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Abstract

We present algorithms for the optimal recovery of a partial derivative
of a function at a point when we have approximate measurements of
the Riesz transform of the function, and this function belongs to a
Lp Sobolev class. The algorithms are exactly optimal among linear
algorithms for the cases p = 1 and p = 2 and we give tight bounds for
the performance of the algorithms when p > 1, p 6= 2. Previously only
the case p = 2 has been studied. Algorithms for the optimal recovery
problem provide optimal estimators for several statistical problems,
when we calibrate algorithms suitably. As examples we construct a
nearly minimax estimator in the Gaussian white noise model and an
asymptotically nearly minimax estimator for the problem of regres-
sion function estimation with i.i.d. data. We give also bounds for the
asymptotic adaptive risk in the Gaussian white noise model.
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1 Introduction

By the optimal recovery of an unknown function at a point we mean the
estimation of the value of the function at this point when we have available
a function from which we know that it is close to the unknown function in
L2 metric. More generally, we may also consider the inverse problem where
we have available a transformation of the function and we know that this
transformed function is close to the transformation of the original function
in L2 metric. For expositions of optimal recovery, see for example Micchelli
and Rivlin (1977) and Arestov (1989).

Optimal recovery is connected to many statistical problems. We give in
the following a list of statistical problems where the construction of an opti-
mal or a nearly optimal statistical procedure can be reduced to the optimal
recovery. Gaussian white noise model was studied in the most cases but some
references address regression or density estimation models.

1. Estimation of linear functionals. Donoho and Liu (1991) and
Donoho (1994b) show that minimax linear estimators of linear function-
als may be obtained by a calibration of optimal recovery algorithms,
and these linear estimators are nearly minimax optimal among all es-
timators. In particular, estimators constructed by Ibragimov and Has-
minskii (1984) are a special case of such estimators. Donoho and Low
(1992) show that the minimax rate of convergence of estimating linear
functionals is determined by the modulus of continuity.

2. Adaptive estimation of linear functionals. Klemelä and Tsybakov
(2001) construct an asymptotically sharp adaptive estimator by com-
paring linear estimators with different scales (Lepski method). The lin-
ear estimators were calibrations of optimal recovery algorithms. The
adaptive estimators constructed in Lepski and Spokoiny (1997) and
Tsybakov (1998) are either a special case of, or closely related to, such
sharp adaptive estimators. Klemelä and Tsybakov (2004) construct
a sharp adaptive estimation procedure when the Riesz transform is
observed. Efromovich and Low (1994) show that adaptive rates of con-
vergence may be expressed with the help of modulus of continuity.

3. Estimation of a function with the supremum norm loss. Donoho
(1994a) shows that the asymptotically optimal minimax estimator (among
all estimators) is a calibration of an optimal recovery algorithm when
the sup-norm loss function is applied, over Hölder classes. The estima-
tor of Korostelev (1993) is a special case of such an estimator. Tsybakov
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(1998) considers L2 Sobolev classes, and adaptive estimation, with the
supremum norm loss.

4. Large deviation optimality. Korostelev (1996) and Puhalskii and
Spokoiny (1998) show how minimax estimators in large deviation loss
may be constructed from optimal recovery algorithms.

5. Hypothesis testing. Lepski and Tsybakov (2000) show how hypoth-
esis testing problems in sup-norm and at a fixed point are connected
to optimal recovery.

6. Estimating the whole object in a sequence space. Donoho, John-
stone, Kerkyacharian and Picard (1995) consider optimal recovery of a
function in a sequence space model. They derive optimal rates of con-
vergence for estimating a function under Besov or Triebel smoothness
conditions, for Besov or Triebel loss functions.

7. Estimation of quadratic functionals. Donoho and Nussbaum (1990)
show that minimax optimal quadratic estimators of quadratic function-
als may be found by solving a related optimal recovery problem.

8. Adaptive estimation of quadratic functionals. Klemelä (2006)
shows that a sharp adaptive estimator for certain quadratic functionals
may be constructed by comparing minimax optimal quadratic estima-
tors at different scales. Efromovich and Low (1996) apply the modulus
of continuity to find the optimal adaptive rates of convergence.

In this article we consider approximation of partial derivatives of a func-
tion at a point. We assume that we have available a Riesz transform of a
function which is close to the true function in L2 metric. Based on this Riesz
transformed function we construct a linear estimator for the unknown value
of the partial derivative. We will assume that the unknown function satisfies
a Lp Sobolev smoothness condition, in the sense of a moment condition for
the Fourier transform of the function.

The results of this article are directly relevant to the statistical problems
1-5 in the above list. As examples we consider the item 1 and item 2 in
the above list. We give bounds for the minimax risk both in the Gaussian
white noise model and a regression estimation mode, and give bounds for the
asymptotic adaptive risk in the Gaussian white noise model.

Previously only the case p = 2 of the Sobolev classes has been studied
in the optimal recovery. Taikov (1969) gave an exact solution when p = 2,
and Donoho and Low (1992), Klemelä and Tsybakov (2001), Klemelä and
Tsybakov (2004) studied the problem in various degrees of generality but
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only for the case p = 2 (see Remark 2 for a more precise description of the
previous results).

We consider the cases p ≥ 1 and give an exact solution for the cases p = 1
and p = 2, and give tight bounds for the cases p > 1, p 6= 2. For the case
p = 1 we construct a kernel for the estimator which is of “Pinsker type”,
that is, its Fourier transform is of “Bartlett type”. For the cases p > 1 we
construct kernels which are of “Tikhonov type”.

We show that the approximation in Sobolev Lp spaces is more feasible
for low values of p than for high values of p, in high dimensional cases.
Indeed, the ratio of the optimal approximation error correponding to p = 2,
to the optimal approximation error correponding to p = 1, is increasing
exponentially, as the dimension of the approximated function increases.

Typically, solutions to the optimal recovery are difficult to find. For
Hölder spaces, for the estimation of the value of the function at one point, the
solution has been found for smoothness indices 0 < s ≤ 1 and s = 2, see Fuller
(1982), Gabushin (1968), Korostelev (1993), Zhao (1997), Leonov (1997),
Leonov (1999). For Taylor spaces the solutions are given for smoothness
indices 0 < s ≤ 2 in Klemelä and Tsybakov (2001). See also Legostaeva
and Shiryayev (1971). For the case when we consider Sobolev classes of
functions whose derivative of a given order has a bounded Lp norm (instead
of posing moment conditions for the Fourier transform) Sz.-Nagy (1941) has
given solutions (for p > 2), Gabushin (1967) has given the optimal rates
of convergence, and Magaril-Il’yaev (1983) has characterized the optimal
constants. In the connection of the estimation of quadratic functionals the
exact solution for l2-body is given by Donoho and Nussbaum (1990), and the
exact solution for l4-body and approximate solutions for lp-bodies, p > 2, are
given by Klemelä (2006).

