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Introduction

The purpose of these lectures is to provide basic analytic tools of fixed en-
ergy inverse scattering theory. As a model uses we study the inverse scattering
problems for time harmonic acoustic and Schrédinger equations. Section 1 de-
scribes these two problems. In Section 2 we introduce the Hardy—Littlewood
maximal function and define the Sobolev spaces in R™. At the end of this Sec-
tion we prove an important characterization of W) (R") due to P. Hajtasz. In
the third Section we prove the continuity of (A + k2)~1 for LP(02) to L(12),
for 1 < p <2< g < oo together with an appropriate norm estimate. As a
special case p = ¢ = 2 we get S. Agmon’s result that norm of (A + k%) ! in
this case behaves as % for large k.

In Section 4 we deal with Faddeév’s Green’s functions. Especially we give
a new proof of Sylvester’s and Uhlmann’s norm estimate by using Hajlasz
characterization of W).

Section 5 proves that the scattering amplitude with fixed energy uniquely
determines the scattering potential and finally in Section 6 we use the result
of previous sections to prove in two dimensions that the Born approximation
that linearizes the inverse backscattering problem carries the same singular
structure as the original potential.

The prerequisites for these lectures consist of basic knowledge of real
analysis, Fourier analysis and distribution theory.

1 Two Scattering Problems

The theory of acoustic wave propagation is developed from the laws of clas-
sical mechanics. This theory includes the interaction of acoustic waves with
matter usually referred as scattering. Quantum mechanics describes phenom-
ena of atomic scale. As a non-causal theory it has a completely different
character than classical mechanics. Surprisingly, when one writes down the
differential equations for the wave function in two-body scattering the re-
sulting equation, called Schrédinger equation, is in striking similarity to the
equation for the velocity potential in acoustic scattering from inhomogeneous
medium. In fact, if one studies the scattering only with one fixed energy one
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observes that the equations discussed above are completely equal in math-
ematical sense. In this section we introduce the basic differential equations
for acoustic and Schrédinger scattering and derive the corresponding integral
equation usually called as Lippmann—Schwinger equation.

Schrodinger Scattering

Let Hy = —A be the Hamiltonian of energy k2 in the vacuum. The two-body
Hamiltonian

H = H() + Q(.'L') (1)
describes the state of the quantum mechanical system through the Schrédin-
ger equation

(H-K)¥ =0 (2)
The scattering of the incident field ¥; from the potential q is described by
(H - k)P =0, in R,
U=+, where (A + k%)%, =0 (3)

(Z —ik) ¥y(z) =0 (|m|1_T") , as |z] =r — oo.

The last condition for the scattered field Wy is called the Sommerfeld radiation
condition (S.R.C.).
For ¢ € L}, .(R*) and g(z) = O(|z| '~°) the problem (3) is equivalent

loc
to the Lippmann—Schwinger equation

P(a) = Tia) - | Fi(o - )al)P )y, (4)

where ¢, is the outgoing fundamental solution of the Helmholtz equation:

B, (z) = %]—"1 (Mﬁ) (2).

Here F~! denotes the inverse Fourier transform.

Remarks.
1°) Denote by g(£) the distribution

— 1 e
(o) =lim | o i

dg

Then it is easy to see that g € S’ and hence

45+ = ‘7_-,19
is well defined.
2°) Forn =3
_ ezk\z|
T Ar o

3°) One can show that &, € L. _for every n > 2.

loc
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Acoustic Scattering

Let ¢(x) be the speed of sound that we assume to differ from the background
speed of sound ¢y only in the bounded domain 2 C R®. If u = u(z,t) is the
velocity potential then u satisfies the wave equation

1 0%
2ot
If we assume that v is time-harmonic we can write
u(z,t) = Re (u(z)e™?)
and we get for u the equation

Au(z) + E*n(z)u(z) =0 in R3, (5)

2
where k? = %; and n(z) := ;37 is called the refractive indes.
0
When there is dissipation in the acoustic medium, the equation (5) still
holds but n(x) is complex-valued and Im (n(x)) causes the dissipation.
To relate the two above problems we write

m=1—n

and (5) rewrites as
(—A — K + g(2))u(z) =0, (6)

where q(x) = k?m(z). Thus acoustic equation and Schrédinger equation are
formally equivalent. Note however that in acoustic equation the potential ¢
depends on the wave number k& and thus yields different asymptotic behavior
for the situation as k — 0 or k — +o0.

