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Abstract

We present algorithms for the optimal recovery of a partial derivative
of a function at a point when we have approximate measurements of
the Riesz transform of the function, and this function belongs to a
L, Sobolev class. The algorithms are exactly optimal among linear
algorithms for the cases p = 1 and p = 2 and we give tight bounds for
the performance of the algorithms when p > 1, p # 2. Previously only
the case p = 2 has been studied. Algorithms for the optimal recovery
problem provide optimal estimators for several statistical problems,
when we calibrate algorithms suitably. As examples we construct a
nearly minimax estimator in the Gaussian white noise model and an
asymptotically nearly minimax estimator for the problem of regres-
sion function estimation with i.i.d. data. We give also bounds for the
asymptotic adaptive risk in the Gaussian white noise model.
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1 Introduction

By the optimal recovery of an unknown function at a point we mean the
estimation of the value of the function at this point when we have available
a function from which we know that it is close to the unknown function in
Lo metric. More generally, we may also consider the inverse problem where
we have available a transformation of the function and we know that this
transformed function is close to the transformation of the original function
in Lo metric. For expositions of optimal recovery, see for example Micchelli
and Rivlin (1977) and Arestov (1989).

Optimal recovery is connected to many statistical problems. We give in
the following a list of statistical problems where the construction of an opti-
mal or a nearly optimal statistical procedure can be reduced to the optimal
recovery. Gaussian white noise model was studied in the most cases but some
references address regression or density estimation models.

1. Estimation of linear functionals. Donoho and Liu (1991) and
Donoho (1994b) show that minimax linear estimators of linear function-
als may be obtained by a calibration of optimal recovery algorithms,
and these linear estimators are nearly minimax optimal among all es-
timators. In particular, estimators constructed by Ibragimov and Has-
minskii (1984) are a special case of such estimators. Donoho and Low
(1992) show that the minimax rate of convergence of estimating linear
functionals is determined by the modulus of continuity.

2. Adaptive estimation of linear functionals. Klemela and Tsybakov
(2001) construct an asymptotically sharp adaptive estimator by com-
paring linear estimators with different scales (Lepski method). The lin-
ear estimators were calibrations of optimal recovery algorithms. The
adaptive estimators constructed in Lepski and Spokoiny (1997) and
Tsybakov (1998) are either a special case of, or closely related to, such
sharp adaptive estimators. Klemeld and Tsybakov (2004) construct
a sharp adaptive estimation procedure when the Riesz transform is
observed. Efromovich and Low (1994) show that adaptive rates of con-
vergence may be expressed with the help of modulus of continuity.

3. Estimation of a function with the supremum norm loss. Donoho
(1994 a) shows that the asymptotically optimal minimax estimator (among
all estimators) is a calibration of an optimal recovery algorithm when
the sup-norm loss function is applied, over Holder classes. The estima-
tor of Korostelev (1993) is a special case of such an estimator. Tsybakov



(1998) considers Ly Sobolev classes, and adaptive estimation, with the
supremum norm loss.

4. Large deviation optimality. Korostelev (1996) and Puhalskii and
Spokoiny (1998) show how minimax estimators in large deviation loss
may be constructed from optimal recovery algorithms.

5. Hypothesis testing. Lepski and Tsybakov (2000) show how hypoth-
esis testing problems in sup-norm and at a fixed point are connected
to optimal recovery.

6. Estimating the whole object in a sequence space. Donoho, John-
stone, Kerkyacharian and Picard (1995) consider optimal recovery of a
function in a sequence space model. They derive optimal rates of con-
vergence for estimating a function under Besov or Triebel smoothness
conditions, for Besov or Triebel loss functions.

7. Estimation of quadratic functionals. Donoho and Nussbaum (1990)
show that minimax optimal quadratic estimators of quadratic function-
als may be found by solving a related optimal recovery problem.

8. Adaptive estimation of quadratic functionals. Klemeld (2006)
shows that a sharp adaptive estimator for certain quadratic functionals
may be constructed by comparing minimax optimal quadratic estima-
tors at different scales. Efromovich and Low (1996) apply the modulus
of continuity to find the optimal adaptive rates of convergence.

In this article we consider approximation of partial derivatives of a func-
tion at a point. We assume that we have available a Riesz transform of a
function which is close to the true function in L, metric. Based on this Riesz
transformed function we construct a linear estimator for the unknown value
of the partial derivative. We will assume that the unknown function satisfies
a L, Sobolev smoothness condition, in the sense of a moment condition for
the Fourier transform of the function.

The results of this article are directly relevant to the statistical problems
1-5 in the above list. As examples we consider the item 1 and item 2 in
the above list. We give bounds for the minimax risk both in the Gaussian
white noise model and a regression estimation mode, and give bounds for the
asymptotic adaptive risk in the Gaussian white noise model.

Previously only the case p = 2 of the Sobolev classes has been studied
in the optimal recovery. Taikov (1969) gave an exact solution when p = 2,
and Donoho and Low (1992), Klemeld and Tsybakov (2001), Klemeld and
Tsybakov (2004) studied the problem in various degrees of generality but
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only for the case p = 2 (see Remark 2 for a more precise description of the
previous results).

We consider the cases p > 1 and give an exact solution for the cases p = 1
and p = 2, and give tight bounds for the cases p > 1, p # 2. For the case
p = 1 we construct a kernel for the estimator which is of “Pinsker type”,
that is, its Fourier transform is of “Bartlett type”. For the cases p > 1 we
construct kernels which are of “Tikhonov type”.