We formulate the results in Section 2: Section 2.1 specifies the setting,
Section 2.2 considers the case p > 1, Section 2.3 considers the case p = 1,
Section 2.4 discusses the effect which parameter p and the dimension of the
estimated function have on the optimal approximation error, and Section 2.5
gives three examples of statistical applications. Proofs are given in Section
3. Discussion of the results is given in Section 4.

2 Results

2.1 The setting

The functional. We study the estimation of the derivative f (α0)(0), where
α0 is a multi-index. For a multi-index α = (α1, . . . , αd) and for a point
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ω = (ω1, . . . , ωd) ∈ Rd we denote |α| = α1 + · · · + αd and ωα = ωα1

1 · · ·ωαd

d .
We assume that |α0| = r, where r ≥ 0 is an integer. We may write

f (α0)(x) = i|α0|

∫

Rd

ωα0 f̂(ω) exp(ixTω) dω

where f̂(ω) denotes the Fourier transform of f ,

f̂(ω) =
1

(2π)d

∫

Rd

f(x) exp(−ixTω)dx

and i denotes the imaginary unit.

Smoothness condition. We assume that the function satisfies a Sobolev
smoothness condition. Define Sobolev semi-norm by

ρp
β,p(f) = (2π)d

∫

Rd

‖ω‖q
∣∣∣f̂(ω)

∣∣∣
p

dω (1)

where
q = p[β + d(1/2 − 1/p)], (2)

p ≥ 1. We discuss the smoothness condition more in detail in Section 2.4.1.

Riesz transform. We assume that we observe the Riesz transformation
of the function. The operator Rγf is called the Riesz transform when for a
function f ∈ L1(R

d) and for 0 ≤ γ < d

(Rγf)(x) =

{
αγ

∫
Rd f(y)‖x− y‖γ−ddy if 0 < γ < d,

f(x) if γ = 0,

where ‖ · ‖ denotes the Euclidean norm in Rd and

αγ = (2π)−d/2πγ−d/2 Γ((d− γ)/2)

Γ(γ/2)
,

where Γ is gamma function, see Stein (1970). We have, by the Fourier con-
volution formula,

(Rγf)∧(ω) = f̂(ω)‖ω‖−γ, ω ∈ Rd, (3)

see Stein (1970), page 73.
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Optimal recovery and the modulus of continuity. We will restrict
ourselves to linear estimators and thus the optimal recovery problem is to
find a kernel K ∈ L2 which is close to the infimum in the minimax risk

Rǫ = inf
K∈L2

sup
{f :ρβ,p(f)≤L}

sup
{g:‖Rγ(f−g)‖2≤ǫ}

∣∣∣∣

∫

Rd

K(Rγg) − f (α0)(0)

∣∣∣∣ . (4)

That is, we try to estimate unknown value f (α0)(0) with the linear estimator
(or linear algorithm)

∫
Rd K(Rγg), when we have available the Riesz transform

Rγg, which is close to the Riesz transform Rγf of the unknown function
in L2 metric. Note that Rγ is linear. We assume apriori knowledge that
ρβ,p(f) ≤ L. Define the modulus of continuity by

ω(ǫ) = sup
{
|f (α0)(0)| : ‖Rγf‖2 ≤ ǫ, ρβ,p(f) ≤ L

}
. (5)

Micchelli and Rivlin (1977), Theorem 6, show that under general assump-
tions, which are satisfied in our setting, the minimax risk is equal to the
modulus of continuity:

Rǫ = ω(ǫ).

2.2 Solutions to the optimal recovery when p > 1

We give an upper and lower bound for the minimax risk (4) and we construct
a kernel which achieves the upper bound. We consider the cases p > 1.

Constant for the upper bound. Denote

Ku(p) =

∫

Sd

|ξα0|p/(p−1)dµ(ξ), (6)

where Sd = {x ∈ Rd : ‖x‖ = 1} for d = 2, 3, . . ., S1 = [−1, 1], µ is the
Lebesgue measure on Sd so that

µ(Sd) = 2πd/2/Γ(d/2), (7)

d = 1, 2, . . ., and Γ denotes the gamma-function. Denote with B(a, b) =∫ 1

0
ta−1(1 − t)b−1dt, a, b > 0, the Beta function. Denote

I1 =
(2π)d(1−p/(p−1))Ku(p)

q + 2γ

B

(
p(q − r)/(p− 1) − q − d

q + 2γ
,
q + p(2γ + r)/(p− 1) + d

q + 2γ

)
(8)
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and

I2 =
(2π)−dKu(2)

q + 2γ
B

(
2(q + γ − r) − d

q + 2γ
,

2(γ + r) + d

q + 2γ

)
, (9)

where q is defined in (2). Define the constant for the upper bound as

Cβ,p =
(
I

1/2
2

)(β−r−d/2)/(β+γ) (
I

(p−1)/p
1

)(γ+r+d/2)/(β+γ)

×

(
γ + r + d/2

β − r − d/2

)(β−r−d/2)/(β+γ)
β + γ

γ + r + d/2
. (10)

This constant is finite when

β > max{ι1(p, r, d), ι2(p, r, d, γ)} (11)

where ι1(p, r, d) = r/p+ d/2, ι2(p, r, d, γ) = (r − γ)/p+ d(3/(2p) − 1/2).

Constant for the lower bound. Let

Kl(p) =

∫

Sd

|ξα0|pdµ(ξ), (12)

where Sd and µ are as in the definition of Ku in (6). Define

I3 =
(2π)d(1−p/(p−1))Kl(p)

q + 2γ
(13)

×B

(
p(q + γ)/(p− 1) − q − p(γ + r) − d

q + 2γ
,
q + pγ/(p− 1) + p(γ + r) + d

q + 2γ

)
,

I4 =
(2π)d(1−2/(p−1))Kl(2)

q + 2γ

B

(
2(q + γ)/(p− 1) − 2r − d

q + 2γ
,

2γ/(p− 1) + 2r + d

q + 2γ

)
, (14)

and

I5 =
(2π)−d/(p−1)Kl(2)

q + 2γ

B

(
[q + γ(2 − p)]/(p− 1) − 2r − d

q + 2γ
,
pγ/(p− 1) + 2r + d

q + 2γ

)
.(15)

Define the constant for the lower bound as

cβ,p =
(
I
−1/2
4

)(β−r−d/2)/(β+γ) (
I
−1/p
3

)(γ+r+d/2)/(β+γ)

I5. (16)
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This constant is finite when

β > max{ι3(p, r, d, γ), ι4(p, r, d, γ), ι5(p, r, d, γ)} (17)

where ι3(p, r, d, γ) = d/2 + (p − 2)γ + (p − 1)r, ι4(p, r, d, γ) = d(3/(2p) −
1/2) + r/p− γ/(p(p− 1)), ι5(p, r, d, γ) = d/2 + 2r(p− 1)/p+ γ(p− 2)/p.

