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1 Introduction
For a function f € L;(R?) and for 0 < v < d consider the operator R, f defined by

oy Jra f)|lz —ylP~4dy if 0 <y <d,

(R f)() = { o o

where || - || denotes the Euclidean norm in R? and

—dj2_r—ds2 L(d=7)/2)
., = (27) "W 2pr—d/2 )
1= 0772
The operator R, f is called the Riesz transform (see Stein (1970)).

We consider the statistical model
dY.(t) = (R, f)(t)dt + edW (t), t € RY, (1)

where W is the d-dimensional Brownian sheet and 0 < € < 1. Given a realisation of
the process Y.(t), the problem is to estimate f or partial derivatives of f at a fixed
point.

The Riesz transform is a convolution with a function whose Fourier transform
has polynomially decreasing tails. Its special cases are several integrals of the type
of potential used in mathematical physics, for example, the Newtonian potentials. It
is also useful in noise removal from a picture which is corrupted with focusing errors.
For v = 2 the problem of estimating f in the model (1) is equivalent to recovering
the right hand side of the Poisson equation from noisy observations of its solution.

We will assume that f belongs to a Sobolev ball 3, where § > 0 is the smooth-
ness index and L > 0 is the radius of the ball. When estimating partial derivatives
of f of order r > 0, it can be shown that the optimal pointwise rate of convergence

of estimators on Fp . is
(e2)(B-7=d/2)/(3+7)

where 7 is the index of the Riesz transform (see Ibragimov and Hasminskii (1984),
Donoho and Low (1992)). Optimal pointwise rates of convergence are also estab-
lished for inverse problems with other operators (Korostelev and Tsybakov (1991,
1993), Donoho and Low (1992), Chow and Khasminskii (1997), Chow, Ibragimov

and Khasminskii (1999)). The problem of adaptation consists in constructing an
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estimator which is simultaneously optimal over as large scale of classes Fj 1, as possi-
ble. We consider the scale (3, L) € [, 00) X [L., L*], where B, L., L* are some fixed
positive numbers. It can be shown that the minimax rate cannot be achieved simul-
taneously over this scale: one looses a logarithmic factor, and the optimal adaptive
rate is

—r—d/2)/(2
- (52 loga_l)(ﬁ /2)/(2(3+7))

(Goldenshluger (1999), Goldenshluger and Pereverzev (2000)). These results concern
the rates of convergence. Our aim is to get sharper results, and to investigate the
asymptotically exact behavior of the pointwise risks. We propose estimators that
attain asymptotically optimal adaptation (with the exact constant) over the scale
of classes Fp with (8, L) € [8s, B:] X [L«, L*] where . — oo sufficiently slowly, as

e — 0. More precisely, optimality is defined in the following way.

e We find the constants cg , such that
o _ N P
liminf sup (cgrypsr)? sup Ey ’Ta — £t O)(ZL'O)’ =1 (2)
=0 T (3,)eB. feFs,L

where B. = [f., 0] X [L+, L*], infr. denotes the infimum over all estimators,

f(@0)(z4) is the partial derivative of order r at a point 2o € R?, and p > 0.

e We find the estimator that asymptotically attains the infimum in (2). This

estimator is called asymptotically sharp adaptive over B..

Note that in the following we formally fix xy and take xqg = 0 to shorten the
notation, but our results are valid for any xy with an obvious shift of the argument
of the initial family of linear estimators (cf. Remark 1 below). So, in fact we consider
pointwise adaptive estimation of f on the whole domain of its definition.

The results of this paper are closely related to our previous paper (Klemeld and
Tsybakov (2001)) where the case of direct observations (y = 0) is studied. Along
with extending that result to an inverse problems framework, we allow a wider range
of possible values of 5. Namely, in Klemeld and Tsybakov (2001) it is assumed that
B € [Bs, 5*] where the upper bound * on the smoothness index is supposed to be
known: §* is needed to construct the estimator in Klemeld and Tsybakov (2001) and
it appears in the expression for the exact asymptotic constant. The prior knowledge

of /* might be an inconvenient assumption in practice, and an informal suggestion



