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1 Introduction

For a function f ∈ L1(R
d) and for 0 ≤ γ < d consider the operator Rγf defined by

(Rγf)(x) =





αγ

∫
Rd f(y)‖x− y‖γ−ddy if 0 < γ < d,

f(x) if γ = 0,

where ‖ · ‖ denotes the Euclidean norm in Rd and

αγ = (2π)−d/2πγ−d/2 Γ((d− γ)/2)

Γ(γ/2)
.

The operator Rγf is called the Riesz transform (see Stein (1970)).

We consider the statistical model

dYε(t) = (Rγf)(t)dt+ ε dW (t), t ∈ Rd, (1)

where W is the d-dimensional Brownian sheet and 0 < ε < 1. Given a realisation of

the process Yε(t), the problem is to estimate f or partial derivatives of f at a fixed

point.

The Riesz transform is a convolution with a function whose Fourier transform

has polynomially decreasing tails. Its special cases are several integrals of the type

of potential used in mathematical physics, for example, the Newtonian potentials. It

is also useful in noise removal from a picture which is corrupted with focusing errors.

For γ = 2 the problem of estimating f in the model (1) is equivalent to recovering

the right hand side of the Poisson equation from noisy observations of its solution.

We will assume that f belongs to a Sobolev ball Fβ,L where β > 0 is the smooth-

ness index and L > 0 is the radius of the ball. When estimating partial derivatives

of f of order r ≥ 0, it can be shown that the optimal pointwise rate of convergence

of estimators on Fβ,L is

(ε2)(β−r−d/2)/(2(β+γ))

where γ is the index of the Riesz transform (see Ibragimov and Hasminskii (1984),

Donoho and Low (1992)). Optimal pointwise rates of convergence are also estab-

lished for inverse problems with other operators (Korostelev and Tsybakov (1991,

1993), Donoho and Low (1992), Chow and Khasminskii (1997), Chow, Ibragimov

and Khasminskii (1999)). The problem of adaptation consists in constructing an
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estimator which is simultaneously optimal over as large scale of classes Fβ,L as possi-

ble. We consider the scale (β, L) ∈ [β∗,∞)× [L∗, L
∗], where β∗, L∗, L

∗ are some fixed

positive numbers. It can be shown that the minimax rate cannot be achieved simul-

taneously over this scale: one looses a logarithmic factor, and the optimal adaptive

rate is

ϕβ,L =
(
ε2 log ε−1

)(β−r−d/2)/(2(β+γ))

(Goldenshluger (1999), Goldenshluger and Pereverzev (2000)). These results concern

the rates of convergence. Our aim is to get sharper results, and to investigate the

asymptotically exact behavior of the pointwise risks. We propose estimators that

attain asymptotically optimal adaptation (with the exact constant) over the scale

of classes Fβ,L with (β, L) ∈ [β∗, βε] × [L∗, L
∗] where βε → ∞ sufficiently slowly, as

ε→ 0. More precisely, optimality is defined in the following way.

• We find the constants cβ,L such that

lim
ε→0

inf
Tε

sup
(β,L)∈Bε

(cβ,Lϕβ,L)−p sup
f∈Fβ,L

Ef

∣∣∣Tε − f (α0)(x0)
∣∣∣
p

= 1 (2)

where Bε = [β∗, βε] × [L∗, L
∗], infTε

denotes the infimum over all estimators,

f (α0)(x0) is the partial derivative of order r at a point x0 ∈ Rd, and p > 0.

• We find the estimator that asymptotically attains the infimum in (2). This

estimator is called asymptotically sharp adaptive over Bε.

Note that in the following we formally fix x0 and take x0 = 0 to shorten the

notation, but our results are valid for any x0 with an obvious shift of the argument

of the initial family of linear estimators (cf. Remark 1 below). So, in fact we consider

pointwise adaptive estimation of f on the whole domain of its definition.

The results of this paper are closely related to our previous paper (Klemelä and

Tsybakov (2001)) where the case of direct observations (γ = 0) is studied. Along

with extending that result to an inverse problems framework, we allow a wider range

of possible values of β. Namely, in Klemelä and Tsybakov (2001) it is assumed that

β ∈ [β∗, β
∗] where the upper bound β∗ on the smoothness index is supposed to be

known: β∗ is needed to construct the estimator in Klemelä and Tsybakov (2001) and

it appears in the expression for the exact asymptotic constant. The prior knowledge

of β∗ might be an inconvenient assumption in practice, and an informal suggestion
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made in Klemelä and Tsybakov (2001) is to assume that β∗ is large enough: it can

be therefore suppressed in the terms appearing in the construction of the estimator,

which leads to a suboptimal constant. Here we show that replacing a fixed β∗ by an

upper bound βε depending on ε (βε → ∞ slowly enough, as ε → 0) allows to get

optimality of the constant. We consider here only the Sobolev classes Fβ,L, while in

Klemelä and Tsybakov (2001) more general classes (such as Hölder, Besov etc) are

covered. Similar framework with Sobolev classes has been studied in the paper by

Tsybakov (1998) (for the special case γ = 0, d = 1, r = 0), and our results can be also

considered as an extension of that paper. The exact constants of Tsybakov (1998)

are obtained from our constants cβ,L for these particular values of parameters. The

difference is that in Tsybakov (1998) the function f is defined on the interval [0,1]

rather than on the whole space and that the smoothness parameter β lies in a discrete

set {β1, . . . , βε}, while L is fixed and known. Butucea (2001a,b) extended a result

of Tsybakov (1998) to the problem of density estimation and showed a successful

behavior of the asymptotically sharp adaptive estimator on numerical examples. A

related work by Lepski and Spokoiny (1997) considers the scale of Hölder classes

with γ = 0, d = 1, r = 0, and the smoothness parameter that lies in a finite interval

[β∗, β
∗] × [L∗, L

∗].

We also mention the results on sharp adaptive estimation for the statistical in-

verse problems obtained in a framework different from ours. Efromovich (1997a,b)

considered a deconvolution problem with supersmooth errors (and logarithmic rates

of convergence), and obtained sharp adaptive estimators both in pointwise and L2

sense. This corresponds to the case where the eigenvalues of the operator of the

inverse problem are exponentially decreasing while the signal to recover belongs to a

Sobolev ellipsoid in Fourier domain. Cavalier, Golubev, Lepski and Tsybakov (2003)

obtained sharp adaptive estimators for the case where the eigenvalues of the operator

are exponential and the signal to recover belongs to an ellipsoid with exponential

axes in Fourier domain. Cavalier and Tsybakov (2002), Cavalier, Golubev, Picard

and Tsybakov (2002) investigated the inverse problems where the eigenvalues are

decreasing as a power law; they suggested sharp adaptive estimators with respect to

the L2 risk based either on a penalized blockwise Stein rule or on the unbiased risk

estimators, inculding the multidimensional case. These two papers develop asymp-

totically exact oracle inequalities that are used to prove sharp minimax results.
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2 Definition of the estimator and the result

We consider the Gaussian white noise model (1). Without of loss generality, we

consider estimation of the value of f or the value of its partial derivatives at x0 = 0.

That is, we study the estimation of the derivative f (α0)(0), where α0 is a multi-

index. For a multi-index α = (α1, . . . , αd) and for ω = (ω1, . . . , ωd) ∈ Rd we denote

|α| = α1 + . . . + αd and ωα = ωα1

1 · · ·ωαd

d . We assume that |α0| = r, where r ≥ 0 is

an integer. We may write

f (α0)(x) = i|α0|
∫

Rd
ωα0 f̂(ω) exp(ixTω) dω

where f̂(ω) denotes the Fourier transform of f ,

f̂(ω) =
1

(2π)d

∫

Rd
f(x) exp(−ixTω)dx

and i denotes the imaginary unit.