We show that the approximation in Sobolev L, spaces is more feasible
for low values of p than for high values of p, in high dimensional cases.
Indeed, the ratio of the optimal approximation error correponding to p = 2,
to the optimal approximation error correponding to p = 1, is increasing
exponentially, as the dimension of the approximated function increases.

Typically, solutions to the optimal recovery are difficult to find. For
Holder spaces, for the estimation of the value of the function at one point, the
solution has been found for smoothness indices 0 < s < 1 and s = 2, see Fuller
(1982), Gabushin (1968), Korostelev (1993), Zhao (1997), Leonov (1997),
Leonov (1999). For Taylor spaces the solutions are given for smoothness
indices 0 < s < 2 in Klemeld and Tsybakov (2001). See also Legostaeva
and Shiryayev (1971). For the case when we consider Sobolev classes of
functions whose derivative of a given order has a bounded L, norm (instead
of posing moment conditions for the Fourier transform) Sz.-Nagy (1941) has
given solutions (for p > 2), Gabushin (1967) has given the optimal rates
of convergence, and Magaril-1l’'yaev (1983) has characterized the optimal
constants. In the connection of the estimation of quadratic functionals the
exact solution for lo-body is given by Donoho and Nussbaum (1990), and the
exact solution for l4-body and approximate solutions for [,-bodies, p > 2, are
given by Klemela (2006).

We formulate the results in Section & Section Bl specifies the setting,
Section considers the case p > 1, Section considers the case p = 1,
Section Z4] discusses the effect which parameter p and the dimension of the
estimated function have on the optimal approximation error, and Section EZH
gives three examples of statistical applications. Proofs are given in Section
Discussion of the results is given in Section Hl

2 Results

2.1 The setting

The functional. We study the estimation of the derivative f(0)(0), where
ap is a multi-index. For a multi-index o = (a1,...,a4) and for a point



w = (w,...,ws) € R we denote |a| = a; + -+ + ag and w® = Wi -+ W™

We assume that |ag| = 7, where > 0 is an integer. We may write

f(O‘O)(:c) = lool / waof(w) exp(iz’ w) dw

Rd

-~

where f(w) denotes the Fourier transform of f,

1
(27T)d R

J?(w) = (z) exp(—iz”w)dz

and 7 denotes the imaginary unit.

Smoothness condition. We assume that the function satisfies a Sobolev
smoothness condition. Define Sobolev semi-norm by

old) = @ [l

fle)| do 1)

where
q=plB+d(1/2-1/p)], (2)

p > 1. We discuss the smoothness condition more in detail in Section P24l

Riesz transform. We assume that we observe the Riesz transformation
of the function. The operator R, f is called the Riesz transform when for a
function f € L;(R?) and for 0 < < d

(R f)(r) = { 0 fes W)l — gl 4y 30 < <

f(x) if v =0,
where || - || denotes the Euclidean norm in R? and
o — () gz D= 2)/2)
I'(~/2)

where I' is gamma function, see Stein (1970). We have, by the Fourier con-
volution formula,

-~

(R, ) (w) = f)lwlI ™", weR, (3)

see Stein (1970), page 73.



Optimal recovery and the modulus of continuity. We will restrict
ourselves to linear estimators and thus the optimal recovery problem is to
find a kernel K € L, which is close to the infimum in the minimax risk

K(R,g) = f0).  (4)

Rd

R. = inf sup sup
KeL2 {f:p5 ,()SLY {g:| Ry (f—9)2<e}

That is, we try to estimate unknown value f(0)(0) with the linear estimator
(or linear algorithm) [4, K (R,g), when we have available the Riesz transform
R,g, which is close to the Riesz transform R,f of the unknown function
in Ly metric. Note that R, is linear. We assume apriori knowledge that
psp(f) < L. Define the modulus of continuity by

w(e) = sup {|f0)] : | R, fll2 < € psp(f) < L} ()

Micchelli and Rivlin (1977), Theorem 6, show that under general assump-
tions, which are satisfied in our setting, the minimax risk is equal to the
modulus of continuity:

Re = w(e).

2.2 Solutions to the optimal recovery when p > 1

We give an upper and lower bound for the minimax risk () and we construct
a kernel which achieves the upper bound. We consider the cases p > 1.

Constant for the upper bound. Denote

Kup) = [ 160 Vaute), (0
Sq
where Sy = {x € R : ||z]| = 1} for d = 2,3,..., S} = [~1,1], u is the
Lebesgue measure on Sy so that
p(Sa) = 207 /T(d/2), (7)

d =1,2,..., and T denotes the gamma-function. Denote with B(a,b) =
fol t271(1 — t)*7ldt, a,b > 0, the Beta function. Denote

(27r)d(1_p/(p_1))Ku (p)

I, =

q+ 2y
plg—r)/p—1)—q—d q+p2y+7r)/(p—1)+d
B( q+2y ’ ¢+ 2y ) ¥



and

I (2m)"K(2) (2(61+7 —r)—d 2(y+7)+ d) |

q+2y q+2y g+ 2y
where ¢ is defined in (). Define the constant for the upper bound as

(9)