Kernel function. Denote

Kβ(x) = br+γ+dLβ(bx), x ∈ Rd, (18)

where the Fourier transform of Lβ is

L̂β(ω) = (2π)−dirωα0‖ω‖γ
(
1 + ‖ω‖q+2γ

)−1
, ω ∈ Rd, (19)

b =

(
β − r − d/2

γ + r + d/2

I
(p−1)/p
1

I
1/2
2

)1/(β+γ)

,

I1 and I2 are defined in (8) and (9), respectively. Denote

h = (ǫ/L)1/(β+γ) (20)

and finally define the scaled kernel function of the estimator by

Kβ,h(x) = h−γ−r−dKβ(x/h). (21)

The result. Bounds for the minimax risk are given by the following theo-
rem. Define the exponent for the optimal rate of convergence as

κ =
β − r − d/2

β + γ
. (22)

Theorem 1 We have, for ǫ, L > 0, p > 1, and β satisfying conditions (11)
and (17), that

cβ,p ≤ ǫ−κLκ−1Rǫ ≤ Cβ,p

where cβ,p is defined in (16), Cβ,p is defined in (10), and Rǫ is defined in (4).
The scaled kernel defined in (21) achieves the upper bound:

sup
{f :ρβ,p(f)≤L}

sup
{g:‖Rγ(f−g)‖2≤ǫ}

∣∣∣∣
∫

Rd

Kβ,h(Rγg) − f (α0)(0)

∣∣∣∣ ≤ ǫκL1−κCβ,p.

A proof of Theorem 1 is given in Section 3.1.
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Remark 1. When p = 2, then the upper and lower bounds coincide and
we have

Cβ,p = cβ,p = I
1/2
1

(
γ + r + d/2

β − r − d/2

)(β−r−d/2)/(2(β+γ))
β + γ

γ + r + d/2

where I1 is defined in (8). Here we applied the property B(a, b) = B(a −
1, b + 1)(a − 1)/b which implies I2 = I1(β − r − d/2)/(γ + r + d/2). When
p 6= 2, then we study tightness of the bounds only for the case r = 0. Figures
1 and 2 show that the upper bound and lower bound are close to each other.
We plot the contour of Cβ,p/cβ,p as a function of (β, p). In Figure 1 we have
d = 1 and in Figure 2 we have d = 2. We study the cases γ = 0, γ = 0.5, and
γ = 0.9. In particular, from Figure 1 a) we have for the case d = 1, r = 0,
γ = 0 that

sup
(β,p)∈[2,100]×[1.1,2]

Cβ,p

cβ,p
≤ 1.13, sup

(β,p)∈[1,100]×[2,100]

Cβ,p

cβ,p
≤ 1.039. (23)

Figures 1 b.2) and 1 c.2) show that when γ > 0, smoothness parameter β is
small, and p is large, then the bounds are not sharp. From Figure 2 a) we
have for the case d = 2, r = 0, γ = 0 that

sup
(β,p)∈[2.5,100]×[1.1,2]

Cβ,p

cβ,p

≤ 1.31, sup
(β,p)∈[1,100]×[2.1,100]

Cβ,p

cβ,p

≤ 1.043.

Again, Figures 2 b.2) and 2 c.2) show that when γ > 0, smoothness parameter
β is small, and p is large, then the bounds are not sharp.

Remark 2. For the case where p = 2, d = 1, γ = 0 (Rγ is equal to the
identity operator), and r ≥ 0 Taikov (1969) gave the solution to the optimal
recovery. The case with p = 2, d = 1, γ ≥ 0, and r = 0 was considered by
Donoho and Low (1992), page 959. Klemelä and Tsybakov (2001) considered
the case with p = 2, d ≥ 1, γ = 0, and r ≥ 0. Klemelä and Tsybakov (2004)
considered the case p = 2, d ≥ 1, γ ≥ 0, and r ≥ 0.

Remark 3. When r = 0 and γ = 0, then the condition on β posed in
Theorem 1 is

β >

{
d/2, when p > 3/2
d(3/(2p) − 1/2), when 1 < p ≤ 3/2.
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Figure 1: Contour of Cβ,p/cβ,p as a function of (β, p) for the case d = 1 and
r = 0. In a) we have γ = 0, in b) γ = 0.5, and in c) γ = 0.9. On the left
hand side p ∈ [1, 2] and on the right hand side p ≥ 2.
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Figure 2: Contour of Cβ,p/cβ,p as a function of (β, p) for the case d = 2 and
r = 0. In a) we have γ = 0, in b) γ = 0.5, and in c) γ = 0.9. On the left
hand side p ∈ [1, 2] and on the right hand side p ≥ 2.
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2.3 Solutions to the optimal recovery when p = 1

We consider the case when p = 1 and give an exact formula for the minimax
risk (4). We also construct the optimal kernel. We consider the two cases

1. r = 0, d ≥ 1,

2. r ≥ 0 even, d = 1.

The exact constant. Let us denote

I1 = (2π)−d (24)

and

I2 =
2µ(Sd)(q − r)2

(2π)d(2γ + 2r + d)(q + 2γ + r + d)(2q + 2γ + d)
(25)

where q = β − d/2 and µ(Sd) is defined in (7). The exact constant has the
same form as (10), that is,

Cβ =
(
I

1/2
2

)κ

I1−κ
1

(
γ + r + d/2

β − r − d/2

)κ
β + γ

γ + r + d/2
(26)

where κ is defined in (22). This constant is finite when

β > r + d/2. (27)

Kernel function. To define the scaled kernel function Kβ,h for the case
p = 1, we take

L̂β(ω) = (2π)−d‖ω‖γωr
(
1 − ‖ω‖q−r

)
+

(28)

where (a)+ = max{a, 0} and we denote ωr = 1 when d ≥ 1 and r = 0. Define
also

b =

(
β − r − d/2

γ + r + d/2

I1

I
1/2
2

)1/(β+γ)

,

and let I1 be defined in (24), and I2 be defined in (25). Then define Kβ,h by
(21), (20), and (18).