Scale of classes. Consider the Sobolev classes of the form

Fβ,L =
{
f ∈ L1(R

d)
∣∣∣ ρ2

β(f) + ‖Rγf‖
2
2 ≤ L2

}
(3)

where ‖ · ‖2 is the L2(R
d)-norm, ρβ(·) is the Sobolev semi-norm,

ρ2
β(f) = (2π)d

∫

Rd
‖ω‖2β

∣∣∣f̂(ω)
∣∣∣
2
dω (4)

and β > r+ d/2. If β is an integer, then ρ2
β(f) =

∑
|α|=β

∫
Rd

∣∣∣f (α)
∣∣∣
2
. For f ∈ Fβ,L we

have, by the Fourier convolution formula,

(Rγf)∧(ω) = f̂(ω)‖ω‖−γ, ω ∈ Rd, (5)

see Stein (1970), page 73.

Let the scale of classes {Fβ,L}(β,L)∈B be defined by (3) with

B = {(β, L) : β∗ ≤ β <∞, L∗ ≤ L ≤ L∗}

where r + d/2 < β∗ < ∞, 0 < L∗ < L∗ < ∞. This means that we are certain

that f ∈ Fβ,L for some β ∈ [β∗,∞) and L ∈ [L∗, L
∗]. The values r and β∗ are

supposed to be known but L∗, L
∗ can be unknown: we do not need these values for

the construction of our sharp adaptive estimators.
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Kernel function. Define the kernel function of the estimator by

Kβ(x) = br+γ+dK̃β(bx), x ∈ Rd, (6)

where

K̃β(x) = (2π)−dir
∫

Rd
ωα0‖ω‖γ(1 + ‖ω‖2(β+γ))−1 exp(ixTω)dω (7)

and

b = b(β)
def
=

(
2(β − r) − d

2(r + γ) + d

)1/(2(β+γ))

. (8)

Note that K̃β is always real-valued: it is the directional derivative corresponding

to the multi-index α0 of the function whose Fourier transform is (2π)−d‖ω‖γ(1 +

‖ω‖2(β+γ))−1.

Grid. We introduce a sufficiently fine grid on [β∗, βε] where βε → ∞ as ε → 0,

and consider a statistic β̂ taking values on this grid. To each point of the grid we

assign a linear kernel estimator. The statistic β̂ chooses one of these estimators in a

data-driven way. The grid is defined as

S = {β1, . . . , βm} ,

where

r′ + d/2 < β1 < · · · < βm = βε

with a fixed r′ satisfying r < r′ ≤ β∗ − d/2.

We assume that there exist k2 > k1 > 0 and δ1 ≥ δ > 1 such that

k1(log ε−1)−δ1 ≤ βi+1 − βi ≤ k2(log ε−1)−δ, i = 0, . . . , m− 1, (9)

where β0 = r′, and βε is chosen such that

βε =
(
log log ε−1

)δ2
(10)

where 0 < δ2 < 1. Note that the same grid S can be used for different values β∗,

provided β∗ ≥ r′ + d/2. In this sense the exact knowledge of β∗ is not required for

the construction of the estimator.
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Scale of estimators. For any h > 0 denote

Kβ,h(·) = h−γ−r−dKβ(·/h). (11)

Consider kernel estimators of the form
∫
Kβ,h(t)dYε(t) where h is a suitably chosen

bandwidth. Denote

h(β, ε) = ε1/(β+γ), (12)

and introduce the ”effective noise level under adaptation”:

ε̃ = ε̃(β) = εdε(β) =
(
λ(β)ε2 log ε−1

)1/2
,

where

dε(β) =
(
λ(β) log ε−1

)1/2
(13)

and

λ(β) =
2p(r + γ + d/2)

β + γ
.

We use the bandwidth computed at the effective noise level:

h(β, ε̃(β)) = ε̃(β)1/(β+γ) =
(
λ(β)ε2 log ε−1

)1/[2(β+γ)]
.

For any β ∈ S, where S is the grid defined previously, introduce the linear kernel

estimator of the functional f (α0)(0):

Tβ,ε =
∫
Kβ,h(β,ε̃(β))(t)dYε(t).

Remark 1. For x0 6= 0 the linear estimator of f (α0)(x0) should be taken in a shifted

form: Tβ,ε =
∫
Kβ,h(β,ε̃(β))(t−x0)dYε(t). All the constructions and results that follow

remain analogous, up to this modification.

Adaptive estimator. The sharp adaptive estimator has the form Tβ̂,ε where β̂ is a

suitably chosen statistic. To define β̂ we act in the spirit of Lepski (1990, 1991, 1992).

That is, the statistic β̂ is defined as the largest of those β-values in the grid for which

the estimator Tβ,ε does not differ significantly from the estimators corresponding to

the smaller β-values. We choose

β̂ = max {β ∈ S : |Tβ,ε − Tβ′,ε| ≤ η(β ′) for all β ′ ∈ S, β ′ ≤ β}
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with the threshold

η(β) = dε(β) σβ = ε̃(β)(β−r−d/2)/(β+γ)‖Kβ‖2,

where σβ is the standard deviation of Tβ,ε,

σβ = ε‖Kβ,h(β,ε̃(β))‖2 = εh−γ−r−d/2(β, ε̃(β))‖Kβ‖2. (14)

We have that

‖Kβ‖2 = C∗

(
2(β − r) − d

2(r + γ) + d

)(β+2γ+r+d/2)/(2(β+γ))

(15)

where

C∗ =

[
1

2(β + γ)
B

(

1 −
2(r + γ) + d

2(β + γ)
, 1 +

2(r + γ) + d

2(β + γ)

)

I(d, α0)

]1/2

(16)

where

I(d, α0) = (2π)−d
∫

Sd

ξ2α0dµ(ξ),

Sd = {x ∈ Rd : ‖x‖ = 1} for d = 2, 3, . . ., S1 = [−1, 1], µ is the Lebesgue measure

on Sd so that µ(Sd) = 2πd/2/Γ(d/2), d = 1, 2, . . ., Γ(·) denotes the gamma-function,

and B(a, b) =
∫ 1
0 t

a−1(1 − t)b−1dt denotes the beta-function.

Finally, define the estimator of f (α0)(0) as

T ∗
ε = Tβ̂,ε. (17)

Optimal constant. We will show that the estimator T ∗
ε is sharp adaptive and

that the exact asymptotical constant cβ,L for the minimax adaptive risk is given by

the expression

cβ,L = C∗L(γ+r+d/2)/(β+γ)

(
p(2(r + γ) + d)

β + γ

)(β−r−d/2)/(2(β+γ))

×

(
2(r + γ) + d

2(β − r) − d

)(β−r−d/2)/(2(β+γ))
2(β + γ)

2(r + γ) + d

where C∗ is defined in (16). For γ = 0, d = 1, r = 0 this yields the constant found in

Tsybakov (1998).
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The results. To state the results, we fix p > 0 and we introduce the maximal risk

of an estimator Tε:

Rε,β,L(Tε) = sup
f∈Fβ,L

Ef

(
|Tε − f (α0)(0)|p

)
.

Consider the normalizing factor

ψβ,L = cβ,L

(
ε2 log ε−1

)(β−r−d/2)/(2(β+γ))
= cβ,Lϕβ,L. (18)

Theorem 1 Let p > 0 and denote Bε = [β∗, βε] × [L∗, L
∗]. Then the estimator T ∗

ε

defined in (17) is sharp adaptive:

lim sup
ε→0

sup
(β,L)∈Bε

Rε,β,L(T ∗
ε )ψ−p

β,L ≤ 1 (19)

and

lim inf
ε→0

inf
Tε

sup
(β,L)∈Bε

Rε,β,L(Tε)ψ
−p
β,L ≥ 1. (20)

Here infTε
denotes the infimum over all estimators.

Proof of Theorem 1 is given in Section 4. Note that Theorem 1 shows optimality

of the constant cβ,L when the rate of convergence in (18) is chosen equal to ϕβ,L.