(B—r—d/2)/(B+7) (y+r+d/2)/(6+7)
1/2 —1
Csp = (12/ > <I1(p )/p)
d/92\ B-r=d/2)/(B+7)
<7+r+ /) B+~ ' (10)
B—r—d/2 v4r+d/2
This constant is finite when
B > max{u(p,r,d), 1a(p,7,d,7)} (11)

where t1(p,r,d) =r/p+d/2, 12(p,r,d,y) = (r —)/p+d(3/(2p) — 1/2).
Constant for the lower bound. Let

K@ZSKW%%% (12)

where S, and p are as in the definition of K, in (). Define
(QW)d(l—p/(p—l))Kl (p)

Is = (13)
q+2y
XB(p(q+7)/(p—1)—q—p(vﬂ“)—d’q+m/(p—1)+p(7+7“)+d)7
q+2y q+ 2y
I (27r)d(1—2/(1?—1))[(l(2)
e g+ 27
B<2(q+7)/(p—1)—2r—d 27/(p—1)+2r+d> (14
q+2y ’ q+ 2y ’
and
Lo (QW)*d/(pfl)Kl(Q)
T q+2y
B([q+7(2—p)]/(p—1)—2r—d m/(p—l)+2r+d) 1)
q+2v ’ q+ 2y '

Define the constant for the lower bound as

(B—r—d/2)/(8+7) (y+r+d/2)/(6+7)
—1/2 -1
Cop = <I4 / ) (I?, /p)

Is. (16)
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This constant is finite when

ﬁ > maX{Li’)(pv r, da ’Y)v L4(p7 r, da ’Y)v L5(p7 r, d7 7)} (17)

where t3(p,r,d,y) = d/2+ (p—2)y + (p — 1)r, wa(p,7,d,y) = d(3/(2p) —
1/2)+r/p=/(p(p = 1)), ws(p, 7, d,y) = d/2+ 2r(p = 1) /p +7(p — 2)/p.

Kernel function. Denote
Ka(z) = b Lgbr), 2 €RY (18)

where the Fourier transform of Lg is

~

Ly(w) = @m) o (1+ Jw]7>) ", weR, (19)

B—p— d/2 pr_l)/p 1/(B+7)
Vrrrdi [ ’

I and I, are defined in (§) and ({), respectively. Denote
h = (/L)Y (20)
and finally define the scaled kernel function of the estimator by

Kg,h(ﬂf) = hiwiridKﬁ(x/h). (21)

The result. Bounds for the minimax risk are given by the following theo-
rem. Define the exponent for the optimal rate of convergence as
B—r—d/2

H:ﬁi—i-”y' (22)

Theorem 1 We have, fore, L >0, p > 1, and 3 satisfying conditions (I1)

and (I7), that

Cap < e "L"'R. < Cap

where cg,, is defined in {IA), Cy,, is defined in (), and R, is defined in ().
The scaled kernel defined in (Z1) achieves the upper bound:

Kgp(Ryg) — f0)| < "L " Cp,.
Rd

sup sup
{F:p8.p(NSLY {g: 1Ry (f—g)l[2<€}

A proof of Theorem [l is given in Section Bl



Remark 1. When p = 2, then the upper and lower bounds coincide and
we have

B—r—d/2 y+r+d/2

where [; is defined in (8). Here we applied the property B(a,b) = B(a —
1,b+ 1)(a — 1)/b which implies Iy = I,(8 —r — d/2)/(y +r + d/2). When
p # 2, then we study tightness of the bounds only for the case r = 0. Figures
M and P show that the upper bound and lower bound are close to each other.
We plot the contour of Cj,/cs, as a function of (3, p). In Figure [l we have
d =1 and in Figure Pl we have d = 2. We study the cases v = 0, v = 0.5, and
v = 0.9. In particular, from Figure [ll a) we have for the case d = 1, r = 0,
v =0 that

1/2
Cpp=Cpp= Il/ (

C C
Sup =B <113, Sup ZBr <1.039.  (23)
(8,p)€[2,100]x[1.1,2] CB,p (8,p)€[1,100]x[2,100] CB,p

Figures [ b.2) and [ c¢.2) show that when v > 0, smoothness parameter [ is
small, and p is large, then the bounds are not sharp. From Figure Pl a) we
have for the case d =2, r =0, v = 0 that

C C
sup ~Zbr < 1.31, sup ~Zbr < 1.043.
(8,p)€[2.5,100]x[1.1,2] CB,p (8,p)€[1,100]x[2.1,100] CB,p

Again, Figures@b.2) and 2 c.2) show that when v > 0, smoothness parameter
0 is small, and p is large, then the bounds are not sharp.

Remark 2. For the case where p =2, d = 1, v = 0 (R, is equal to the
identity operator), and r > 0 Taikov (1969) gave the solution to the optimal
recovery. The case with p =2, d =1, v > 0, and r = 0 was considered by
Donoho and Low (1992), page 959. Klemeld and Tsybakov (2001) considered
the case with p =2, d > 1,7 =0, and r > 0. Klemeld and Tsybakov (2004)
considered the case p=2,d>1,~v >0, and r > 0.

Remark 3. When r = 0 and v = 0, then the condition on 3 posed in
Theorem [ is

d/2, when p>3/2
b { d(3/(2p) — 1/2), when 1< p<3/2.
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Figure 1: Contour of Cg,/cs, as a function of (3, p) for the case d =1 and
r =0. In a) we have vy = 0, in b) v = 0.5, and in ¢) v = 0.9. On the left
hand side p € [1,2] and on the right hand side p > 2.
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2.3 Solutions to the optimal recovery when p =1

We consider the case when p = 1 and give an exact formula for the minimax
risk (). We also construct the optimal kernel. We consider the two cases

Lr=0d>1,

2. r>0even, d=1.