The result. The following theorem states the optimality of the kernel and
the constant.
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Theorem 2 We have, for the two cases (1) r = 0, d ≥ 1, and (2) r ≥ 0
even, d = 1, and for ǫ, L > 0, p = 1, and β satisfying the condition (27),
that the minimax risk defined in (4) satisfies

Rǫ = ǫκL1−κCβ

where Cβ is defined in (26) and κ is defined in (22). Also, the scaled kernel
Kβ,h defined with the help of (28) is optimal:

Rǫ = sup
{f :ρβ,p(f)≤L}

sup
{g:‖Rγ(f−g)‖2≤ǫ}

∣∣∣∣
∫

Rd

Kβ,h(Rγg) − f (α0)(0)

∣∣∣∣ .

A proof of Theorem 2 is given in Section 3.2.

2.4 Discussion on the smoothness conditions

We discuss the role of parameter p in the smoothness condition and the effect
of p on the largeness of the optimal approximation error.

2.4.1 Relations between Lp Sobolev classes

We may note that for p = 2, and when β is an integer, the semi-norm in (1)
is the classical L2 Sobolev semi-norm

ρ2
β,2(f) =

∑

|α|=β

∫

Rd

∣∣f (α)
∣∣2 .

By relating other Lp semi-norms to the L2 semi-norm we may give a con-
nection to the classical L2 smoothness conditions. We give a lemma on
embeddings for the balls

Fβ,L,p = {f : ρβ,p(f) ≤ L},

only for the case p = 1 and p = 2, since the other cases are analogous.
We state a lemma which says roughly that to get a L1 ball inside a L2 ball

we need to choose the smoothness index of the L1 ball essentially larger than
the smoothness index of the L2 ball. On the other hand the lemma says that
to get a L2 ball inside a L1 ball we need to choose the smoothness index of the
L2 ball only slightly larger than the smoothness index of the L1 ball. Thus
the lemma shows that the parametrization of the smoothness classes defined
by the choice of q in (2) is reasonable, since smoothness classes corresponding
to different values of p but the same value of β are comparable. We make
such comparison in Section 2.4.2.
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Lemma 3 Let GM = {f : |f̂(ω)| ≤ M for all ω ∈ Rd}. The intersection of
a L1 ball with GM is a subset of a L2 ball:

Fβ1,L′,1 ∩ GM ⊂ Fβ2,L′′,2 (29)

when β1 ≥ 2β2+d/2, for suitable L′, L′′, where 0 < M <∞. An intersection
of two L2 balls is a subset of a L1 ball:

Fβ2,L′′,2 ∩ Fβ1−d/2,L′′′,2 ⊂ Fβ1,L′,1 (30)

when β2 > β1 > d/2, for suitable L′, L′′, L′′′.

Proof. Denote q1 = β1 − d/2 and q2 = 2β2. Inclusion (29) follows from
the facts that for f ∈ Fβ1,L′,1 ∩ GM ,

∫

Rd

‖ω‖q2

∣∣∣f̂(ω)
∣∣∣
2

dω ≤M

∫

Rd

‖ω‖q2

∣∣∣f̂(ω)
∣∣∣ dω

and q1 ≥ q2 ⇔ β1 ≥ 2β2+d/2. To prove (30) we apply the Cauchy inequality
for f ∈ Fβ2,L′′,2 ∩ Fβ1−d/2,L′′′,2:

∫

Rd

‖ω‖q1

∣∣∣f̂(ω)
∣∣∣ dω

≤

[∫

Rd

(1 + ‖ω‖2β′

2)−1dω

]1/2 [∫

Rd

(1 + ‖ω‖2β′

2)‖ω‖2q1

∣∣∣f̂(ω)
∣∣∣
2

dω

]1/2

where β ′
2 = β2 − β1 + d/2. The first integral on the right hand side is finite

since β ′
2 > d/2. The second integral on the right hand side is finite since

ρβ1−d/2,2(f) <∞, ρβ2,2(f) <∞, and 2(β ′
2 + q1) = q2. �

2.4.2 Curse of dimensionality and p

We have shown in Theorem 1 and Theorem 2 that the rate of convergence, as
ǫ→ 0, of the optimal pointwise approximation error is ǫκ, where κ is defined
in (22). To guarantee that the rate of convergence is not unacceptably slow,
the smoothness index β has to increase as dimension d increases. The rate
of convergence does not depend on parameter p. We may however note that
parameter p has a considerable influence on the largeness of the constants.

Figure 3 a) shows the magnitudes of the constants as a function of di-
mension d. We show with bullet “•” the constant Cβ,p for p = 1, with circle
“◦” the constant for p = 2, and with square “�” the constants for p = 4;
for the case p = 4 we show both the constant for the lower bound and the
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Figure 3: a) Magnitudes of the constants as a function of d, for p = 1, p = 2,
and p = 4. b) Logarithms of the ratios of the constants.

constant for the upper bound. We take d = 1, . . . , 10, β = 2 + d/2, r = 0,
and γ = 0.

Figure 3 b) shows the logarithm of the ratio of constants as a function
of dimension d. We show with bullet “•” the logarithm of the ratio of the
constants corresponding to p = 2 and p = 1: log10(Cβ,2/Cβ,1). We show with
circle “◦” the logarithm of the ratio of the constants corresponding to p = 4
and p = 2: log10(Cβ,4/Cβ,2). We take, as before, d = 1, . . . , 10, β = 2 + d/2,
r = 0, and γ = 0.

Figure 3 a) shows that the constants are in fact decreasing as the dimen-
sion grows, giving a compensation to the worsening rate of convergence as
the dimension grows. Even more interestingly, Figure 3 b) highlights the fact
that the constants are decreasing much faster for the lower values of p. In
fact, the ratios of the constant corresponding to a larger value of p, to the
constant corresponding to a smaller value of p, are increasing exponentially,
as the dimension grows.

Previously, L1 Sobolev smoothness conditions have been studied in high
dimensional cases by Jones (1992), Barron (1993), Breiman (1993). They
show that for this smoothness condition and for the integrated squared error
loss the optimal approximation rate does not depend on the dimension d of
the function. In fact, the rate is ψ2

ǫ where ψǫ = (ǫ2 · log(ǫ−1))1/4. When we
compare this to the classical nonparametric rate ǫκ, where κ = (β − d/2)/β,
as defined in (22), for r = 0, γ = 0, then we note that

(ǫ2 · log(ǫ−1))1/4 < ǫκ ⇔ d > β

when 0 < ǫ < 1, (and we have always β > d/2). Thus the rate ψǫ is better
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than the classical rate in the high dimensional cases: when d > β.
We have not considered the integrated squared error loss but the pointwise

estimation, and for this case the classical rate ǫκ is optimal also for the L1

Sobolev class. However, we have shown that the curse of dimensionality may
be somewhat avoided also for the pointwise estimation, since the constant
in the optimal approximation error is essentially smaller for the L1 Sobolev
class than for the L2 Sobolev class, for the high dimensional cases.