Such a choice is motivated by the fact that ϕβ,L is the best obtainable rate. More

precisely, it is not hard to show that ϕβ,L is adaptive rate of convergence on the scale

of classes {Fβ,L, (β, L) ∈ Bε} in the sense of Definition 3 in Tsybakov (1998). In

fact, one has the following property which is even stronger than the one required by

Definition 3 in Tsybakov (1998).

Theorem 2 Let p > 0. If an estimator T̂ε is such that, for some β0 ≥ β∗, L > 0,

lim sup
ε→0

Rε,β0,L(T̂ε)ψ
−p
β0,L < 1, (21)

then there exists β ′
0 > β0 such that

Rε,β′

0
,L(T̂ε)

Rε,β′

0
,L(T ∗

ε )
≥ Γε

Rε,β0,L(T ∗
ε )

Rε,β0,L(T̂ε)
, (22)

where Γε → ∞, as ε → 0.
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Proof of Theorem 2 is given in Section 4. Theorem 2 means that if an estimator

T̂ε gains over T ∗
ε at least for one smoothness β0 in terms of a constant factor (cf.(21)),

there exists another smoothness β ′
0 for which T̂ε looses much more than it gains at

β0 (cf.(22)). This, together with Theorem 1, shows that the normalizing factor ψβ,L

cannot be improved in the rate and in the constant.

As a consequence of Theorem 2 and of (19) we get, in particular,

lim sup
ε→0

Rε,β,L(T ∗
ε )ψ−p

β,L = 1, (23)

for any fixed β ≥ β∗, L > 0, but this relation is not guaranteed if β depends on ε,

for example, if β = βε.

Remark 2. Connection to optimal recovery. A connection of some nonpara-

metric estimation problems to optimal recovery was established by Donoho and Liu

(1991), Donoho and Low (1992), and Donoho (1994b). Lepski and Tsybakov (2000)

noticed that such a connection exists also for the problems of testing of nonpara-

metric hypotheses. We will explain how the kernel of our estimator is connected to

optimal recovery. Let

T (f) = f (α0)(0).

The kernelKβ defined in (6) can be characterized as a solution of the optimal recovery

problem: Kβ satisfies

sup
ρβ(f)≤1, ‖f−g‖2≤1

∣∣∣∣
∫
Kβ(Rγg) − T (f)

∣∣∣∣ = inf
K

sup
ρβ(f)≤1,|f−g‖2≤1

∣∣∣∣
∫
K(Rγg) − T (f)

∣∣∣∣ .

A way to find Kβ is the following. Define the modulus of continuity by

ωβ,L(ε) = sup {T (f) : ‖Rγf‖2 ≤ ε, ρβ(f) ≤ L} . (24)

There exists a function gβ,L,ε which attains the supremum of the modulus of conti-

nuity, i.e.

T (gβ,L,ε) = ωβ,L(ε). (25)

Then we get Kβ by

Kβ = (−1)ra−1br−2γ−dRγgβ,1,1 (26)
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where a = bd/2−β/C∗ and C∗ is defined in (16), and b = b(β) . We have that

gβ,1,1(x) = (−1)rag̃β(bx) (27)

where

g̃β(x) = (2π)−dir
∫

Rd
ωα0‖ω‖2γ(1 + ‖ω‖2(β+γ))−1 exp(ixTω)dω.

For the case where Rγ is equal to the identity operator (γ = 0), the extremal function

gβ,1,1 is given by Taikov (1968) in dimension one (d = 1), and by Klemelä and

Tsybakov (2001) for general d. The case with γ > 0, d = 1, and r = 0 was

considered by Donoho and Low (1992, page 959). Klemelä (2003) considers optimal

recovery under more general Lp smoothness conditions.

Remark 3. Modulus of continuity and the normalizing factor. We may

write the normalizing factor with the help of the modulus of the continuity defined

in (24). In fact, for a ≥ 0, b > 0, semi-norm ρβ satisfies

ρβ(af(b · )) = abβ−d/2ρβ(f),

functional T (f) = f (α0)(0) satisfies

T (af(b ·)) = abrT (f),

and operatior Rγ satisfies

Rγ(af(b · )) = ab−γ(Rγf)(b · ). (28)

According to the terminology of Donoho and Low (1992), ρβ is a homogeneous func-

tional with the dilation exponent β − d/2, T is a homogeneous functional with the

dilation exponent r, and the operator Rγ is homogeneous with the dilation exponents

−γ and 1. Note that (28) implies that ‖Rγ(af(b · ))‖2 = ab−γ−d/2‖Rγf‖2 where ‖ · ‖2

is the L2(R
d)-norm. Thus, the functional f 7→ ‖Rγf‖2 is homogeneous with the di-

lation exponent −γ − d/2. These properties and a renormalization argument entail

that

gβ,L,ε̃(β)(·) = a1gβ,1,1(b1 ·) (29)
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where a1 = Lb
d/2−β
1 , b1 = (L/ε̃(β))1/(β+γ), and gβ,1,1 is defined in (27). Thus, the

modulus of continuity at the ”effective noise” is equal to the normalizing factor,

ωβ,L (ε̃(β)) = T
(
gβ,L,ε̃(β)

)
= a1b

r
1T (gβ,1,1)

= ε̃(β)(β−d/2−r)/(β+γ)L(r+γ+d/2)/(β+γ)T (gβ,1,1)

= ψβ,L (30)

where we used the fact that

T (gβ,1,1) = C∗

(
2(r + γ) + d

2(β − d/2 − r)

)(β−d/2−r)/(2(β+γ))
2(β + γ)

2(r + γ) + d
, (31)

where C∗ is defined in (16).

Remark 4. The adaptive estimation procedure defined above can be transformed

for the problems of nonparametric density or regression estimation in the same way

as described in Section 4 of Klemelä and Tsybakov (2001).

3 Preliminary lemmas

For β, β ′ be such that r′ + d/2 ≤ β ′ ≤ β where r < r′ < β∗ − d/2 define

β̃ = β̃(β, β ′) =





β, if β/2 − r/2 + d/4 < β ′ ≤ β,

β ′ + r + d/2, if r′ + d/2 ≤ β ′ ≤ β/2 − r/2 + d/4.

The following lemma gives a bound for the bias of a kernel estimator.

Lemma 1 (i) For h > 0,

sup
f∈Fβ,L

∣∣∣∣Ef

∫
Kβ′,hdYε − f (α0)(0)

∣∣∣∣ ≤ Lhβ̃−d/2−rbβ,β′

where

bβ,β′ = (b′)r+d/2−β̃



(2π)−d
∫

Rd

ω2α0‖ω‖4(β′+γ)−2β̃

(1 + ‖ω‖2(β′+γ))2
dω




1/2

(32)

with b′ = b(β ′), where b is defined in (8).
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(ii)

sup
r′+d/2<β′≤β<∞

bβ,β′ <∞, (33)

(iii)

lim sup
δ→0

sup
β,β′∈[β∗,∞):|β−β′|≤δ

bβ,β′

bβ,β
≤ 1. (34)

Proof. We have K̂β′,h(ω) = (2π)−dirωα0‖ω‖γ(1+‖hω/b′‖2(β′+γ))−1. Hence, using

the formula for the Fourier transform of Rγf given in (5), by the Cauchy inequality,

for f ∈ Fβ,L,
∣∣∣∣Ef

∫
Kβ′,hdYε − f (α0)(0)

∣∣∣∣

=
∣∣∣∣
∫
Kβ′,h(Rγf) − f (α0)(0)

∣∣∣∣

=

∣∣∣∣
∫

Rd
f̂(ω)

(
(2π)dK̂β′,h(ω)‖ω‖−γ − irωα0

)
dω

∣∣∣∣

=

∣∣∣∣∣

∫

Rd
f̂(ω)

(
irωα0

1 + ‖hω/b′‖2(β′+γ)
− irωα0

)

dω

∣∣∣∣∣

=

∣∣∣∣∣

∫

Rd
f̂(ω)irωα0

‖hω/b′‖2(β′+γ)

1 + ‖hω/b′‖2(β′+γ)
dω

∣∣∣∣∣

≤ (h/b′)β̃−d/2−r
[
(2π)d

∫

Rd
‖ω‖2β̃

∣∣∣f̂(ω)
∣∣∣
2
dω
]1/2

×



(2π)−d
∫

Rd

ω2α0‖ω‖4(β′+γ)−2β̃

(1 + ‖ω‖2(β′+γ))2
dω




1/2

.