2 Maximal Functions and Sobolev Spaces

In 1930’s C. G. Hardy and J. E. Littlewood introduced the notions of maximal
function and proved the fundamental theorem corresponding our Theorem
2.1 below. At the same time S. V. Sobolev developed the theory of distribu-
tions (generalized functions) and introduced his famous spaces. It was only
in 1990’s when P. Hajtasz recognized that the Sobolev spaces W (R™) can be
characterized with the help of Hardy-Littlewood mazximal functions. In this
section we prove Hajlasz’s characterization theorem.
The starting point is Lebesgue’s fundamental theorem:
For f € L{ (R")

loc

1
lim ——— flyydy=f
/B LWy =1

r—0+ m(B(z,r))

holds for almost every z € R".
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Define

1
M@ =swp s [l = [ sl @

Here M (f) is called the Hardy-Littlewood mazimal function of f. It satisfies
M(f)(z) > |f(z)| for ae. z € R". (8)

One can replace the open balls in the definition (7) with open cubes, as well.
The fundamental and a little surprising result of Hardy and Littlewood is

Theorem 2.1. If f € LP(R"), 1 < p < oo, then M f € LP(R™) and there
exists C > 0 such that

1M flle < ClIfllge
and C depends only on p and n.

Proof. Cf. [21] page 5. O

It is easy to show that Lebesgue’s theorem follows from Theorem 2.1.

Sobolev Spaces
Definition 2.2. We define for open 2 C R™ that f € W} (2), if D*f € L?
for every |a| < k and then the norm is defined by

1w = > 1D*FlLs

lee|<k

We also define Sobolev spaces H,(R") for s € R by
f e Hy(R") if and only if 74 ((1+€2)°/2f(¢)) e L7

It is an easy exercise to show that H}(R") = Wk (R") for k =0,1,2,...
Our main tool for what is coming is the following recent characterization
of W) (R™) by P. Hajtasz. (c.f. [9])

Theorem 2.3. For 1 < p < oo the function u € W}(R™) if and only if there
exists g € LP(R™) and C > 0 such that

lu(z) —u(y)| < Clz -yl (9(z) + 9(y))
For g we can choose g = M(|Vul).
Before proving Theorem 2.3 we need

Lemma 2.4. For f € L} (R") we have

loc

/ F(@) |2~ dz < CpM(£)(0). (9)
B(0,p)
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Proof. First we show that it is enough to show (9) for p =1 i.e.

/ F(@) |2~ dz < CpM(£)(0) (10)
B(0,1)

Indeed, if (10) is true define g(z) = f(xp). Then

o /B o 1

But

X

1—-n (10)
dz = / o(@) el "de < CM(g)(0) (1)
p B(0,1)

M(g)(0) = supr™™ / f(zp)dz = sup(rp) ™ / f(@)dz = M(f)(0).
B(0,r) B(0,rp)

r>0 r>0

To show (10) we write with Ry, = {27F < |z < 2'~F}
/ @) o] " dr < 32000 [ p(pkaom gy
B(0,1) et Re

<eM(O)( Y 27H) < oM(£)0).

k=1

O

The next lemma shows how the oscillation from the mean value can be esti-
mated by the Riesz—potential of the gradient.

