function to the ball Br(0) where R > 0 is chosen so that Qy C
Bg(0). The zero function extension vy € H'(Br(0) \ (€ U B,(y))) of v is
a solution of (3.2) as one can see by applying Green’s formula to any test
function ¢ € C°(Br(0) \ (2, U B,(y))) and using v - yVvy = 0 on 98s.
The unique continuation principle [H2] implies that v vanishes and therefore
G, (-, y) =uin Qs \ (Q U B,(y)). By letting r — 0 we reach a contradiction
because u is continuous in 2y \ Q; but G, (-, y) is singular (by (3.14)).
Finally, when y € 0€); the assumption that there exists f € H %(891)
so that v - YVG,(-,y)|aq, = A*f implies by the similar reasoning that
Gy Y)lanar € H' (2 \ ©;). But this is in contradiction to the fact that
G, y)loa, ¢ L*(09) when n > 2 by (3.14). When n = 2 we reach a
contradiction by first extending G (-, y)lq,\q; as H'-function to some neigh-
borhood of y and then using Theorem 7.15 in [G-T] together with (3.14).

The case (B) is proved in a similar fashion; one just has to use Kato’s
theorem and UCP as in the beginning of the proof of Theorem 3.4 to see
that the far field pattern uniquely determines the solution of the Schrodinger
equation. For the singular behavior of G (-,y) at y we refer to [Se] or [Si].
We note that for dimensions n = 2,3 locally H2-functions are continuous
by the Sobolev imbedding theorem and for dimensions n > 3 the singularity
G (w,y) = |z —y|*" doesn’t allow it to belong to L, .(R").

loc

O

We still have to make sure that the conditions in Theorem 3 are valid in
(A) and (B):

Proposition 3.6 In the problem (A) condition (1.4) is valid for S = &;
defined by equation (3.11).

In the problem (B) condition (1.4) is valid for S = Sy, or NY, under the
assumption that k? is neither a Dirichlet nor a Robin eigenvalue of —A + g

in €2.
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Proof. In the case (A) the ellipticity of v implies that there exists ¢ > 0
s.t. for every g € H™2(99y)

(819, 9)| = G 19, T 9)| > cllmigll

and because the surjectivity of 7; implies the continuity of (77)~!, we have
the claim.

In the case (B) we use the resolvent equation (3.45), the compactness
of ¢ as a mapping from H_,, into H,  and Theorem 2 in [C] to write
the operators Sj, and N, ,;’ g s compact perturbations of positive operators.
Then Lemma 4.2 in [G-K] combined with the facts that Im(Rgg,g) = 0 =
Glrsn—1 = 0 (as in the proof of Theorem 3.4) and that k? is not an interior
eigenvalue proves the claim.

0
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