Because f ∈ Fβ,L, we get that

(2π)d
∫

Rd
‖ω‖2β̃

∣∣∣f̂(ω)
∣∣∣
2
dω

≤ (2π)d

[∫

‖ω‖≤1
‖ω‖−2γ

∣∣∣f̂(ω)
∣∣∣
2
dω +

∫

‖ω‖>1
‖ω‖2β

∣∣∣f̂(ω)
∣∣∣
2
dω

]

≤ ‖Rγf‖
2
2 + ρ2

β(f) ≤ L2.

We have proved (i). Statement in (ii) follows from

∫

Rd

ω2α0‖ω‖4(β′+γ)−2β̃

(1 + ‖ω‖2(β′+γ))2
dω ≤

∫

Rd

‖ω‖4(β′+γ)+2r−2β̃

(1 + ‖ω‖2(β′+γ))2
dω

≤ µ(Sd)
∫ ∞

0

t4(β
′+γ)+2r−2β̃+d−1

(1 + t2(β′+γ))2
dt

≤ µ(Sd)
(∫ 1

0
t4(β

′+γ)+2r−2β̃+d−1dt+
∫ ∞

1
t2r−2β̃+d−1dt

)
.
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This integral is finite because, by the definition of β̃, r + d/2 < β̃ < 2β ′ + r + d/2.

Statement (iii) follows from the representation

bβ,β′ = (b′)r+d/2−βI1/2(d, α0) (35)

×

[
1

2(β ′ + γ)
B

(

1 +
2(r + γ + β ′ − β) + d

2(β ′ + γ)
, 1 −

2(r + γ + β ′ − β) + d

2(β ′ + γ)

)]1/2

where B(·, ·) is the Beta-function.

We need an exponential bound for the stochastic part of the estimator. Define

Zβ = ε
∫
Kβ,h(β,ε̃(β))(t)dW (t). (36)

Lemma 2 Let σβ be as defined in (14). Then for u > 0, p ≥ 0,

E [|Zβ|
p I(|Zβ| ≥ u)] ≤ D(p)

(
σp

β + up
)

exp

{

−
u2

2σ2
β

}

.

where D(p) > 0 is a constant depending only on p.

Proof of this lemma is straightforward since Zβ ∼ N (0, σ2
β).

We will need the the following facts concerning the kernel Kβ and the bias con-

stant bβ,β, defined in (32). For δ > 0 set

Ω(δ) = sup{‖Kβ −Kβ′‖2 : |β − β ′| ≤ δ, β, β ′ ∈ [r′ + d/2,∞)}. (37)

Lemma 3 Let Ω be defined by (37). Then there exists a positive constant c0 such

that

Ω(δ) ≤ c0δ, 0 < δ ≤ 1. (38)

There exist positive constants c1, c2 such that for r′ + d/2 ≤ β <∞,

c1 ≤ ‖Kβ‖2 ≤ c2β. (39)

Let gβ,1,1 be defined in (27) and T (f) = f (α0)(0). Then

T (gβ,1,1) = ‖Kβ‖2 + bβ,β . (40)

Finally, there exist positive constants c3, c4 such that for r′ + d/2 ≤ β <∞,

c3 ≤ T (gβ,1,1) ≤ c4. (41)

14



Proof. To prove (38), note that by the definition of the kernel function,

‖Kβ −Kβ′‖2
2 = I(d, α0)

∫ ∞

0

t2γ+2r+d−1((t/b)2β − (t/b′)2β′

)2

(1 + (t/b)2(β+γ))2(1 + (t/b′)2(β′+γ))2
dt

where b = b(β), b′ = b(β ′). Note that, for r′ + d/2 ≤ β < ∞ and any t > 0, the

following bound holds for the derivative:

∣∣∣
d

dβ

[( t

b(β)

)2β]∣∣∣ ≤
(
2| log t| +

C| log β|

β + 1

)( t

b(β)

)2β
≤ C(| log t| + 1)

( t

b(β)

)2β
. (42)

Here and further in this proof we use the same notation C for different positive

constants that depend only on γ, r′, r, d. Assume w.l.o.g. that β ≤ β ′ ≤ β+δ ≤ β+1

(the last inequality follows since δ ≤ 1). From the definition of b(β), it is easy to

obtain that there exist constants C > 0, c′ > 0, c′′ > 0 depending only on γ, r′, r, d,

such that

b(β) ≥ C, b(β)2β ≥ C, c′ ≤
b(β)2β

b(β ′)2β′
≤ c′′, (43)

for r′ + d/2 ≤ β <∞, β ≤ β ′ ≤ β + 1.

Using (42) and (43), we find

‖Kβ −Kβ′‖2
2 ≤ C|β − β ′|2

∫ ∞

0

t2γ+2r+d−1(| log t| + 1)2 max((t/b)4β , (t/b′)4β′

)

(1 + (t/b)2(β+γ))2(1 + (t/b′)2(β′+γ))2
dt

≤ C|β − β ′|2
( ∫ 1

0
(| log t| + 1)2t2γ+2r+d−1dt+

∫ ∞

1
(| log t| + 1)2tadt

)

where a = 2γ + 2r + d − 1 − 4(β + γ) − 4(β ′ + γ) + 4 max(β, β ′). The last but one

integral here is bounded since 2γ+2r+ d− 1 ≥ 0, while the last integral is bounded

since the inequalities β ≥ r + d/2, β ≤ β ′ imply that a ≤ −6γ − 2r − d − 1 < −1.

This finishes the proof of (38).

The proof of (39) follows from the equation (15). Equations (40) and (41) follow

from (15), (31), and (35).

Finally we will need the following lemma.

Lemma 4 Let β, β ′ ∈ [r′ + d/2,∞), r < r′ < ∞, β ′ < β, L ∈ [L∗, L
∗], and denote

ν = (β, L). Then there exist positive constants D1, . . . , D4, that can depend only on

β∗, L∗, L
∗, r, r′, γ, d, p, such that, denoting

κ(β) = (β − d/2 − r)/(β + γ),

15



we have
ψβ′,L

ψν

≤ D1ε
κ(β′)−κ(β) = D1 exp

{
1

2p

[
d2

ε(β
′) − d2

ε(β)
]}

, (44)

ψβ′,L

ψν
≥

D2

βε + γ

(
ε2 log ε−1

)(κ(β′)−κ(β))/2
, (45)

and

D3 ≤
ψβ,L

η(β)
≤ D4. (46)

Proof. From (30) we have ψβ,L = ε̃κ(β)L(r+γ+d/2)/(β+γ)T (gβ,1,1) where ε̃ = εdε(β).

Thus,
ψβ′,L

ψν
= εκ(β′)−κ(β) dε(β

′)κ(β′)

dε(β)κ(β)

T (gβ′,1,1)

T (gβ,1,1)

L(r+γ+d/2)/(β′+γ)

L(r+γ+d/2)/(β+γ)
.