The exact constant. Let us denote
I, = (2n)° (24)

and

_ 2u(Sa)(q — 1)
Iz = (2m)4(2y + 2r + d) (g + 27 + 7+ d) (2 + 2y + d) (25)

where ¢ = 8 — d/2 and u(S,) is defined in ([d). The exact constant has the
same form as (), that is,

(2 e (A AT A2\ Bty
Cﬁ_@ ) h (ﬁ—'r—d/Q) v+ +d/2 (26)

where & is defined in (22). This constant is finite when

B>r+d/2. (27)

Kernel function. To define the scaled kernel function Kz for the case
p =1, we take

Ly(w) = (2m)Jlwlwr (1 = ] (28)

+
where (a)y = max{a,0} and we denote w” = 1 when d > 1 and r = 0. Define

also G
y_ (B-r—d/2 L !
S\ yH+r4d/2 [21/2 ’

and let I, be defined in (24), and I, be defined in (25). Then define Kz, by
(1), 1), and (I3).

The result. The following theorem states the optimality of the kernel and
the constant.
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Theorem 2 We have, for the two cases (1) r =0,d > 1, and (2) r > 0
even, d = 1, and for e, L > 0, p = 1, and (3 satisfying the condition ([27),
that the minimax risk defined in () satisfies

R. = "L *Cy

where Cg is defined in (Z8) and k is defined in (23). Also, the scaled kernel
Kps, defined with the help of (Z8) is optimal:

Kgn(Ryg9) — f(0)| .

Rd

R. = sup sup
{f:pp,p(NSLY {g:| Ry (f=g)ll2<e}

A proof of Theorem Bl is given in Section B2

2.4 Discussion on the smoothness conditions

We discuss the role of parameter p in the smoothness condition and the effect
of p on the largeness of the optimal approximation error.

2.4.1 Relations between L, Sobolev classes

We may note that for p = 2, and when [ is an integer, the semi-norm in ([I)
is the classical L, Sobolev semi-norm

) = Y [ 1.

la|=8

By relating other L, semi-norms to the L, semi-norm we may give a con-
nection to the classical L, smoothness conditions. We give a lemma on
embeddings for the balls

Fonp=1f1ppp(f) < L},

only for the case p =1 and p = 2, since the other cases are analogous.

We state a lemma which says roughly that to get a L; ball inside a Ly ball
we need to choose the smoothness index of the L; ball essentially larger than
the smoothness index of the L, ball. On the other hand the lemma says that
to get a Ly ball inside a L; ball we need to choose the smoothness index of the
Ly ball only slightly larger than the smoothness index of the L; ball. Thus
the lemma shows that the parametrization of the smoothness classes defined
by the choice of ¢ in () is reasonable, since smoothness classes corresponding
to different values of p but the same value of 3 are comparable. We make
such comparison in Section 2222
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Lemma 3 Let Gy = {f : |f(w)| < M for all w € R¥}. The intersection of
a Ly ball with Gy 1s a subset of a Lo ball:

f@l,y,l NGy C }—527[//72 (29)

when By > 202+d/2, for suitable L', L", where 0 < M < co. An intersection
of two Lo balls is a subset of a Ly ball:

Fporr2 N Fpy—asanme C Fpy o (30)
when Bo > (1 > d/2, for suitable L', L", L".

Proof. Denote ¢; = ; — d/2 and go = 203,. Inclusion (29) follows from
the facts that for f € Fp, 11 NG,

[l
Rd

and q; > qo < 1 > 202+d/2. To prove ([B0) we apply the Cauchy inequality
for f € ‘/':'52,L//,2 N fgl_d/g,yn,g:

/me
Rd

1/2
s[/uﬂM%Wm][/uﬂM%WWm
R4 R

where 3, = B3 — 51 + d/2. The first integral on the right hand side is finite
since 5 > d/2. The second integral on the right hand side is finite since

Pai—ds22(f) < 00, pg2(f) < oo, and 2(85 + ¢1) = ¢o. O

Fol dvsr [ i || o

f(w)’ dw

Ff a]”

2.4.2 Curse of dimensionality and p

We have shown in Theorem [[land Theorem Pl that the rate of convergence, as
e — 0, of the optimal pointwise approximation error is €*, where x is defined
in (Z2). To guarantee that the rate of convergence is not unacceptably slow,
the smoothness index ( has to increase as dimension d increases. The rate
of convergence does not depend on parameter p. We may however note that
parameter p has a considerable influence on the largeness of the constants.
Figure Bl a) shows the magnitudes of the constants as a function of di-
mension d. We show with bullet “o” the constant Cj, for p = 1, with circle
“o” the constant for p = 2, and with square “[J” the constants for p = 4;
for the case p = 4 we show both the constant for the lower bound and the
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Figure 3: a) Magnitudes of the constants as a function of d, for p = 1, p = 2,
and p = 4. b) Logarithms of the ratios of the constants.

constant for the upper bound. We take d = 1,...,10, f =2+ d/2, r = 0,
and v = 0.