2.5 Statistical applications

We study pointwise minimax estimation in Section 2.5.1 and Section 2.5.2.
We formulate the results only for the case p > 1 but it is straightforward to
formulate the results also for the case p = 1. We study adaptive estimation
in Section 2.5.3, for the case p > 1.

In order to study regression estimation with i.i.d. data it is instructive
to reduce regression estimation to Gaussian white noise model, and then in
turn to reduce Gaussian white noise model to optimal recovery. We start
with the Gaussian white noise model.

2.5.1 Gaussian white noise model.

Assume observation

dYǫ(x) = (Rγf)(x)dx+ ǫ dW (x), x ∈ Rd, (31)

where W is the d-dimensional Brownian sheet and ǫ > 0. Given a realization
of the process Yǫ(x), the problem is to estimate fα0(0) where |α0| = r. Denote
minimax risk with squared error loss, for linear estimators, by

R(2)
ǫ = inf

K∈L2

sup
ρβ,p(f)≤L

Ef

∣∣∣∣

∫

Rd

KdYǫ − fα0(0)

∣∣∣∣
2

.

Theorem 4 Let ǫ, L > 0, p > 1, and let β satisfy conditions (11) and (17).
We have that

c2β,p ≤
[(
ǫκL1−κ

)2
κκ(1 − κ)1−κ

]−1

R(2)
ǫ ≤ C2

β,p

where cβ,p is defined in (16), Cβ,p is defined in (10), and κ is defined in (22).
Define

b̃ =

[(
γ + r + d/2

β − r − d/2

)1/2
I

1/2
2

I
(p−1)/p
1

]1/(β+γ)

, (32)
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where I1 and I2 are defined in (8) and (9), respectively. Define scaled kernel
Kβ,h with (18), (19), (20), and (21), but with b replaced by b̃. The kernel
estimator with scaled kernel Kβ,h achieves the upper bound:

sup
ρβ,p(f)≤L

Ef

∣∣∣∣
∫

Rd

Kβ,hdYǫ − fα0(0)

∣∣∣∣
2

≤
(
ǫκL1−κCβ,p

)2
κκ(1 − κ)1−κ.

A proof of Theorem 4 is given in Section 3.3.

Remark 4. To understand the difference between Theorems 1 and 4 note
that the proofs show that for the optimal recovery we have the upper bound

A(h/b)β−d/2−r + ǫB(h/b)−γ−r−d/2

where A = LI
(p−1)/p
1 and B = I

1/2
2 and for the white noise model we have

the upper bound

[
A(h/b̃)β−d/2−r

]2
+
[
ǫB(h/b̃)−γ−r−d/2

]2
.

2.5.2 Regression function estimation.

Consider estimation of regression function f : Rd → R and its derivatives
at one point based on i.i.d. observations (Y1, X1), . . . , (Yn, Xn) where Yi ∈ R

and Xi ∈ Rd. We assume that

Yi = (Rγf)(Xi) + ǫ ξi (33)

where ξi, i = 1, . . . , n, are i.i.d. random variables which are independent from
Xi. We assume that E(ξi) = 0, and Var(ξi) = 1. We assume (for the lower
bound) that the Fisher information functional Iξ is finite and positive, where
we define

Iξ =

∫

{x∈R:fξ(x)>0}

f ′
ξ(x)

2

fξ(x)
dx

where fξ : R → R is the density of ξ1. We assume that the first derivative
f ′

ξ is uniformly continuous. Variables Xi are i.i.d. and we denote the density

of X1 with fX : Rd → R, assume that this density is known, and fX(0) > 0.
Denote the kernel estimator with

θn(K) =
1

nfX(0)

n∑

i=1

YiK(Xi)

17



where K : Rd → R. Denote minimax risk with squared error loss, for linear
estimators, by

R(3)
n = inf

K∈L2

sup
ρβ,p(f)≤L

Ef

∣∣θn(K) − f (α0)(0)
∣∣2 .

By the noise calibration

ǫ̃u =
ǫ√

nfX(0)
(34)

we may reduce the calculation of the upper bound to the corresponding
calculation in the Gaussian white noise model. By the noise calibration

ǫ̃l =
ǫ√

nfX(0)Iξ

we may reduce the calculation of the lower bound to the corresponding cal-
culation in the Gaussian white noise model.

Theorem 5 Let ǫ, L > 0, p > 1, and let β satisfy conditions (11) and (17).
We have that

c2β,pI
−κ
ξ ≤

fκ
X(0)

ǫ2κL2(1−κ)κκ(1 − κ)1−κ
lim inf
n→∞

nκR(3)
n

≤
fκ

X(0)

ǫ2κL2(1−κ)κκ(1 − κ)1−κ
lim sup

n→∞
nκR(3)

n ≤ C2
β,p

where cβ,p is defined in (16), Cβ,p is defined in (10), and κ is defined in (22).
Let b̃ be as in (32) and define scaled kernel Kβ,h with (18), (19), (20), and
(21), but with b replaced with b̃ defined in (32) and ǫ replaced with ǫ̃u defined
in (34). The kernel estimator with scaled kernel Kβ,h achieves the upper
bound:

lim sup
n→∞

nκ sup
ρβ,p(f)≤L

Ef |θn(Kβ,h) − fα0(0)|2

≤

(
ǫ2

fX(0)

)κ

L2(1−κ)κκ(1 − κ)1−κC2
β,p .

A proof of Theorem 5 is given in Section 3.4.

Remark 5. When the distribution of error ξ is the standard Gaussian
distribution, then Iξ = 1.
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2.5.3 Adaptive pointwise estimation

Let us consider again the observation in the Gaussian white noise model
defined in (31). Define

F̃β,L =
{
f ∈ L1(R

d)
∣∣ ρp

β,p(f) + (2π)d‖(Rγf)∧‖p
p ≤ Lp

}
. (35)

We want to consider adaptive estimation of f (α0)(0) over the scale of classes
F̃β,L. We assume that we know that f ∈ F̃β,L for some β ∈ [β∗,∞) and
L ∈ [L∗, L

∗], where β∗ satisfies

max{ιi : i = 1, . . . , 5} < β∗ <∞,

ιi are defined after displays (11) and (17), and 0 < L∗ < L∗ < ∞. For the
adaptive estimation the rate of convergence is slower than the rate in the
non-adaptive case by a logarithmic factor. Define the “adaptive factor”

αβ,ǫ =

[
loge

(
ǫ−1
) 2τ(r + γ + d/2)

β + γ

]1/2

where τ > 0 will be the power of the loss function. The following theorem
gives an upper and lower bound for the asymptotic adaptive risk. For a
discussion and a construction of an estimator achieving the upper bound we
refer to Klemelä and Tsybakov (2004).