Lemma 2.5. For u € WI} (R™) and an open cube Q C R"™ one has for some
C > 0 that
Vu@)|

|U(.CL') - UQ' S c n—1
Qlz -yl

where ug = f, u(z)dz.

y—z

we have
\w yl

Proof. For z,y € @ and w =

u(z) —uy) = — /Ow ' Dyu(z + rw)dr

and hence

|z~ y\
Q] (u(z) — ug) / dy/ u(x + rw)dr.
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Denoting d = diam @ and writing V' = |Dyu| X, we have

1 o0
lu(z) —ug| < — dy V(x + rw)dr
Q| |z—y|<d

0
__l_ oo d -
= |Q|/0 dr /w:1dS(w)/0 dpV (xz + rw)p

[
=10l /0 /|w|=1 V(z + rw)dS(w)dr

Q |z -yl Q |z —yl

Proof of Theorem 2.3. To prove the necessity of the condition in Theorem
2.3 assume u € W} (R"). Now by Lemma 2.5

O

lu(z) = u(y)| < [u(@) —uel + |uly) — ug|

<C [ |Vu(w)] <| 1| + ! ) dw

n—1 n—1
-z lw -y

for any cube @ such that z,y € Q. It is enough to prove that
Vu(w .
/ IVl < ¢(diam Q)M (1 Vul)(a).
Q |lw—a|

This follows from Lemma 2.4.
To prove that the condition is sufficient assume that such a g € L? exists:
Now if e; = (0,...,1,...,0) we have

u(z + he;) — u(x)
h

< Cllg(x + hej) + g(2)|,, < C'
Lr

where C’ is independent of h.
Since 1 < p < oo the space LP is a dual of LP where % + z% =1 and by

Alaoglu’s theorem there exists a sequence {l;},~,, by — 0% such that

u(z + hej) — u(x)
hy

converges to a function f € LP. On the other hand
u(z + he;) —u(x)
h

converges to Dju in weak topology of D'. By uniqueness of the limit D;u =
feLP ThusueW,. O
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One should notice that the Hajlasz characterization 2.3 allows one to
define Sobolov spaces W (X) on arbitrary metric space X. For this theory
we refer to a recent book of J. Heinonen [10].

3 Mapping Properties of (A + k?)~!

In [1] Smuel Agmon proved that (A +k?)~1 acts between weighted L?-spaces
as a bounded operator, where the operator norm can be estimated by ¢/k. In
this section we prove a version of Agmon’s result as well as its generalization
to LP-spaces by using Maximal function techniques described in the previous
section.

The Helmholtz equation

(A+E)u=0, in R"

has outgoing and incoming fundamental solutions

Gi(x)=F! (Hﬁ) ().

They are characterized by
(A+E)GL = —6

and the radiation condition

o _. _ in _
(E :sz> Gi(:c)—o(|x| ), as |z| =r — oo.

We study the linear operators G1 defined by
Gif = Gi * f
We define the weighted spaces L{ by

Ly ={feLfR")|(1+]al’)*f €L }.

loc

Next theorem is an extension of Agmon’s classical result to weighted LP-
spaces.

Theorem 3.1. For 1 < p<2<g< oo, and § > 1 the operators G+ can be
extended as bounded operators from LY to L? ; and

c
IGLllzzosze, < Ti—s

where s =n(5 — 7).
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Proof. We will first prove the case p = ¢ = 2 i.e. the Agmon’s case.
Let f,g € C§°(R™). Now by Parseval’s identity

_ F(©3©) F(©3©)
(Ge1r0) = Aél—kkk/? g-kFi0 " Aél—kbk/? & — k2510

We denote the first integral by I; and the second integral by I5. Since

dg

1 2
Sup s < s
lle|—k|>k/2 |16l = K (1€ + k) — &2

we get an estimate
C; ~
12| < 251 ll2w 1191l - (12)

We estimate I; by making the change of variables

€ =& +2(k — |€])€ = 2kE — €.

This maps the domain {k/2 < || < k} to the domain {k < |¢| < 3k/2}. The
Jacobian for this change of variables is

59 = (% -1)

and hence

~

= (F@a@me(© + FE)aE) T @ma(e)) de,
k<|§|<3k/2

where m4 = m. The trick here is to use the fact that m4 have different
signs inside and outside {|£| = k}. Hence it is not difficult to show that for
k<|¢ <3k/2

[m+ (&) +m+(£%)J(E)|

IN
Tl T o

and (13)

Im+(§) + m+(§%)| < 75- (14)