By definition,

d2
ε(β) = 2p(1 − κ(β)) log ε−1 = 2p

r + γ + d/2

β + γ
log ε−1 (47)

and thus, for β ∈ [r′ + d/2,∞),

2p(r + γ + d/2)

βε + γ
log ε−1 ≤ d2

ε(β) ≤ 2p log ε−1. (48)

Therefore,

D5

βε + γ

(
log ε−1

)(κ(β′)−κ(β))/2
≤
dε(β

′)κ(β′)

dε(β)κ(β)
≤ D6

(
log ε−1

)(κ(β′)−κ(β))/2

for D5, D6 > 0. Observing that (κ(β ′) − κ(β))/2 < 0 and using (41) we obtain (44)

and (45). To prove the bound (46) note that, by (30) and by the definition of η(β),

ψβ,L

η(β)
= L(r+γ+d/2)/(β+γ) T (gβ,1,1)

‖Kβ‖2
.

The lower bound follows from (40). The upper bound follows from (39) and (41).

4 Proofs

We denote, as before, T (f) = f (α0)(0). We will denote by C,C ′, C1, C2, . . . posi-

tive constants and by γεi, i = 1, 2, . . . the functions of ε such that limε→0 γεi = 0.

These constants and functions can depend only on β∗, L∗, L
∗, r, r′, γ, d, p and may be

different in different occasions.
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4.1 Proof of the upper bound in Theorem 1.

Here we prove the bound (19). Consider ν = (β, L) ∈ Bε and define β− = β−(β) by

β− = β −
β+

ε

log(1/ε)

where

β+
ε =

(
log log ε−1

)δ3

and δ2 < δ3 < 1 where δ2 is from the definition of βε in (10). We have

Rε,ν(T
∗
ε )ψ−p

ν = sup
f∈Fν

Ef

(
ψ−p

ν |T ∗
ε − T (f)|p

)
= R−

ε,ν +R+
ε,ν

where

R−
ε,ν = sup

f∈Fν

Ef

(
ψ−p

ν |T ∗
ε − T (f)|p I

(
β̂ < β−

))
,

R+
ε,ν = sup

f∈Fν

Ef

(
ψ−p

ν |T ∗
ε − T (f)|p I

(
β̂ ≥ β−

))
.

To show (19), we will prove that

lim
ε→0

sup
ν∈Bε

R−
ε,ν = 0 (49)

and

lim sup
ε→0

sup
ν∈Bε

R+
ε,ν ≤ 1. (50)

4.1.1 Proof of (49).

Let β ∈ [β∗, βε], β
′ ∈ S, β ′ < β−, L ∈ [L∗, L

∗]. Let f ∈ Fν , ν = (β, L). Then for

sufficiently small ε, using Lemma 1 and the fact that β ′ ≤ β̃ = β̃(β, β ′), we get

|EfTβ′,ε − T (f)| ≤ Lhβ̃−d/2−r(β ′, ε̃(β ′))bβ,β′ ≤ Lhβ′−d/2−r(β ′, ε̃(β ′))bβ,β′ . (51)

By definition,

hβ−d/2−r(β, ε̃(β)) = ε̃κ(β)(β, ε̃(β)) (52)

where κ(β) = (β − d/2 − r)/(β + γ). Comparing this to (30) and using (33), (41),

we get

Lhβ′−d/2−r(β ′, ε̃(β ′))bβ,β′ ≤ C1ψβ′,L. (53)
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Then

|Tβ′,ε − T (f)| ≤ |EfTβ′,ε − T (f)| + |Zβ′ | ≤ C1ψβ′,L + |Zβ′| (54)

where Zs′ is defined in (36). Define

τ(β ′) = σβ′

[
(d2

ε(β
′) − d2

ε(β))1/2 +
(
log ε−1

)1/4
]

where σβ′ is defined in (14) and dε(β) is defined in (13). By definitions, (48), and by

the definition of βε in (10),

τ(β ′)

η(β ′)
=

(d2
ε(β

′) − d2
ε(β))1/2 + (log ε−1)

1/4

dε(β ′)
≤ C

[
1 + (log ε−1)−1/2(βε + γ)1/2

]
≤ C1.

Next, by (46),
η(β ′)

ψν

≤ C2
ψβ′,L

ψν

.

Combining the two previous inequalities we get

τ(β ′)

ψν
≤ C3

ψβ′,L

ψν
. (55)

Using this and (54) we find

R−
ε,ν ≤

∑

β′∈S,β′<β−

sup
f∈Fν

Ef

(
ψ−p

ν |Tε,β′ − T (f)|p I
(
β̂ = β ′

))
≤ g1(ν) + g2(ν)

where

g1(ν) = C
∑

β′∈S,β′<β−

sup
f∈Fν

Pf

(
β̂ = β ′

) (
ψ−1

ν ψβ′,L

)p
(56)

and

g2(ν) = C
∑

β′∈S,β′<β−

E
[
ψ−p

ν (ψβ′,L + |Zβ′ |)p I (|Zβ′ | ≥ τ(β ′))
]
. (57)

Let us prove that the probability of underestimating largely the value of β by the

statistic β̂ is small, uniformly over f ∈ Fν .

Lemma 5 Let β ∈ [β∗,∞), β ′ ∈ S, β ′ < β−, L ∈ [L∗, L
∗], and ν = (β, L). Then,

sup
f∈Fν

Pf

(
β̂ = β ′

)
≤ Cm exp

{
−

1

2
d2

ε(β
′)(1 − δ)

}

where m = Card(S), δ = δ(ε) = αε + α′
ε with

αε = C4 exp
{
−C5(βε + γ)−1β+

ε

}
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and

α′
ε = C6 max

{

βε exp

{

−
2

(βε + γ)2
(log ε−1)1/2

}

, c0(log ε−1)−1/2

}

where c0 is the constant from (38).

Proof. Since Card(S) = m, we have

sup
f∈Fν

Pf

(
β̂ = β ′

)
≤

∑

β′′∈S,β′′≤β′

sup
f∈Fν

Pf

(∣∣∣Tβ̄′,ε − Tβ′′,ε

∣∣∣ > η(β ′′)
)

≤ m max
β′′∈S,β′′≤β′

sup
f∈Fν

Pf

(∣∣∣Tβ̄′,ε − Tβ′′,ε

∣∣∣ > η(β ′′)
)

(58)

where β̄ ′ = β̄ ′(β ′) is the smallest element of S greater than β ′. Let f ∈ Fν. Using

Lemma 1 and (33), for β ′′ ∈ S, β ′′ ≤ β ′,

|EfTβ′′,ε − T (f)| ≤ Lhβ̃−d/2−r(β ′′, ε̃(β ′′))bβ,β′′ ≤ Chβ̃−d/2−r(β ′′, ε̃(β ′′))

where β̃ = β̃(β, β ′′) is as in Lemma 1. We have that ψβ′′,L ≥ Cε̃(β ′′)(β′′−d/2−r)/(β′′+γ)

by (30) and (41). Thus,

hβ̃−d/2−r(β ′′, ε̃(β ′′))

ψβ′′,L

≤ Cε̃(β ′′)(β̃−d/2−r)/(β′′+γ)−(β′′−d/2−r)/(β′′+γ)

= exp

{

−
β̃ − β ′′

β ′′ + γ
log ε−1

}

dε(β
′′)(β̃−β′′)/(β′′+γ)

≤ exp

{

−
β̃ − β ′′

βε + γ

(
log ε−1 − log log ε−1

)}

by (48). We have

β̃ − β ′′ ≥ min{β − β ′′, r + d/2} ≥ min{β − β−, r + d/2} ≥
β+

ε

log ε−1
.

Using similar inference for
∣∣∣EfTβ̄′,ε − T (f)

∣∣∣ we get that
∣∣∣EfTβ̄′,ε − T (f)

∣∣∣+ |EfTβ′′,ε − T (f)| ≤ Cγεψβ′′,L

where

γε = C exp{−C(βε + γ)−1β+
ε }.

Using (46) we obtain ψβ′′,L ≤ D5η(β
′′) and thus

∣∣∣Tβ̄′,ε − Tβ′′,ε

∣∣∣ ≤
∣∣∣EfTβ̄′,ε − T (f)

∣∣∣+ |EfTβ′′,ε − T (f)| +
∣∣∣Zβ̄′ − Zβ′′

∣∣∣

≤ Cγεη(β
′′) +

∣∣∣Zβ̄′ − Zβ′′

∣∣∣ .