Theorem 6 Let p > 1 and let Cβ,p be the constant defined in (10) and cβ,p

be the constant defined in (16). Then,

lim sup
ǫ→0

inf
Tǫ

sup
(β,L)∈Bǫ

[(ǫαβ,ǫ)
κL1−κCβ,p]

−τ sup
f∈F̃β,L

Ef

∣∣Tǫ − f (α0)(0)
∣∣τ ≤ 1

and

lim inf
ǫ→0

inf
Tǫ

sup
(β,L)∈Bǫ

[(ǫαβ,ǫ)
κL1−κcβ,p]

−τ sup
f∈F̃β,L

Ef

∣∣Tǫ − f (α0)(0)
∣∣τ ≥ 1,

where Bǫ = [β∗, βǫ] × [L∗, L
∗], βǫ = (log log ǫ−1)

δ
, 0 < δ < 1, infTǫ

denotes
the infimum over all estimators in the Gaussian model (31), and τ > 0.

Proof. The proof is essentially given in Klemelä and Tsybakov (2004).
The bias calculation in Lemma 1 of that paper has to modified, in the way
shown in the proof of the upper bound of Theorem 1 of this paper. Otherwise
the arguments are the same. �
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3 Proofs

3.1 Proof of Theorem 1

We will denote for simplicity

J(a, b) =

∫ ∞

0

ta
(
1 + tq+2γ

)−b
dt =

1

q + 2γ
B

(
b−

a+ 1

q + 2γ
,
a+ 1

q + 2γ

)
, (36)

where B(a, b) =
∫ 1

0
ta−1(1 − t)b−1dt, a, b > 0, is the Beta function and q is

defined in (2).

Upper bound. Let f and g be such that

ρβ,p(f) ≤ L, ‖Rγ(f − g)‖2 ≤ ǫ,

and let Kβ,h be the scaled kernel defined in (21). We have
∣∣∣∣

∫

Rd

Kβ,h(Rγg) − f (α0)(0)

∣∣∣∣

≤

∣∣∣∣

∫

Rd

Kβ,h(Rγf) − f (α0)(0)

∣∣∣∣+
∣∣∣∣

∫

Rd

Kβ,h(Rγg −Rγf)

∣∣∣∣ . (37)

We have that

K̂β,h(ω) = (2π)−dirωα0‖ω‖γ
(
1 + ‖hω/b‖2(β+γ)

)−1

where K̂β,h is defined in (21). Hence, using the formula for the Fourier
transform of Rγf given in (3), by the Hölder inequality,

∣∣∣∣

∫

Rd

Kβ,h(Rγf) − f (α0)(0)

∣∣∣∣

=

∣∣∣∣
∫

Rd

f̂(ω)
(
(2π)dK̂β,h(ω)‖ω‖−γ − irωα0

)
dω

∣∣∣∣

=

∣∣∣∣
∫

Rd

f̂(ω)

(
irωα0

1 + ‖hω/b‖2(q+2γ)
− irωα0

)
dω

∣∣∣∣

=

∣∣∣∣

∫

Rd

f̂(ω)irωα0
‖hω/b‖q+2γ

1 + ‖hω/b‖q+2γ
dω

∣∣∣∣

≤ (h/b)q/p−r−d/p′
[
(2π)d

∫

Rd

‖ω‖q
∣∣∣f̂(ω)

∣∣∣
p

dω

]1/p

×

[∫

Rd

(
(2π)−d/p ω

α0‖ω‖2γ+q(1−1/p)

1 + ‖ω‖q+2γ

)p′

dω

]1/p′

≤ (h/b)q/p−r−d/p′LI
1/p′

1 (38)
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where p′ = p/(p−1) and I1 is the integral defined in (8), which can be written
as

I1 = (2π)d

∫

Rd

‖ω‖q
(
‖ω‖γ

∣∣∣L̂β(ω)
∣∣∣
)p/(p−1)

dω

= (2π)d(1−p/(p−1))Ku(p) J

(
q +

p

p− 1
(2γ + r) + d− 1,

p

p− 1

)

where L̂β is defined in (19), Ku(p) is defined in (6), and J is defined in (36).
Also,
∣∣∣∣

∫

Rd

Kβ,h(Rγf − Rγg)

∣∣∣∣ ≤ ‖Kβ,h‖2‖Rγ(f − g)‖2 ≤ (h/b)−γ−r−d/2I
1/2
2 ǫ (39)

where I2 is the integral defined in (9), which can be written as

I2 = ‖Lβ‖
2
2 = (2π)d‖L̂β‖

2
2 = (2π)−dKu(2) J(2(γ + r) + d− 1, 2).

Thus, by (37), (38), and (39),
∣∣∣∣
∫

Rd

Kβ,h(Rγg) − f (α0)(0)

∣∣∣∣ ≤ L(h/b)q/p−r−d/p′I
1/p′

1 + ǫ(h/b)−γ−r−d/2I
1/2
2 .

The upper bound follows by the choice of h and b.

Lower bound. Let

gβ(x) = a1b
r+γ+d
1 hβ(b1x)

where the Fourier transformation of hβ is

ĥβ(ω) = ‖ω‖γirωα0

[
(2π)−d‖ω‖γ

(
1 + ‖ω‖q+2γ

)−1
]1/(p−1)

,

and a1 and b1 are such that

ρβ,p(gβ) = L, ‖Rγgβ‖2 = ǫ. (40)

We have that,
ĝβ(ω) = a1b

r+γ
1 ĥβ(ω/b1),

and thus,

ρp
β,p(gβ) = (2π)d

∫

Rd

‖ω‖q |ĝβ(ω)|p dω

= ap
1b

p(r+γ)
1 (2π)d

∫

Rd

‖ω‖q
∣∣∣ĥβ(ω/b1)

∣∣∣
p

dω

= ap
1b

p(r+γ)+d+q
1 I3, (41)
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where I3 is the integral defined in (13), which can also be written as

I3 = (2π)d

∫

Rd

‖ω‖q
∣∣∣ĥβ(ω)

∣∣∣
p

dω (42)

= (2π)d(1−p/(p−1))Kl(p) J

(
q +

pγ

p− 1
+ p(γ + r) + d− 1,

p

p− 1

)
,

where Kl(p) is defined in (12), and J is defined in (36). Also, using Equation
(3) for the Fourier transform of the Riesz transform,

‖Rγgβ‖
2
2 = (2π)d

∫

Rd

|(Rγgβ)
∧|

2

= (2π)d

∫

Rd

‖ω‖−2γ |ĝβ(ω)|2 dω

= (2π)da2
1b

2(r+γ)
1

∫

Rd

‖ω‖−2γ
∣∣∣ĥβ(ω/b1)

∣∣∣
2

dω

= a2
1b

2r+d
1 I4 (43)

where I4 is the integral defined in (14), which can also be written as

I4 = (2π)d

∫

Rd

‖ω‖−2γ
∣∣∣ĥβ(ω)

∣∣∣
2

dω (44)

= (2π)d(1−2/(p−1))Kl(2) J

(
2γ

p− 1
+ 2r + d− 1,

2

p− 1

)
.