Hence

L)< & /k F©a(0)de+ /k F(©d(0) - F(€)3(E) Im=(©)de. (15)

k? <[§|<3k/2 <|€|<3k/2

Since ||f||L§ = ||f||W25 we choose § = 1 which makes it possible to use Hajtasz’
Theorem (Theorem 2.3):

m+(§)|f(§) - f(€7)] <

>

¢ |§=¢
[ + K [1€] — K

F@+FE) < L (FO+7E) (16)
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where f = M(|Vf]). A similar estimate for m.(£) |§(¢) — §(¢*)| and estimate
(14) yield

C . a Cc
1l < 2 lallwy 11wy < 2 gl £ 1ls- (17)

By (12) and (17) for all f,g € C§°

(G+1,9) < lIfllz2 llgllzs -

[%]
By density of C§° in L? we are through with L*-case.

To prove the claims for LP-spaces we make use of Bessel potential operator
J* that is defined by

T f@) =7 (A +1E7)72f(©) @)

for every s € R and f € S'(R™) (c.f [3]). Next we choose 51 > 0, s2 > 0 such
that s; + so = 5. We estimate as in the L?-case but instead of (16) we write

[ 1@ - Fenatemaeide
/ (1 + 1€ (T 1@ — T FENT =g ©me(©de (1)
+ [l@1er == @ lehniEae n + )| d
The second term is readily estimated by using the mean value theorem

17(©)3(o)|

c
7. d¢§ < — —s1 —s2 19
R ek €S I lzr-e2 llgller (19)

since 1 + 82 = s < 1. To take care of the first term in (18) we use the Hajlasz
trick to obtain that it can be estimated by

c — —
e / M(VI )T g(6)lde
(20)
- k1 s ||xJ (e ”L2 HJ_829||L27
By Sobolev embedding
L? - H™* for s1 2> " 1 and
i (21)

LY & H* for 3221—ﬁ
q

Since

F oI £(@) (&) = V (L + 167 72/(©))
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the claim follows from (19), (20), (21) and similar estimate for

[ 1€ = ste N1 1) m ()] de.

O

The L?-result was proven in 1975 by S. Agmon in [1]. The LP-result is
not optimal. This can be seen in the case when ¢ is the dual exponent of p by
interpolating the result of Kenig, Ruiz and Sogge [14] with Agmon’s result.
It is an open question what are the optimal LP-results in weighted spaces or
on a bounded domains.

4 Faddeev’s Green’s Function

In this Section we study mapping properties of exponentially growing Green’s
functions for Helmholtz equation. These Green’s functions were first intro-
duced by Faddeev [8] and later rediscovered by Nachman and Ablowitz [15],
Beals and Coifman [2] and Sylvester and Uhlmann [22]. We will use the
proved estimates in the next section to prove the uniqueness of the solution
for inverse scattering problem.

We start by considering the planewave

u(z) = e = ethtz = |¢] and 0 =

|£|

where £ € R". We see that u satisfies the Helmholtz equation
(A4 E?)u = 0.

This remains true if we replace £ € R* with p € C satisfying p- p = k2.
Especially, if p-p=p? +---+ p2 =0, p; € C, the functions

u,(z) = e®

are harmonic. It was the idea of Calderén to use these functions to study
inverse problems and, in particular, to show that the products of harmonic
functions are dense in LP((2).

We go to a different direction by studying Green’s functions for Helmholtz
equation of the form

G(z) =e*7g(z), p-p=F
where g is regular enough, say g € S'(R"). Now

(A + )G ==
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implies
(A +2ip-V)g=—e %5 = —4. (22)

Hence by taking the Fourier transform we have

10 =7 (argg) @

In low dimensions g is quite regular and especially for n = 2 and n = 3 one
has that g € L>° + L2.
We are interested in the mapping properties of the convolution operator

_ o f

Theorem 4.1. The operator G, can be extended as a bounded operator from
LY to L5, for 1 <p <2< q<ooandd > 1 with norm estimate

¢
”GPHL§_>L4_5 < P (23)

where s = n(} — 7).

Proof. We assume for simplicity that £ = 0 i.e. p- p = 0. The general case
follows analogously. Without a loss of generality we can assume that p =
(¢,0,...,4t),t > 0.