19



Hence, for sufficiently small ε,

Pf

(∣∣∣Tβ̄′,ε − Tβ′′,ε

∣∣∣ > η(β ′′)
)
≤ Pf

(∣∣∣Zβ̄′ − Zβ′′

∣∣∣ > η(β ′′)(1 − Cγε)
)
. (59)

Denote h0 = h(β ′′, ε̃(β ′′)), h1 = h(β̄ ′, ε̃(β̄ ′)), K̄0 = Kβ′′ , K̄1 = Kβ̄′, and, as before,

K̄i,hi
= h−γ−r−d

i K̄i(·/hi). Now Zβ̄′ − Zβ′′ ∼ N (0, ε2V 2) where

V =
∥∥∥K̄0,h0

− K̄1,h1

∥∥∥
2
≤
∥∥∥K̄0,h0

− K̄0,h1

∥∥∥
2
+
∥∥∥K̄0,h1

− K̄1,h1

∥∥∥
2

def
= V1 + V2.

Now

V 2
1 = h

−2(γ+r)−d
0

∫ 

K̄0(x) −

(
h0

h1

)γ+r+d

K̄0

(
h0

h1

x

)


2

dx (60)

= h
−2(γ+r)−d
0




∫
K̄2

0 +

(
h0

h1

)2(r+γ)+d ∫
K̄2

0 − 2

(
h0

h1

)γ+r+d ∫
K̄0(x)K̄0

(
h0

h1

x

)

dx



 .

We have,

h0

h1

= exp

{
(β ′′ − β̄ ′)

(β ′′ + γ)(β̄ ′ + γ)

(
log ε−1 −

1

2
log log ε−1

)}
λ(β ′′)1/(2(β′′+γ))

λ(β̄ ′)1/(2(β̄′+γ))

≤ exp

{

−
C

(βε + γ)2
(β̄ ′ − β ′′) log ε−1

}
λ(β ′′)1/(2(β′′+γ))

λ(β̄ ′)1/(2(β̄′+γ))
. (61)

Since, β̄ ′ > β ′′ and by the definition of the grid in (9) it suffices to consider the two

cases:

(i) β̄ ′ − β ′′ ≥ (log ε−1)−1/2

and

(ii) κ1(log ε−1)−δ1 < β̄ ′ − β ′′ < (log ε−1)−1/2

where δ1 > 1 is the parameter from the definition of the grid (9).

In the case (i), limε→0(h0/h1) = 0, and in the case (ii), lim supε→0(h0/h1) ≤ 1.

Thus, in the both cases, for sufficiently small ε,

(
h0

h1

)−γ−r ∫
K̄0(x)K̄0

(
h0

h1

x

)

dx

=
∫

ω2α0‖ω‖2γ

(1 + ‖ω/b′′‖2(β+γ))(1 + ‖(h0/h1)(ω/b′′)‖2(β+γ))
dω

≥
1

2

∫
ω2α0‖ω‖2γ

(1 + ‖ω/b′′‖2(β+γ))2
dω =

1

2

∫
K̄2

0 (62)
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where b′′ = b(β ′′). From (60) and (62),

V 2
1 ≤ h

2(q−r)
0

∫
K̄2

0 . (63)

Also,

V 2
2 = h

−2(γ+r)−d
1

∥∥∥K̄0 − K̄1

∥∥∥
2

2
= h

−2(γ−r)−d
0

∥∥∥K̄0

∥∥∥
2

2
γ′ε (64)

where

γ′ε = γ′ε(β̄
′, β ′′) =

(
h0

h1

)2(r+γ)+d
∥∥∥K̄0 − K̄1

∥∥∥
2

2∥∥∥K̄0

∥∥∥
2

2

−→ 0

as ε → 0. Indeed, to prove this consider again the two cases: (i) β̄ ′ − β ′′ ≥

(log ε−1)−1/2 and (ii) κ1(log ε−1)−δ1 < β̄ ′ − β ′′ < (log ε−1)−1/2. If (i) holds then

by (61),
h0

h1

≤ C exp

{

−
C

(βε + γ)2
(log ε−1)1/2

}

,

and, using (39), we get

γ′ε ≤ Cβε exp

{

−
C

(βε + γ)2
(log ε−1)1/2

}

.

If (ii) holds, then (61) and the inequality β̄ ′ > β ′′ entail h0/h1 ≤ C, while

∥∥∥K̄0 − K̄1

∥∥∥
2
≤ Ω(β̄ ′ − β ′′) ≤ Ω((log ε−1)−1/2) ≤ c0(log ε−1)−1/2

where Ω is defined in (37) and we used (38) (we assume here and later that ε is small

enough to guarantee that (log ε−1)−1/2 ≤ 1). Combining cases (i) and (ii) we have

γ′ε ≤ C max

{

βε exp

{

−
2

(βε + γ)2
(log ε−1)1/2

}

, c0(log ε−1)−1/2

}

.

From (63) and (64) it follows that for sufficiently small ε,

ε2V 2 ≤ ε2h−2(γ+r)−d(β ′′, ε̃(β ′′))‖Kβ′′‖2
2(1 + γ′ε) = σ2

β′′(1 + γ′ε).

Now, for sufficiently small ε,

η2(β ′′)

ε2V 2
≥

η2(β ′′)

σ2
β′′(1 + γ′ε)

=
d2

ε(β
′′)

1 + γ′ε
≥
d2

ε(β
′)

1 + γ′ε
.
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Thus, using Lemma 2 we get

Pf

(∣∣∣Zβ̄′ − Zβ′′

∣∣∣ > η(β ′′)(1 − Cγε)
)

≤ C exp
{
−

1

2ε2V 2
η2(β ′′)(1 − Cγε)

2
}

≤ C exp
{
−

1

2
d2

ε(β
′)(1 − Cγε)

2(1 + γ′ε)
−1
}

≤ C exp
{
−

1

2
d2

ε(β
′)(1 − δ(ε))

}

where δ(ε) = γ′ε + 2Cγε. Comparing this to (58) and (59) we get the lemma.

Lemma 6 Let g1 be defined in (56). Then,

lim
ε→0

sup
ν∈Bε

g1(ν) = 0.

Proof. Let β ∈ [β∗, βε], β
′ ∈ S, β ′ < β−, L ∈ [L∗, L

∗], ν = (β, L). Using Lemma

5 and (44) we find

g1(ν) ≤ C m
∑

β′∈S,β′<β−

[
exp

{
−

1

2
d2

ε(β
′)(1 − δ(ε))

}]
exp

{
1

2
(d2

ε(β
′) − d2

ε(β))
}

≤ C ′ m2 exp

{

−p(r + γ + d/2)

(
1

βε + γ
−

δ(ε)

r + γ + d/2

)

log ε−1

}

.

By (9),

m ≤ βεκ
−1
1 (log(1/ε))δ1. (65)

The Lemma follows now by using the definition of δ(ε) in the statement of Lemma

5, the assumption (10), and (65).

Lemma 7 Let g2 be defined in (57). Then,

lim
ε→0

sup
ν∈Bε

g2(ν) = 0.

Proof. Let β ∈ [β∗, βε], β
′ ∈ S, β ′ < β−, L ∈ [L∗, L

∗], ν = (β, L). Now,

τ 2(β ′)

σ2
β′

=
[
(d2

ε(β
′) − d2

ε(β))1/2 +
(
log ε−1

)1/4
]2

≥ d2
ε(β

′)− d2
ε(β) +

(
log ε−1

)1/2
. (66)

In particular,

σβ′ ≤ τ 2(β ′). (67)
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Lemma 2, (67), and (55) yield

g2(ν) ≤ C
∑

β′∈S,β′<β−

ψ−p
ν

[
ψβ′,L +

(
σp

β′ + τp(β ′)
)]

exp

{

−
τ 2(β ′)

2σ2
β′

}

≤ C ′
∑

β′∈S,β′<β−

ψ−p
ν ψβ′,L exp

{

−
τ 2(β ′)

2σ2
β′

}

.