Figure Bl b) shows the logarithm of the ratio of constants as a function
of dimension d. We show with bullet “e” the logarithm of the ratio of the
constants corresponding to p = 2 and p = 1: log,((Cs2/Cs1). We show with
circle “o” the logarithm of the ratio of the constants corresponding to p = 4
and p = 2: log,,(Cp4/Cs2). We take, as before, d =1,...,10, 8 =2+ d/2,
r =0, and v = 0.

Figure Bl a) shows that the constants are in fact decreasing as the dimen-
sion grows, giving a compensation to the worsening rate of convergence as
the dimension grows. Even more interestingly, Figure Bl b) highlights the fact
that the constants are decreasing much faster for the lower values of p. In
fact, the ratios of the constant corresponding to a larger value of p, to the
constant corresponding to a smaller value of p, are increasing exponentially,
as the dimension grows.

Previously, L; Sobolev smoothness conditions have been studied in high
dimensional cases by Jones (1992), Barron (1993), Breiman (1993). They
show that for this smoothness condition and for the integrated squared error
loss the optimal approximation rate does not depend on the dimension d of
the function. In fact, the rate is 1)? where 1), = (€? - log(¢~!))/*. When we
compare this to the classical nonparametric rate €, where K = (8 — d/2)/0,
as defined in (22), for r = 0, v = 0, then we note that

(2 log(e W< e = d>p

when 0 < € < 1, (and we have always § > d/2). Thus the rate 9. is better
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than the classical rate in the high dimensional cases: when d > .

We have not considered the integrated squared error loss but the pointwise
estimation, and for this case the classical rate € is optimal also for the L,
Sobolev class. However, we have shown that the curse of dimensionality may
be somewhat avoided also for the pointwise estimation, since the constant
in the optimal approximation error is essentially smaller for the L; Sobolev
class than for the Ly Sobolev class, for the high dimensional cases.

2.5 Statistical applications

We study pointwise minimax estimation in Section EZ57] and Section
We formulate the results only for the case p > 1 but it is straightforward to
formulate the results also for the case p = 1. We study adaptive estimation
in Section Z5.3, for the case p > 1.

In order to study regression estimation with i.i.d. data it is instructive
to reduce regression estimation to Gaussian white noise model, and then in
turn to reduce Gaussian white noise model to optimal recovery. We start
with the Gaussian white noise model.

2.5.1 Gaussian white noise model.

Assume observation
dY.(z) = (R, f)(z)dx + edW (x), x€RY (31)

where W is the d-dimensional Brownian sheet and ¢ > 0. Given a realization
of the process Y.(x), the problem is to estimate f*°(0) where |ag| = r. Denote
minimax risk with squared error loss, for linear estimators, by

2

R® = inf sup K
K€Lz pg ,(H<L

KdY. — f*(0)

Rd

Theorem 4 Lete, L >0, p > 1, and let B satisfy conditions (1) and (I7).
We have that

K —K 2 K —K -1
&, < [y wra -] RY <03,

where cg,, is defined in {IA), Cg, is defined in (1), and K is defined in (23).
Define

b=

(7 +r +d/2)1/2 n"?

B—r—d/2 [1(p*1)/p

1/(B+)
] , (32)
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where Iy and I are defined in (8) and (4), respectively. Define scaled kernel

Kg ), with (I8), {@3), (20), and (Z1), but with b replaced by b. The kernel
estimator with scaled kernel Kgp, achieves the upper bound:

2
KgpdY. — f0)| < ("L'™"Cy,)* k(1 — k)"

R4

sup Fy
PB,p(f)SL

A proof of Theorem Bl is given in Section B3l

Remark 4. To understand the difference between Theorems [l and El note
that the proofs show that for the optimal recovery we have the upper bound

A(h/b)P= 42" 4 eB(h/b) T

where A = Llfp_l)/p and B = 121/2 and for the white noise model we have

the upper bound
. 2 . 2
A(h/b)ﬁ—d/z—f] n [GB(h/b)—v—r—d/Q] .

2.5.2 Regression function estimation.

Consider estimation of regression function f : R? — R and its derivatives
at one point based on i.i.d. observations (Y7, X1),...,(Y,, X,,) where Y; € R
and X; € R%. We assume that

Yi= (R, f)(Xi) + €& (33)

where &;, 7 =1,...,n, are i.i.d. random variables which are independent from
X;. We assume that E(¢;) = 0, and Var(¢;) = 1. We assume (for the lower
bound) that the Fisher information functional I is finite and positive, where

we define L
I = / fg (z) dor
{z€R: fe(x)>0} Je (z)

where f : R — R is the density of ;. We assume that the first derivative
[f¢ is uniformly continuous. Variables X; are i.i.d. and we denote the density
of X, with fx : R? — R, assume that this density is known, and fx(0) > 0.
Denote the kernel estimator with

0, (K ZYK

”fX
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where K : R? — R. Denote minimax risk with squared error loss, for linear
estimators, by

R® = inf sup Ey|0,(K)— f“(0)

‘2
Kelz pg (HL

By the noise calibration
€

€y = —F——— (34)
nfx(0)
we may reduce the calculation of the upper bound to the corresponding
calculation in the Gaussian white noise model. By the noise calibration

€

nfx(0)I¢

we may reduce the calculation of the lower bound to the corresponding cal-
culation in the Gaussian white noise model.