We denote " = (&,...,&n-1) and & = (&,&",&,). Now for f,g €
C°(R")

~ i©f©
(Gmﬂm——/k&+4y4¢gf_¢2+m%n+£fﬁ

:/ 3:(9)£1(8) g
& + [ — 12 + 2itE, + €2

where g;(z) = e®1g(z) and f;(z) = e®®! f(z). Note that

1 fell e = I f1le

and similarly for g.
By using the change of variables

E = (5*7 _§H)7
where &* =2t — &' and &' = (&,£") = (&1,...,&n—1) one can easily see for

1

mt(&) = 612 — 12 4+ 2it€n + é%
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that
" c
[me(€) —me (€7, =&n) Je(§) < 5 (25)
where J; is the Jacobian of the change. Now exactly the same argument of
using Theorem 2.3 as in the proof of Theorem 3.1 yields the claim. O

The estimate (23) for 6 > £ and p = 2 goes back to Sylvester and Uhlmann
[22] and was a key tool for the uniqueness of the inverse boundary value
problem. Hahner [11] gave a simple proof by using Fourier series instead of
Fourier integral for the corresponding periodic operator. The corresponding
result for a more general class of partial differential equations but for bounded
domains were proved by Isakov [12]. Also Hihner’s and Isakov’s proofs apply
only for L2?-case.

5 TUniqueness of the Inverse Scattering Problem

We recall that scattering problem (3) is equivalent to the Lippmann—-Schwin-
ger equation (4). To see that (4) has a unique solution we need Rellich’s
uniqueness lemma. For the formulation of the lemma and of the inverse scat-
tering problem we introduce the notion of scattering amplitude or the far
field of the scattering solution.

Every outgoing solution u of the Helmholtz equation in R™\{2 has the
asymptotic behavior

_ eiklwl . 1 o6
u(z) = W%o(m) +o W (26)

as |z| = oc.
For the physical case n = 3 this can most easily be seen from Green’s
formulas and from

P (z—y) e o) ( )

~ An g |z

as |z| = oo.

The function u is called the far field of u. If u = w; +wu; is the solution of
the scattering problem (3) the far field of us(z, %, 6) is denoted by A(k, 0, )
and is called the scattering amplitude of (3).

The two basic tools for the existence and uniqueness of the solution for
the Lippmann—Schwinger equation (4) are Rellich’s lemma and the unique
continuation principle. For the proofs of these basic tools for scattering theory
we refer to the book of Colton and Kress [4].

Lemma 5.1 (Rellich). Any outgoing solution u of the Helmholtz equation
in R3\ 2 with vanishing far field must vanish identically in R3\ (2.
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Lemma 5.2 (Unique continuation principle). Assume that ¢ satisfies
(A+E —q)p =0

for some domain G C R™, q € L*°(G) and that ¢ vanishes on some open
subset of G. Then 1) vanishes identically on G.

We are now ready to prove the existence and uniqueness of the solution for
the Lippmann—Schwinger equation (4):

Theorem 5.3. The Lippmann—Schwinger equation (4) has a unique solution
in L%, for § > 5 and q € L

comp-

Proof. Assume that suppqg C (2 where (2 is an open ball of radius R > 0
centered at origin. By Fredholm’s alternative we need to show that G.q :
L?(02) — L*(9) is compact and that the homogeneous equation

o) =~ [ 6o pawPWiy (21)

has only the trivial solution in L?(f2). Here Gq means the operator that
first multiplies with ¢ and operates with G4 to the product. To prove the
first claim we observe from the symbol of G, that is

2 1
2.(8) = 220

that G4 : L2(2) — H2({2). Since, by other Rellich’s theorem, H?(2) is
compactly embedded in L?(f2), we are done in this part of the proof.