Applying (44) and (66) to this upper bound we get

g2(ν) ≤ Cm exp
{
−

1

2

(
log ε−1

)1/2
}
.

Lemma follows from this, (65), and definition of βε in (10).

Lemmas 6 and 7 imply (49).

4.1.2 Proof of (50)

Define the bias term:

B(β, L, ε) = Lh
β−d/2−r
l (β, L, ε)bβ,β

and the standard deviation term:

R(β, L, ε) = εh
−γ−d/2−r
l (β, L, ε)‖Kβ‖2

where

hl(β, L, ε) = (ε/L)1/(β+γ).

From (40) and from formula (30) we get a decomposition of the normalising factor

to the bias and variance components:

ψν = B(β, L, ε̃(β)) +R(β, L, ε̃(β)). (68)

Let β ∈ [β∗, βε], L ∈ [L∗, L
∗], ν = (β, L). Let β̄ = β̄(β) be defined by

β̄ = β −
2(β + γ) logL

2 log(1/ε) − log log(1/ε) + 2 logL
.

That is, β̄ is chosen so that

(
L−2ε2 log ε−1

)1/(2(β+γ))
=
(
ε2 log ε−1

)1/(2(β̄+γ))
. (69)

23



Let β+ ∈ S be the largest grid point ≤ β̄. Denote S1 = S1(β) = {β ′ ∈ S : β− ≤ β ′ ≤

β+} and S2 = S2(β) = {β ′ ∈ S : β+ < β ′ ≤ βε}. Assume that ε is small enough, so

that β− < β+. We have

R+
ε,ν = sup

f∈Fν

Ef

(
ψ−p

ν |T ∗
ε − T (f)|p I

(
β̂ ∈ S1 ∪ S2

))
.

Let β ′ ∈ S1 and f ∈ Fν . Assume that ε is so small that β̃(β, β ′) = β, with β̃

from Lemma 1. Using successively Lemma 1, the fact that β ′ ≤ β̄ and (69) we get

(for details see Klemelä and Tsybakov, 2001),

|EfTβ′,ε − T (f)| ≤ Λ(β, β ′)Lh
β−d/2−r
l (β, L, ε̃(β))bβ,β′ (70)

where Λ(β, β ′) = λ(β ′)(β−d/2−r)/(2(β′+γ))λ(β)−(β−d/2−r)/(2(β+γ)) and λ(β) = 2p(r+ γ +

d/2)/(β + γ). Note that

|β − β ′| ≤
Cβ+

ε

log(1/ε)
, for all β ′ ∈ S1. (71)

This and the uniform continuity of Λ(β, β ′) in β, β ′ ∈ [β∗,∞) yields that Λ(β, β ′) ≤

1 + γε1. Next, using (34) and (71), we get for every β ′ ∈ S1, β ∈ [β∗, βε], bβ,β′ ≤

bβ,β(1 + γε2). These remarks, (70) and the decomposition of the normalizing factor

in (68), yield

|EfTβ′,ε − T (f)| ≤ Lh
β−d/2−r
l (β, L, ε̃(β))bβ,β(1 + γε3) = B(β, L, ε̃(β))(1 + γε3)

≤ ψν(1 + γε3), for all β ′ ∈ S1. (72)

From (44) and (71) we have

ψβ′,L/ψν ≤ C exp{C(β − β ′) log ε−1} ≤ C exp{Cβ+
ε }

for all β ′ ∈ S1. This and (46) entail

η(β ′) ≤ D−1
3 ψβ′,L ≤ D−1

3 C exp{Cβ+
ε }ψν , for all β ′ ∈ S1,

and

σβ′

ψν

≤ D−1
3 C exp{Cβ+

ε }
σβ′

η(β ′)
=
C exp{Cβ+

ε }

D3dε(β ′)

≤
C exp{Cβ+

ε }

D3dε(βε)
≤
C7 exp{Cβ+

ε }(βε + γ)1/2

log1/2(1/ε)

def
= Aε, (73)
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for all β ′ ∈ S1, where we used also (48). Note also that, since β+ ≤ β̄,

η(β+) ≤ ε̃(β)h
−γ−d/2−r
l (β, L, ε̃(β))‖Kβ‖2(1 + γε5) = R(β, L, ε̃(β))(1 + γε5), (74)

(for details see Klemelä and Tsybakov, 2001).

Now we are ready for the main argument of the proof. Let first β̂ = β ′ ∈ S1.

Then, in view of (72),

|T ∗
ε − T (f)| = |Tβ′,ε − T (f)| ≤ |EfTβ′,ε − T (f)| + |Zβ′| ≤ ψν(1 + γε3) + |Zβ′ | . (75)

Next, let β̂ = β ′ ∈ S2. Then, using the definition of β̂, (72), (74), and (68), we get

|T ∗
ε − T (f)| ≤ |Tβ′,ε − Tβ+,ε| + |Tβ+,ε − T (f)|

≤ η(β+) + |EfTβ+,ε − T (f)| + |Zβ+ |

≤ R(β, L, ε̃(β))(1 + γε5) +B(β, L, ε̃(β))(1 + γε3) + |Zβ+|

≤ ψν(1 + γε6) + |Zβ+| .

This and (75) entail

Ef

(
ψ−p

ν |T ∗
ε − T (f)|p I

(
β̂ ∈ S1 ∪ S2

))

≤
∑

β′∈S1

Ef

((
1 + γε3 + ψ−1

ν |Zβ′ |
)p
I
(
β̂ = β ′

))

+
∑

β′∈S2

Ef

((
1 + γε6 + ψ−1

ν |Zβ+ |
)p
I
(
β̂ = β ′

))
.

Applying Lemma 2 and (73) we get, for any β ′ ∈ S1,

Ef

((
1 + γε3 + ψ−1

ν |Zβ′|
)p
I
(
β̂ = β ′

))

≤
(
1 + γε3 +

√
σβ′ψ−1

ν

)p

Pf

(
β̂ = β ′

)

+ C
[
1 + ψ−p

ν

(
(σβ′ψν)

p/2 + σp
β′

)]
exp

{

−
ψν

2σβ′

}

≤
(
1 + γε3 + A1/2

ε

)p
Pf

(
β̂ = β ′

)
+ C8 exp

{
−

1

2Aε

}
,

where Aε is defined in (73) (for details see Klemelä and Tsybakov, 2001). Since β+ ∈

S1, analogous bound holds for Ef

(
(1 + γε6 + ψ−1

ν |Zβ+ |)
p
I
(
β̂ = β ′

))
. We conclude

therefore that

R+
ε,ν = Ef

(
ψ−p

ν |T ∗
ε − T (f)|p I

(
β̂ ∈ S1 ∪ S2

))
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≤
(
1 + γε7 + A1/2

ε

)p
Pf

(
β̂ ∈ S1 ∪ S2

)
+ 2C8m exp

{
−

1

2Aε

}
(76)

where γε7 = max{γε3, γε6}. It remains to note that (50) follows from (76) and (65)

applying the definition of Aε in (73) and definition of βε given in (10).