€ =

Theorem 5 Lete, L >0, p > 1, and let B satisfy conditions (1) and (I7).
We have that

- /%(0)

2 . . K (3)
Caple = 2 L2010 (1 — g)i-r llgllg.}fn R¢
RO
= @R r(] — g)ir h?j;}pn RY <C3,

where cg,, is defined in {IA), Cy, is defined in (1), and K is defined in (23).
Let b be as in [33) and define scaled kernel Kg,, with {I3), (I3), (20), and
@1), but with b replaced with b defined in [33) and € replaced with &, defined
in (34). The kernel estimator with scaled kernel Kgj, achieves the upper
bound:

limsupn® sup Ef |0,(Kzp) — f2°(0)]?

n—0o0 pe.p(H)<SL
< ( € )HL2(1H)/€R(1 . H)liRCQ )
~ \/x(0) .

A proof of Theorem Bl is given in Section B4l

Remark 5. When the distribution of error £ is the standard Gaussian
distribution, then /¢ = 1.
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2.5.3 Adaptive pointwise estimation

Let us consider again the observation in the Gaussian white noise model
defined in (B1). Define

For={f € LR | o, (f) + o) (R, )"E < L. (35)

We want to consider adaptive estimation of f (@0)(0) over the scale of classes
Fsr. We assume that we know that f € Fp for some 3 € [, 00) and
L € [L,, L*], where (3, satisfies

max{e; :i=1,...,5} < [, < 00,

t; are defined after displays ([Il) and (), and 0 < L, < L* < oco. For the
adaptive estimation the rate of convergence is slower than the rate in the
non-adaptive case by a logarithmic factor. Define the “adaptive factor”

2r(r + v+ d/2) 1"*
B+

ag. = |log, (e_l)

where 7 > 0 will be the power of the loss function. The following theorem
gives an upper and lower bound for the asymptotic adaptive risk. For a
discussion and a construction of an estimator achieving the upper bound we
refer to Klemeld and Tsybakov (2004).

Theorem 6 Let p > 1 and let Cg,, be the constant defined in ({I0) and cg,
be the constant defined in ({Id). Then,

limsupinf sup [(eas)"L'™"Cp,]”" sup E; ’Te - f(ao)(o)r <1
e—0 Te (8,L)eB. fE€Fs L

and

liminfinf sup [(eae)"L' "cg,| " sup Ey|T. — f(O‘“)(O)}T > 1,
e—0 T, (B,1)€B. fEﬁ,B,L

where Be = [P, Be] X [Ly, L*], B = (loglog 6_1)5, 0 <9 <1, infy, denotes
the infimum over all estimators in the Gaussian model (1), and T > 0.

Proof. The proof is essentially given in Klemeld and Tsybakov (2004).
The bias calculation in Lemma 1 of that paper has to modified, in the way
shown in the proof of the upper bound of Theorem [l of this paper. Otherwise
the arguments are the same. 0
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3 Proofs

3.1 Proof of Theorem [l

We will denote for simplicity

> _ 1 a-+1 a—+1
J(a,b :/ 1 (141972 P g = B(b— : ) 36
(,6) 0 ( ) q+ 2y q+2v q+2v (36)

where B(a,b) fo t271(1 — ¢)>7dt, a,b > 0, is the Beta function and ¢ is
defined in (I?])

Upper bound. Let f and g be such that

pep(f) <L, B(f =gl <e
and let Ky be the scaled kernel defined in (2I]). We have

Rd

Kon(Rog) — o0 >'

/KBhRf) F1(0) '

/ Kon(Bog— Ry)|. (37)

We have that
Ran(w) = @m)~twro wll” (1+ [|hw/bl*0) ™"

where f?g,h is defined in (ZII). Hence, using the formula for the Fourier
transform of R, f given in (B), by the Holder inequality,

[ Kot ) - f<a0><o>]
Rd

= | [ Fe) (@n Rap()lol 7 = ) do

/ Flw) 1"we 7% )
= — W w
R 1 + ||hw/b]|2(a+27)

= [ A [ /B +
1 + || hw/b||a+2Y

R 1/p
< <h/b>q/p-7"-d/p’ en)! [ ol |Fo)] a]
Rd
/ 1/p'
ap 2y+q(1-1/p) \ P
% / (27T>7d/p w ||W|| dw
R 14 ||wljot2y
< (h/b)W/Pr—dlr [V (38)
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where p’ = p/(p—1) and I; is the integral defined in (§), which can be written

asS
ho= ot [ el (el
R4
p p

—  (27)40=p/(p-1)) ¢ - (2 -1, —
(2m) wp) S gt S Gy ) hd =1,

dw

~ p/(p—1)
La(w)|)

where Eg is defined in ([¥), K.(p) is defined in (@), and J is defined in (BG).
Also,

/d Ksn(Ryf — ng)' < Epallel| By (f = 9)llo < (B/0) 77217 e (39)
R
where Iy is the integral defined in (@), which can be written as
I = | Lsll3 = 2m)IZpl3 = (2m)“Ku(2) J(2(y+7) +d - 1,2).
Thus, by (), (), and (63),

[ KantRig) = 700 < Dby 1 ey
R

The upper bound follows by the choice of A and b.