We have from (40), (43), and (41), that a1 = ǫI
−1/2
4 b

−r−d/2
1 , and

b1 =

(
LI

1/2
4

ǫI
1/p
3

)1/(β+γ)

.

We have that

gα0

β (0) = i|α0|

∫

Rd

ωα0 ĝβ(ω)dω

= a1b
r+γ
1 ir

∫

Rd

ωα0ĥβ(ω/b1)dω

= a1b
2r+γ+d
1 I5,

where I5 is the integral defined in (15), which can also be written as

I5 =

∫

Rd

ωα0irĥβ(ω)dω (45)

= (2π)−d/(p−1)Kl(2) J

(
pγ

p− 1
+ 2r + d− 1,

1

p− 1

)
.
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By the formulas for a1 and b1,

gα0

β (0) =
(
ǫI

−1/2
4

)(β−r−d/2)/(β+γ) (
LI

−1/p
3

)(γ+r+d/2)/(β+γ)

I5. (46)

For a kernel K ∈ L2, for f = gβ, and g ≡ 0,

∣∣∣∣
∫

Rd

K(Rγg) − f (α0)(0)

∣∣∣∣ = gα0

β (0). (47)

The lower bound follows from (46) and from (47).

3.2 Proof of Theorem 2

Upper bound. Let f and g be such that

ρβ,p(f) ≤ L, ‖Rγ(f − g)‖2 ≤ ǫ,

and let Kβ,h be the scaled kernel defined with the help of (28). Then,

K̂β,h(ω) = (2π)−d‖ω‖γωr
(
1 − ‖hω/b‖q−r

)
+
,

where we denote ωr = 1 when d ≥ 1 and r = 0. Then,

∣∣∣∣

∫

Rd

Kβ,h(Rγf) − f (r)(0)

∣∣∣∣

=

∣∣∣∣
∫

Rd

f̂(ω)
(
(2π)dK̂β,h(ω)‖ω‖−γ − ωr

)
dω

∣∣∣∣

≤

∫

‖hω/b‖≤1

ωr‖hω/b‖q−r
∣∣∣f̂(ω)

∣∣∣ dω +

∫

‖hω/b‖>1

|ω|r
∣∣∣f̂(ω)

∣∣∣ dω

≤ (h/b)q−r

∫

Rd

‖ω‖q
∣∣∣f̂(ω)

∣∣∣ dω

≤ (h/b)q−rρβ,p(f)(2π)−d

≤ (h/b)q−rLI1 (48)

since ‖hω/b‖ > 1 is equivalent to (h/b)q−r‖ω‖q > ωr, and where we denote
I1 = (2π)−d. We have for the integral I2 defined in (25) that

I2 = ‖Lβ‖
2 = (2π)d‖L̂β‖

2
2.

The rest of the derivation of the upper bound is similar to the proof of the
upper bound for Theorem 1.
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Lower bound. The proof of the lower bound is otherwise similar to the
proof of the lower bound of Theorem 1 but now we take

ĥβ(ω) = (2π)−d‖ω‖2γ+r
(
1 − ‖ω‖q−r

)
+
.

Now the integrals (42), (44), and (45) have different formulas:

I3 =
µ(Sd)(q − r)

(q + 2γ + r + d)(2q + 2γ + d)
,

I4 = I2 where I2 is defined in (25), and

I5 =
µ(Sd)(q − r)

(2π)d(2γ + 2r + d)(q + 2γ + r + d)
.

We have a similar lower bound as in (46), and by direct calculation one sees
that the lower bound is equal to the upper bound. Theorem 2 is proved.

3.3 Proof of Theorem 4

Upper bound. We have for the expectation and variance of the estimator
that

Ef

∫

Rd

Kβ,hdYǫ =

∫

Rd

Kβ,h(Rγf), Varf

(∫

Rd

Kβ,hdYǫ

)
= ǫ2

∫

Rd

K2
β,h.

Thus, by (38),

Ef

∣∣∣∣

∫

Rd

Kβ,hdYǫ − fα0(0)

∣∣∣∣
2

=

∣∣∣∣

∫

Rd

Kβ,h(Rγf) − f (α0)(0)

∣∣∣∣
2

+ ǫ2
∫

Rd

K2
β,h

≤ (h/b̃)2β−d−2r
(
LI

(p−1)/p
1

)2

+ ǫ2(h/b̃)−2γ−2r−dI2

where I2 is defined by (9) (and satisfies I2 = ‖Lβ‖
2
2). The upper bound

follows by the choice of h and b̃.

Lower bound. The lower bound follows from the proof of Theorem 2 of
Donoho and Liu (1991). In fact, that theorem gives the formula

R(2)
ǫ = sup

α

(
ω̃(α)

α

)2

ρA(α/2, ǫ)

where ρA(α/2, ǫ) = (α/2)2ǫ2/[(α/2)2 + ǫ2] and

ω̃(ǫ) = sup
{
|f (α0)(0) − g(α0)(0)| : ‖Rγf − Rγg‖2 ≤ ǫ, ρβ,p(f), ρβ,p(g) ≤ L

}
.

Note that when we define the modulus of continuity ω as in (5), then ω(ǫ) =
ω̃(2ǫ)/2.
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3.4 Proof of Theorem 5

Upper bound. The expectation of the estimator is

Ef(θn(Kβ,h)) =
1

fX(0)

∫

Rd

(Rγf)(x)Kβ,h(x)fX(x) dx

∼

∫

Rd

(Rγf)(x)Kβ,h(x) dx

and the variance is

Varf(θn(Kβ,h)) =
ǫ2

nf 2
X(0)

Varf (Kβ,h(X1)) ≤
ǫ2

nf 2
X(0)

∫

Rd

K2
β,h(x)fX(x) dx

∼
ǫ2

nfX(0)

∫

Rd

K2
β,h.

Thus the the proof is otherwise similar to the proof of the upper bound of
Theorem 1 but now we replace ǫ in Theorem 1 by ǫ̃u = ǫ/

√
nfX(0).

Lower bound. We construct the proof by a renormalization argument as in
Low (1992) and Klemelä (2003). That is, we construct a local nonparametric
experiment which converges to the Gaussian white noise experiment. An
alternative approach would be to construct a one dimensional subexperiment
and consider its convergence as in Donoho and Liu (1991). These papers
considered density estimation. Lower bounds for regression estimation were
considered also by Golubev (1991).