4.2 Proof of the lower bound in Theorem 1.

Here we prove the bound (20). We denote, as above, T (f) = f (α0)(0). Let L ∈

[L∗, L
∗], ν0 = (β0, L), and ν ′ = (β ′, L) where β∗ ≤ β0 < β ′ ≤ βε. Consider the

functions

f0 ≡ 0, f1 = (1 − δ)gβ0,L,ε̃(β0)

where 0 < δ < 1/2, gβ0,L,ε̃(β0) is defined in (29), and ε̃(β0) = εdε(β0). Obviously,

f0 ∈ Fβ′,L. Furthermore, we have by direct calculation

‖Rγf1‖2 = (1 − δ)ε̃(β0) = (1 − δ)εdε(β0) (77)

and

ρβ0
(f1) ≤ (1 − δ)L. (78)

Indeed, by the renormalization argument,

‖Rγgβ,1,1‖2 = ab−γ−d/2‖Rγ g̃β‖2 = b−β−γ(C∗)−1‖K̃β‖2 = 1

where gβ,1,1 is defined in (27), K̃β is defined in (7), and

‖K̃β‖
2
2 = (C∗)2 2(β − r) − d

2(γ + r) + d

which is proved by applying the property B(u, v) = B(u − 1, v + 1)(u− 1)/v of the

Beta function. Then,

‖Rγgβ,L,ǫ‖2 = a1b
−γ−d/2
1 ‖Rγgβ,1,1‖2 = ǫ

where a1, b1 are defined (analogously as after Equation (29)), as a1 = Lb
d/2−β
1 , b1 =

(L/ε)1/(β+γ). Thus (77) holds. Also, by the renormalization argument,

ρβ(gβ,1,1) = abβ−d/2ρβ(g̃β) = (C∗)−1ρβ(g̃β) = 1
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and

ρβ(gβ,L,ǫ) = a1b
β−d/2
1 ρβ(gβ,1,1) = L.

Thus (78) holds. Then

ρ2
β0

(f1) + ‖Rγf1‖
2
2 ≤ (1 − δ)2

(
L2 + ε̃(β0)

2
)

and f1 ∈ Fβ0,L for sufficiently small ε. From equation (30), T (f1) = (1−δ)ψν0
. Also,

T (f0) = 0. Thus, for any estimator Tε,

|Tε − T (fi)| = ψν0
D
(
(1 − δ)−1ψ−1

ν0
Tε, i

)
, i = 0, 1,

where D(u, v) = (1 − δ)|u − v|, u, v ∈ R. Denoting Q = ψν0
/ψν′ and Ei = Efi

, we

get

inf
Tε

sup
ν∈Bε

Rε,ν(Tε)ψ
−p
ν = inf

Tε

max
{
Rε,ν′(Tε)ψ

−p
ν′ ,Rε,ν0

(Tε)ψ
−p
ν0

}
(79)

≥ inf
Tε

max
{
E0

(
ψ−p

ν′ |Tε − T (f0)|
p
)
, E1

(
ψ−p

ν0
|Tε − T (f1)|

p
)}

= inf
Tε

max
{
QpE0

(
Dp(Tε, 0)

)
, E1

(
Dp(Tε, 1)

)}
.

Let

τ = exp

{

−
1 − δ

2
d2

ε(β0)

}

.

Denoting Pi = Pfi
, we obtain

P1

(
dP0

dP1
≥ τ

)

= P
(
exp

{
ε−1‖f1‖2ξ − ε−2‖f1‖

2
2/2

}
≥ τ

)
= 1 − Φ(lε) (80)

where ξ ∼ N (0, 1), Φ(·) is a standard normal c.d.f. and

lε =
ε

‖f1‖2

(
log τ + ε−2‖f1‖

2
2/2

)
= −

δ

2
dε(β0) −→ −∞,

as ε → 0. Using (80) and applying Theorem 6 in Tsybakov (1998), we get

inf
Tε

max {QpE0D
p(Tε, 0), E1D

p(Tε, 1)} ≥
(1 − Φ(lε))(1 − 2δ)pτ(Qδ)p

(1 − 2δ)p + τ(Qδ)p
. (81)

In view of (18) and (47), where κ(β) = (β − d/2 − r)/(β + γ), we obtain

ψν0

ψν′

=
(ε2 log ε−1)κ(β0)/2

(ε2 log ε−1)κ(β′)/2

cν0

cν′

= exp

{
1

2p

[
d2

ε(β0) − d2
ε(β

′)
]
−

(r + γ + d/2)(β ′ − β0)

2(β0 + γ)(β ′ + γ)
log log ε−1

}
cν0

cν′

.
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Thus,

τQp = exp

{

−
1 − δ

2
d2

ε(β0)

}(
ψν0

ψν′

)p

= exp

{
p(r + γ + d/2)[δ(β ′ + γ + d/2) − (β0 + γ + d/2)]

(β0 + γ + d/2)(β ′ + γ + d/2)
log ε−1

}

× exp

{

−
p(r + γ + d/2)(β ′ − β0)

2(β0 + γ)(β ′ + γ)
log log ε−1

}(
cν0

cν′

)p

.

Thus τQp → ∞, as ε → 0, if δ > (β0 + γ + d/2)/(β ′ + γ + d/2), and under this

condition on δ we have

inf
Tε

max
{
Rε,ν′(Tε)ψ

−p
ν′ ,Rε,ν0

(Tε)ψ
−p
ν0

}
≥ (1 − 2δ)p(1 + o(1)), (82)

as ε → 0. Choosing now β0 = β∗, β
′ = βε and δ = (β0 + γ + d/2)/(Aβ0 + γ + d/2)

for A > 0 large enough to have δ < 1/2, passing to the limit as ε → 0 and then as

A→ ∞, we get the result.

4.3 Proof of Theorem 2.

Let β0, β
′, L, ν0, ν

′ be as defined in Section 4.2. Assumption (21) implies that there

exists 0 < δ < 1/3 such that

Rε,ν′(T̂ε)ψ
−p
ν′ ≤ (1 − 3δ)p (83)

for all ε small enough where, as above, ν ′ = (β ′, L). Next, note that (82) holds with

Rε,ν′(Tε) replaced by Rε,ν′

0
(Tε) where ν ′0 = (β ′

0, L) for any real number β ′
0 belonging

to Bε (in fact, the inequality in (79) remains valid if we replace Rε,ν′(Tε) by Rε,ν′

0
(Tε)

with arbitrary β ′
0 since the function f0 ≡ 0 belongs to all the classes Fβ′

0
,L). Hence,

for any β ′
0 ∈ (β ′, βε] we have

inf
Tε

max
{
Rε,ν′

0
(Tε)ψ

−p
ν′ ,Rε,ν0

(Tε)ψ
−p
ν0

}
≥ (1 − 2δ)p(1 + o(1)), (84)

as ε → 0, provided that β ′ is such that

δ > (β0 + γ + d/2)/(β ′ + γ + d/2). (85)

Now choose β ′ > β0 large enough to guarantee (85) for the δ appearing in (83).

Clearly, β ′ ∈ Bε for all sufficently small ε. Then (83) and (84) imply

max
{
Rε,ν′

0
(Tε)ψ

−p
ν′ , (1 − 3δ)p

}
≥ (1 − 2δ)p(1 + o(1)) ≥ (1 − 5δ/2)p
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for all sufficently small ε. Therefore,

Rε,ν′

0
(Tε) ≥ (1 − 5δ/2)pψp

ν′ (86)

for all sufficently small ε. Next, it follows from Ibragimov and Hasminskii (1984),

Donoho and Low (1992) that εκ(β0) is minimax rate of convergence for the class Fβ0,L,

in particular, there exists a constant C9 > 0 such that

inf
Tε

Rε,ν0
(Tε) ≥ C9ε

pκ(β0). (87)

Using (86), (87) and (19) we get, for any β ′
0 > β ′,

Rε,β′

0
,L(T̂ε)

Rε,β′

0
,L(T ∗

ε )

Rε,β0,L(T̂ε)

Rε,β0,L(T ∗
ε )

≥
(1 − 5δ/2)pψp

ν′

ψp
ν′

0

(
C9ε

pκ(β0)

ψp
ν0

)

(1 + o(1))

≥ C10(ε
2 log ε−1)p(κ(β′)−κ(β′

0
))/2(log ε−1)pκ(β0)/2 → ∞,

as ε → 0.
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