Lower bound. Let
95(z) = a7 hg(by2)
where the Fourier transformation of hg is
~ _11Y -1
o) = wlirw™ [@m) =l (1+ i) ]
and a; and b; are such that

pop(9s) =L, |[Rygslla =€ (40)

We have that, R
9s(w) = arby " hg(w/b),
and thus,

olas) = o' [ el Gl do

= i em? [l [fserm)

= dfr (41)

p
dw
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where I3 is the integral defined in ([3), which can also be written as

L= ot el
Rd
(2m) 102/ =D K (p) (q + ) rd -1, %) ,

Eﬁ(w)‘p dw (42)

p—1
where K;(p) is defined in (Z), and J is defined in (Bd). Also, using Equation

@) for the Fourier transform of the Riesz transform,
2
IRgall = o) [ (B9
R4
= ) [l Gl do
Rd

SOl I T

= b, (43)

2
dw

where Iy is the integral defined in ([[4l), which can also be written as

.
Rd
d(1-2/(p—1)) 2 2
= @000 @) g (T o bd -1, ).

Bialw) )2 dw (44)

We have from @), @3), and @I, that a; = el, *b;""?, and
L[41/2 1/(B+7)
by = s .
el

93°(0) = i'o‘“'/ wgs(w)dw

We have that

— b
where I is the integral defined in ([3), which can also be written as
I; = / Wi g (w)dw (45)
R4

1
— )YV g (2 o pa—1 —— ).
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By the formulas for a; and by,
_ (B—r=d/2)/(B+7) _ (v+r+d/2)/(B+7)
93°(0) = (614 1/2) (LI3 ”p) I, (46)

For a kernel K € Ly, for f = gg, and g =0,

K(Ryg) f(“°)<0)' — g30(0). (47)

R

The lower bound follows from (#f) and from (E27).
3.2 Proof of Theorem
Upper bound. Let f and g be such that

pep(f) <L, |B,(f —9)l2<e

and let Kz be the scaled kernel defined with the help of (28). Then,
Kon(w) = (2m) wl"w" (1 = [[hw/0]*) |

where we denote w”™ =1 when d > 1 and » = 0. Then,

[ Kantr - 190)

/Rd fw) (<27T)df?ﬁvh(w)lw\*’y - w”) dw

W lhw/b||TT Aw dw wl|” Aw dw

< /Wbugl o/l | Fo) o + /lhw/b”>1| |

< G [ el | )] as

< (/B paylf)(2m)

< (h/b)* LI (48)

since ||[hw/b|| > 1 is equivalent to (h/b)? " ||w||? > w", and where we denote
I, = (27)7¢. We have for the integral I, defined in (25) that

L= | Ls|* = 2m)*lI Lsll3.

The rest of the derivation of the upper bound is similar to the proof of the
upper bound for Theorem [l
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Lower bound. The proof of the lower bound is otherwise similar to the
proof of the lower bound of Theorem [l but now we take

ha(w) = 2m) " wl** (1= Jlw]"), .
Now the integrals ([@2), [#4]), and ([@H) have different formulas:

. u(S)(q — 7)
TG+ 2y +r+d)(2¢+ 2y +d)’
Iy = I where I, is defined in (2H), and
[ p(Sa)(g =)
s =

2m)* 2y +2r+d)(g+2y+7+d)’

We have a similar lower bound as in (#@), and by direct calculation one sees
that the lower bound is equal to the upper bound. Theorem H is proved.
3.3 Proof of Theorem M

Upper bound. We have for the expectation and variance of the estimator
that

Ef/ Kg,hdY; = Kg,h<R7f), Varf (/ K@hdY;) = 62 Kéh.
R? R4 R4

Rd
Thus, by (@),
Ey /dKﬁ,hdYe — f*(0) / Kgn(Ryf) = F / K3,
R
< (h/b)26—d—2r (L[{IFU/Z)) +e (h/b)—Zy—Zr—dIQ

2

where I, is defined by (@) (and satisfies I, = |[Lg[3). The upper bound
follows by the choice of h and b.

Lower bound. The lower bound follows from the proof of Theorem 2 of
Donoho and Liu (1991). In fact, that theorem gives the formula

(@)

REQ) = sgp (T) pala/2;¢)
where pa(a/2,€) = (a/2)%¢?/[(a/2)* + €] and
(€)= sup {|f(0) — g (O)| : |R,f — Rogllz < €, pop(f), psnl9) < L}

Note that when we define the modulus of continuity w as in (), then w(e) =

w(2€)/2.
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3.4 Proof of Theorem
Upper bound. The expectation of the estimator is

Br0u05)) = 5 [ (Bl @Kaala) () da

~ [ (R D)@ Koala) da

and the variance is

€2 €2

Vary(0,,(Kpp)) = m\/’arf (Kpn(X1)) < 22 (0)

€2 /K2
nfx(0) Jra "

Thus the the proof is otherwise similar to the proof of the upper bound of
Theorem [ but now we replace € in Theorem [ by €, = €¢/4/nfx(0).

| Bh@cw) dr

Lower bound. We construct the proof by a renormalization argument as in
Low (1992) and Klemel4 (2003). That is, we construct a local nonparametric
experiment which converges to the Gaussian white noise experiment. An
alternative approach would be to construct a one dimensional subexperiment
and consider its convergence as in Donoho and Liu (1991). These papers
considered density estimation. Lower bounds for regression estimation were
considered also by Golubev (1991).
For g : R? — R, let

(Tng)(x) = fx(0) Vel 2kiPg(kyr),  x € R

where
Ky = nl/(28)