For g : Rd → R, let

(Tng)(x) = fX(0)−1/2ǫI
−1/2
ξ n−1/2κd/2

n g(κnx), x ∈ Rd,

where
κn = n1/(2β).

Transformation Tn is in a certain sense L2-invariant which will lead to local
asymptotic normality. Define

L′ = LfX(0)1/2ǫ−1I
1/2
ξ (49)

and
Gc =

{
g : Rd → R | ρβ,p(g) ≤ L′, ‖g‖∞ ≤ c

}
,

where 0 < c <∞. Now, when ρβ,p(g) ≤ L′, then

ρβ,p(Tng) = fX(0)−1/2ǫI
−1/2
ξ n−1/2κβ

nρβ,p(g)

= fX(0)−1/2ǫI
−1/2
ξ ρβ,p(g) ≤ L.
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Thus
{Tng : g ∈ Gc} ⊂ {f : ρβ,p(f) ≤ L} . (50)

Let En be the regression experiment with observations (33), but in place of
regression function f we take Tng. Let the parameter space of the experiment
be Gc. Denote

En = (Pg,n : g ∈ Gc) .

Let E be the Gaussian white noise experiment with the observation

(Rγg)(t)dt+ dW (t), t ∈ Rd.

Let the parameter space of the experiment be also Gc. Denote

E = (Pg : g ∈ Gc) .

Now it holds that the local experiment En converges to the Gaussian white
noise experiment E.

Lemma 7 The experiment En convergences weakly, in Le Cam’s sense, to
the experiment E.

Proof. We apply the proof of Theorem 3.1 of Klemelä (2003). We need
to check 4 facts. (i) Sequence En is contiguous, that is, for all g1, g2 ∈ Gc, for
all sequences An of measurable sets, if Pg1,n(An) → 0, then Pg2,n(An) → 0.
Denote

Zgni =
fξ([Yi − (RγTng)(Xi)]/ǫ)

fξ(Yi/ǫ)
− 1.

(ii) For all g ∈ Gc, EZgn1 = o(1). (iii) For all g1, g2 ∈ Gc, nEZg1n1Zg2n1 =∫
g1g2 + o(1). (iv) Finally, for all α > 0, for all g ∈ Gc,

n

∫

(|Zgn1|>α)

Z2
gn1dP = o(1).

�

We need to state that weak convergence of experiments implies a lower
bound for the minimax risk.

Lemma 8 Let Tn be the set of linear real valued estimators in regression
experiment En and T the set of linear real valued estimators in Gaussian
white noise experiment E. Then

lim inf
n→∞

nκ inf
θ̂n∈Tn

sup
g∈Gc

EPg,n

∣∣∣θ̂n − (Tng)
(α0)(0)

∣∣∣
2

≥ fX(0)−1ǫ2I−1
ξ inf

θ̂∈T
sup
g∈Gc

EPg

∣∣∣θ̂ − g(α0)(0)
∣∣∣
2

(51)

where κ is the exponent in the optimal rate of convergence defined in (22).

26



Proof. We apply the proof of Theorem 4.1 in Klemelä (2003). We need
the fact (i) that En → E weakly, stated in Lemma 7, and the fact (ii) that

(Tng)
(α0)(0) = n−κfX(0)−1/2ǫI

−1/2
ξ

[
g(α0)(0) + δn(g)

]
, (52)

where limn→∞ supg∈Gc
|δn(g)| = 0. Due to (52) we may apply a renormaliza-

tion argument for the loss function on the left hand side of (51). To prove
(52) note that

(Tng)
∧(ω) ∼ fX(0)−1/2ǫI

−1/2
ξ n−1/2κ−d/2

n ĝ(ω/κn), ω ∈ Rd,

and then

(Tng)
(α0)(0) ∼ fX(0)−1/2ǫI

−1/2
ξ n−1/2κr+d/2

n g(α0)(0),

uniformly in g ∈ Gc. We have n−1/2κ
r+d/2
n = n−κ, and (52) follows. �

Let us collect the results. By Equation (50) we have that

lim inf
n→∞

nκ inf
θ̂n∈Tn

sup
ρβ,p(f)≤L

Ef

∣∣∣θ̂n − f (α0)(0)
∣∣∣
2

≥ lim inf
n→∞

nκ inf
θ̂n∈Tn

sup
g∈Gc

EPg,n

∣∣∣θ̂n − (Tng)
(α0)(0)

∣∣∣
2

. (53)

By an application of Lemma 8 and by Theorem 4, and because c > 0 was
chosen arbitrarily, we get a lower bound for the lower bound in (53):

fX(0)−1ǫ2I−1
ξ inf

θ̂∈T
sup
g∈G∞

EPg

∣∣∣θ̂ − g(α0)(0)
∣∣∣
2

≥ fX(0)−1ǫ2I−1
ξ c2β,p(L

′)2−2κκκ(1 − κ)1−κ

where L′ is defined in (49). We have proved the lower bound of Theorem 5.

4 Discussion

We have constructed optimal approximations among the set of linear algo-
rithms for the cases p = 1 and p = 2. The kernels of the algorithms are
different: for the case p = 1 the kernel is of “Pinsker type” and for the case
p = 2 the kernel is of “Tikhonov type”. When p > 1, p 6= 2, then the
algorithms are not proved to be optimal but we give tight bounds for the
performance of the algorithms. For example, when d = 1, r = 0, and γ = 0,
then the upper bound for the minimax risk is only 1.13 times larger than
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the lower bound, over a large range of smoothness parameter values β and
values of p > 1, see equation (23).

A motivation to study Lp Sobolev classes for small values of p, in particu-
lar for p = 1, comes from the fact that these classes are large nonparametric
classes, but at the same time the approximation and statistical estimation
is more feasible in these classes in high dimensional cases, than for the high
values of p. The rate of the approximation error is independent of p, but we
have studied the effect of p on the constants in Section 2.4.2, and shown that
the constant in the optimal approximation error is much smaller for p = 1
than for p = 2, in high dimensional cases.

Statistical inference in discrete statistical models may asymptotically be
reduced to the inference in the Gaussian white noise model, and inference
in the Gaussian white noise model may be reduced in turn to the optimal
recovery.

We have considered regression estimation with i.i.d. observations. To
make the reduction to the Gaussian white noise model we have utilized the
weak convergence of statistical experiments. The strong convergence of ex-
periments has been proved to hold in the univariate case by Brown and Low
(1996) and Nussbaum (1996) for the smooth functions, and we conjecture
that the strong convergence holds in the multivariate case only for smooth-
ness indices β > d. Thus we may get bounds under weaker conditions by
utilizing weak convergence, see Remark 3.
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