For the second part we assume that 9 is the solution of the homogeneous
equation (27). We first note that by the Green’s formula

Im< o= %%ds> - </| VP -~ |¢|2))dm> o

for r > R. Thus

[ (el +Rwtas= [ |G-k ds >0
lz|="r

lz|=r

as r — oo. Especially
/ |¢|2ds=/ oo (3)2 ds + 0 (1) = 0, as 7 = oo.
lz|=r Sn—1

Thus s = 0 and by Lemma 5.1 1) vanishes in R*\ (2. By the unique contin-
uation principle ¢ vanishes identically and we are through. O
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The inverse scattering problem is to determine ¢ from the knowledge of
A(k,0,6"). The main theorem here due to Novikov, Nachman and Ramm
reads as

Theorem 5.4. Forq € L3,
tude uniquely determines q.

(R™), n > 3 and k fized the scattering ampli-

For the proof we need two lemmas.

Lemma 5.5. For |p| large there ezists solution u of (A +k? —q)u = 0 of the
form .
u=¢e"?(1+R,)

where
c

R, € L*(2)  and ||Rp||L2(Q) < m

for every bounded domain {2 with supp q C (2.

Lemma 5.6. If u; € H2(2) are any solutions of (A + k* — ¢;)u; = 0 and
Aq = Ay, then

/(q1 — q2)urusdr =0 (28)

Proof of Theorem 5.4. Assume A, = Ay, and let {2 be a domain such that
supp q; C £2,1=1,2.

Take £ € R" arbitrary. We will show that §; (£) = §2(£) which implies the
claim by Fourier inversion theorem. By free choice of coordinate system we
may assume that £ is of the form

Choose
= ,n | M2 + and
(29)
p2=(= —M/M2
where M > 0.

Let u; be the solution of Lemma 5.5 for (A + k% — ¢;)u = 0 for p = p;,
i = 1,2. By plugging these to (28) and by observing that p; + p2 = & we
obtain

42(8) — ¢2(§) = — /Q((h ~ @2)(2)e" " [Rpy + Ry (2) + Ry, (2) Rpy ()] do

Since the left-hand side does not depend on M and the right-hand side tends
to zero by the Lemma 5.5 we are done. O

Note that the proof brakes down for n = 2 since the choice (29) is not possible.
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Proof of Lemma 5.5. The function R, satisfies the equation
(A+2ip-V—q)R, =q.

By taking the Fourier transform we see that this is equivalent to the integral
equation

R, — G,qR, = G,q (30)

By Theorem 4.1 with p = 2 we see that the operator K = G,q satisfies the

norm estimate c

ol

where (2 is any domain with supp ¢ C (2. Thus for large |p| the equation (30)
can be uniquely solved in L({2) by

1Kl L2 (2)—r2(0) <

R, =Y K"G,q.

n=0

Moreover ¢
12| <=
PIL2(02) |p|

O

Proof of Lemma 5.6. We first show that every solution of the Schrédinger
equation can be approximated in L2(2) by linear combinations of scattering
solutions. More exactly we show that for f € H?({2)

(A+k*>—q)f =0 in 2
implies
fesp{¢p(,k,0)|0€S5"} (31)

where Sp A means the closed linear span of the set A.
The proof of Theorem 5.3 implies the existence of the outgoing Green’s
function G(z,y) for A + k% — ¢ satisfying

(Az + K = )G(z,y) = —6(z —y) and (32)

. eikl:cl 1
G(z,y) = ¥(y,k, —x)W‘FO W (33)

Indeed a solution of

G(z,y) = B4 (z—y) - / 8. (¢ — 2)q(2)Glz,y)dz (34)

n
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is such a solution. The same argument as in the proof of Theorem 5.3 yields
the uniqueness and existence of the solution of (34). Moreover the asymp-

totics
b, (x—2) = _ et SN B S
+HE 2= 47r|:c|("_1)/2€ 0 (D72

gives (33) immediately after we have shown

/eia-zq(z)G(z’y)dz - /q§+ (x — 2)q(2)Y(z, k,0)dz. (35)

Now assume that (31) is not true. Then there exists a function g # 0 and
a sequence of {g;} C H*(2) with ||g; — g||;= — 0 and

/ g(@)Y(z, k,0)de =0 for every § € S* ! and (36)
o)

(A+k*>—q)g; =0, foreveryieN. (37)