Transformation 7,, is in a certain sense Lo-invariant which will lead to local
asymptotic normality. Define

L' = Lfx(0)"2e'1/? (49)

and
Ge={9:R" = R|pg,(9) <L, |lgllo < ¢},

where 0 < ¢ < co. Now, when pg,(g) < L', then

p5p(Tng) = [x(0) V2l P n 2605, (g)
= fx(0)7V2el; 2 ps,(9) < L.
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Thus
{Thg:g9€Ge} C{f:psp(f) <L}, (50)
Let E, be the regression experiment with observations (B3]), but in place of

regression function f we take T,,g. Let the parameter space of the experiment
be G.. Denote

E,=(P,,:9€0G.).
Let E be the Gaussian white noise experiment with the observation
(R,g)(t)dt +dW (t), teR™
Let the parameter space of the experiment be also G.. Denote
E=(P,:9€G.).
Now it holds that the local experiment F,, converges to the Gaussian white

noise experiment F.

Lemma 7 The experiment E, convergences weakly, in Le Cam’s sense, to
the experiment E.

Proof. We apply the proof of Theorem 3.1 of Klemeld (2003). We need
to check 4 facts. (i) Sequence FE,, is contiguous, that is, for all ¢1, g € G, for
all sequences A,, of measurable sets, if P, ,(A4,) — 0, then P, ,(A,) — 0.
Denote

S Lli- (BT
! fe(Yi/e)
(i) For all g € G., EZy,1 = o(1). (iii) For all g1,92 € G¢, nEZyn1Zg,m1 =
[ 9192 + o(1). (iv) Finally, for all & > 0, for all g € G,

n/) Z3dP = o(1).
(1 Zgm[>e)
O

We need to state that weak convergence of experiments implies a lower
bound for the minimax risk.

Lemma 8 Let 7, be the set of linear real valued estimators in regression
experiment E, and T the set of linear real valued estimators in Gaussian
white noise experiment E. Then

by~ (T0)(0)|

e
liminfn"™ inf sup Ep,,
n—00 0n€Ty geGe

N 2
> fx(0) ' inf sup Ep, ‘9 _ o) (0)
0€T gege

(51)
where Kk 1is the exponent in the optimal rate of convergence defined in (Z2).
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Proof. We apply the proof of Theorem 4.1 in Klemeléd (2003). We need
the fact (i) that E,, — F weakly, stated in Lemma [[, and the fact (ii) that

(T29) ) (0) = n™" fx (0) 72T [§*0)(0) + 6. (9)] , (52)

where lim,, .o Sup,cg. |0n(g)| = 0. Due to (B2) we may apply a renormaliza-
tion argument for the loss function on the left hand side of (&1). To prove
(E2) note that

(Tug)Mw) ~ fx(0)~ el P02k G(w /k,), we R,
and then
(T,,9) 2 (0) ~ fx (0) 2L, 2121+ 2 gloo) (),

uniformly in g € G.. We have n= /25" = n=* and (&) follows. O
Let us collect the results. By Equation (BE0) we have that

liminf n" inf  sup Ef’0 — flao(Q )’
n—oo OneTn pa.p(f)<
2

O — (T,9)(0)

> liminfn" inf sup Ep,,
n—0oo eneTn gEgc

(53)

By an application of Lemma B and by Theorem H, and because ¢ > 0 was
chosen arbitrarily, we get a lower bound for the lower bound in (B3):

A 2
fX(0)7152[51 inf sup EPg ‘9 _ g(a0)<0>

0€T g€Goo
Z fX(O)_1€2] Cﬁp(L/)Q 2/@%5(1 _ /{)1—/@

where L' is defined in (). We have proved the lower bound of Theorem B

4 Discussion

We have constructed optimal approximations among the set of linear algo-
rithms for the cases p = 1 and p = 2. The kernels of the algorithms are
different: for the case p = 1 the kernel is of “Pinsker type” and for the case
p = 2 the kernel is of “Tikhonov type”. When p > 1, p # 2, then the
algorithms are not proved to be optimal but we give tight bounds for the
performance of the algorithms. For example, when d =1, r =0, and v = 0,
then the upper bound for the minimax risk is only 1.13 times larger than
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the lower bound, over a large range of smoothness parameter values § and
values of p > 1, see equation (Z3)).

A motivation to study L, Sobolev classes for small values of p, in particu-
lar for p = 1, comes from the fact that these classes are large nonparametric
classes, but at the same time the approximation and statistical estimation
is more feasible in these classes in high dimensional cases, than for the high
values of p. The rate of the approximation error is independent of p, but we
have studied the effect of p on the constants in Section ZZ2] and shown that
the constant in the optimal approximation error is much smaller for p = 1
than for p = 2, in high dimensional cases.

Statistical inference in discrete statistical models may asymptotically be
reduced to the inference in the Gaussian white noise model, and inference
in the Gaussian white noise model may be reduced in turn to the optimal
recovery.

We have considered regression estimation with i.i.d. observations. To
make the reduction to the Gaussian white noise model we have utilized the
weak convergence of statistical experiments. The strong convergence of ex-
periments has been proved to hold in the univariate case by Brown and Low
(1996) and Nussbaum (1996) for the smooth functions, and we conjecture
that the strong convergence holds in the multivariate case only for smooth-
ness indices § > d. Thus we may get bounds under weaker conditions by
utilizing weak convergence, see Remark 3.
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