Define now

w@)=1¥%%wﬂw@

Now w is an outgoing solution of the Helmholtz equation. Moreover (33)
implies that wo, = 0. Rellich’s lemma implies now that

_ 2 —

o0 = 35[0 =0-

Now since
A+ —qgu=g

we have

/ gg;dz = / (A + K — Q) gidz = / %wyi — wa%yids
7) Q EY?)
+/ w(A + k* — q)g,de =0
Q

By letting ¢ — oo we have

/ (@) dz = 0
0

which is a contradiction.
By (31) we may now assume that

ur =Yg, (2, k,61) and up =Yg, (2, k,62).

Since A, = Ag, we have by Rellich’s lemma that in R*\ 2

Vg, (2, k,0;) = g, (2, k,0;), i=1,2. (38)
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Now by Green’s second theorem

/ (g1 — @)urusde = / (uaAuy — uyAus)dx
2 2

- / (s (2, b, B2) 2ty (2, ks B1) — gy (2, K, 61) Loty (3, , B)) ds
an

By (38) the last integral vanishes and we are done. O

6 Born Approximation

In this last section we briefly describe how to obtain information about the
scattering potential already from the linearized inverse problem. It won’t be
possible anymore to give complete proofs, so we just try to show the idea
and point out what are the essential technical difficulties in the proof. The
details can be found in the paper [16]. From now on we assume that n = 2.
Let W_(x) = €% be the incoming planewave in (4), and u(z,k,8) the
corresponding solution of the Lippman-Schwinger equation (4). Let A(k, 6, £)
be the scattering amplitude. In backscattering we assume that we are looking
at the scattered wave in the direction opposite to the incoming direction, i.e.
we know the backscattering data defined as Dp = { A(k,0,—0) |k e R, 6 €
S1 }. It is not known whether this data determines the potential; the best
results are due to Eskin and Ralston [5], [6] and they say that a generic
potential ¢ is determined by Dp. We approach the question from a different
angle.

If one uses the asymptotics of the outgoing Green’s function, one sees that

A(k,0,2) = / e *E Vg (y)u(y, k, 6) dy. (39)

Evaluating this at the backscattering & = —6 and replacing u(y, k,6) by the
right-hand side in the Lippman—Schwinger equation one gets

A(k,6,6) = 4(~2k6) + O (|af’) , (40)
S0 it is reasonable to expect that the inverse Fourier—transform

as(@) = F* (A€l /2,-€. )

is a good approximation for ¢ for potentials which are small in some appro-
priate norm. Even if ¢ is not small, one could still ask if some features like
jumps could be located already from ¢g. One can prove the following;:

Theorem 6.1. Assume that a short-range potential q belongs to the weighted
Sobolev-space HJ° for § large enough. Then there is € > 0 so that ¢ — qp €
Héot¢ + BC, where BC denotes the space of bounded and continuous func-
tions.
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One actually gets estimates for the € and § above, and using these it is possible
to conclude that if ¢ is piecewise smooth, the location and the height function
of the jumps are determined by ¢p.

The proof is by iterating the formula for the scattering amplitude (39)
with the Lippman-Schwinger equation, as when deducing (40). Doing this
N-times one gets

2

A(k,8,—0) = G(—2k8) + Z —2k6) + g%, 1,

so taking Fourier—transforms
gB —q = qu +CI1}\BI+17

where the terms ¢; are (j 4+ 1)-linear in ¢ and the remainder ¢g_, depends
nonlinearly on ¢; the nonlinearity comes from the nonlinear dependence of
the scattering solution u on g. We now need to estimate the smoothness of
the terms ¢; and ¢, ,. It turns out that the estimates for the bilinear term
q1 are the crucial ones.

A straightforward computation gives

w(@) =g / &-1—1i0 e de .
Motivated by this we define the bilinear operator 77 by
f gz (En)
Tu(f, =pv dg dn.

Note, that we have changed the integrand by transforming the singularity of
the denominator so that it becomes symmetric with respect to {£-n = 0}.
The difference is easy to compute: for a suitable constant ¢ one has

qQ1 — CT((j; (j) = R((j; (i);

where
R(fa g)(;g) = const. X / /Oo f(f)g(téJ-) |§|—1 eiz.(£+téJ_) dt dé
R2J -0

is easy to estimate by the Cauchy—Schwarz inequality. The result is

Proposition 6.2. If ¢ € H;°, where 0 < s9 < 1 and § > 0, then R(q,q) €
BC.

So we are left with estimating 73 . To accomplish this we need characterization
of WI} due to Hajlasz and the following extension of a maximal inequality
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due to H. Triebel [23]: If f is a tempered distribution with f € L%, where
l<p<ooand a:=6—mn/p' >0, then

Sap. [f(z—2)| < CmaX{Ilfllﬁéa(Mf)(w)l_"/“ , M(z)} ae.

Taking now the Fourier—transform we get

T1(f,9)(n) = const. x pv /%

Rather than estimate this we show the idea by estimating

S(f,9)(n) =pv /%@;E)d&

The main idea how Hajlasz theorem works with Triebel’s maximal function
theorem is a bit more trasparent in the estimation of S than T7. The differ-
ence is that in 7T the integrand is singular on the sphere whereas in S the
singularity is on the plane {£ - 7 = 0}. One can also estimate T} directly, and
the analysis is then similar to the proof of Theorem 3.1. Let’s proceed with

S. Now
1 L[ f@s-9
S0 = o (/E_m>l+ b /Wl g dg).

The integral over {|£ - 7j| > 1} is easy to estimate by Young’s inequality. We
concentrate on the integral over {|¢-7| < 1}. Let &* be the reflection of &
with respect to the plane {£ - = 0}, i.e. £&* = £ —2(§-7)7). Then the integral
over {e < |- 17| <1} can be estimated from above by

C/ |£(E) = FE)1gln = + 1) gn—&) —g(n — &)
e<€-7<1 §-m

Let’s look at the term involving the differences of f above. Using the Hajlasz’s
inequality we can bound this by

d¢.

d¢.

¢ (M(VFDE) + MV INE)) lg(n — &) d¢

0<€ <1

and then using the extension of Triebel’s maximal inequality we get an upper
bound

C/M(IVfI)(ﬁ)M(Igl)(n =&+ M(IVN(E)IM(lgl)(n — &) dg,

which finally can estimated by Young’s inequality. The term with the the
differences of g can be treated similarly.
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The higher order terms g; and the remainder can be treated as follows.
Let K be the operator with Schwartz-kernel

k(z,y) = — a(@)["* Grja (@ — y)ar 2 (y),

where ¢, /5 = |q|1/2 sgn q. Then it is not hard to see that

¢ () =c/ / /| e 92 gy o (y) K (|gf 012 kdy dk do.
R2JO f0|=1

These terms get smoother as j increases because of the Agmon—estimate:
every application of G}/, brings more decay to the Fourier—transform ¢j.
The remainder can be treated analogously, and one can prove the following:

Proposition 6.3. If ¢ € L] with p > 1 and § > 2/p', then ¢;, ¢ft € H* for
all t < (j +1/2)p' — 1.

The required estimates then follow by using Sobolev—embedding.

We end this section with some comments. There are several works where
one studies analogous questions. The original works of Prosser where he shows
that for ¢ small enough the backscattering uniquely determines the poten-
tial rely also on the Born—series approach. The first paper where rigorous
estimates were given for the difference of the original ¢ and its Born—approxi-
mation is [20]. This treated a one—dimensional reflection problem. The results
were later generalized to higher dimensions in several papers by Piivérinta,
Serov and Somersalo [17-19]. The corresponding time—dependent problem
was studied using microlocal techniques by Greenleaf and Uhlmann [7], and
their work was continued by M. S. Joshi [13]. There results have a slightly
different flavor compared to ours. To be able to use microlocal analysis, the
potential ¢ is assumed have a certain kind of singularity structure, i.e. it
is assumed to be a conormal distribution, and one can then show that the
backscattering data determines the complete symbolic expansion of ¢, so one
can recover the location and strength of the singularities.
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