made in Klemeld and Tsybakov (2001) is to assume that 5* is large enough: it can
be therefore suppressed in the terms appearing in the construction of the estimator,
which leads to a suboptimal constant. Here we show that replacing a fixed 4* by an
upper bound (. depending on ¢ (8. — oo slowly enough, as ¢ — 0) allows to get
optimality of the constant. We consider here only the Sobolev classes Fjp 1, while in
Klemeld and Tsybakov (2001) more general classes (such as Holder, Besov etc) are
covered. Similar framework with Sobolev classes has been studied in the paper by
Tsybakov (1998) (for the special case v = 0, d = 1, r = 0), and our results can be also
considered as an extension of that paper. The exact constants of Tsybakov (1998)
are obtained from our constants cg ; for these particular values of parameters. The
difference is that in Tsybakov (1998) the function f is defined on the interval [0,1]
rather than on the whole space and that the smoothness parameter (3 lies in a discrete
set {0,...,0:}, while L is fixed and known. Butucea (2001a,b) extended a result
of Tsybakov (1998) to the problem of density estimation and showed a successful
behavior of the asymptotically sharp adaptive estimator on numerical examples. A
related work by Lepski and Spokoiny (1997) considers the scale of Holder classes
with v =0,d =1, r = 0, and the smoothness parameter that lies in a finite interval
8., 8] x L., L*].

We also mention the results on sharp adaptive estimation for the statistical in-
verse problems obtained in a framework different from ours. Efromovich (1997a,b)
considered a deconvolution problem with supersmooth errors (and logarithmic rates
of convergence), and obtained sharp adaptive estimators both in pointwise and Lo
sense. This corresponds to the case where the eigenvalues of the operator of the
inverse problem are exponentially decreasing while the signal to recover belongs to a
Sobolev ellipsoid in Fourier domain. Cavalier, Golubev, Lepski and Tsybakov (2003)
obtained sharp adaptive estimators for the case where the eigenvalues of the operator
are exponential and the signal to recover belongs to an ellipsoid with exponential
axes in Fourier domain. Cavalier and Tsybakov (2002), Cavalier, Golubev, Picard
and Tsybakov (2002) investigated the inverse problems where the eigenvalues are
decreasing as a power law; they suggested sharp adaptive estimators with respect to
the Lo risk based either on a penalized blockwise Stein rule or on the unbiased risk
estimators, inculding the multidimensional case. These two papers develop asymp-

totically exact oracle inequalities that are used to prove sharp minimax results.
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2 Definition of the estimator and the result

We consider the Gaussian white noise model (1). Without of loss generality, we
consider estimation of the value of f or the value of its partial derivatives at xq = 0.
That is, we study the estimation of the derivative f(®)(0), where o is a multi-
index. For a multi-index a = (v, ..., qy) and for w = (wy, ..., w;) € R? we denote
la] = a1 + ...+ ag and w® = Wi -+ wy?. We assume that |ag| = 7, where r > 0 is

an integer. We may write
fleo) () = glool / ) w f(w) exp(iz’w) dw
R

where f(w) denotes the Fourier transform of f,

A 1 T
f(w) = (27T)d R4 f(.ﬁlf) exp(—m: C‘))dx

and ¢ denotes the imaginary unit.

Scale of classes. Consider the Sobolev classes of the form

For={f € LR | p3(f) + | B, fI3 < L7} (3)
where || - ||2 is the Ly(R?)-norm, ps(-) is the Sobolev semi-norm,
P (1) = @) [ Il |fw)[ dw (4)

and 3 > r+d/2. If 3 is an integer, then p%(f) = > jaj=5 Jra f(o‘)’z. For f € Fs 1 we

have, by the Fourier convolution formula,
(Ryf) (@) = f(w)|wlI™", weR, (5)

see Stein (1970), page 73.
Let the scale of classes {F3,1}(s,0)es be defined by (3) with

B={(3,L): B.<B<o0, La<L<L

where r + d/2 < f, < 00, 0 < L, < L* < oco. This means that we are certain
that f € Fp for some 5 € [B,,00) and L € [L,, L*]. The values r and [, are
supposed to be known but L,, L* can be unknown: we do not need these values for

the construction of our sharp adaptive estimators.
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Kernel function. Define the kernel function of the estimator by
Ks(z) = 0" Ky(bx), = € RY, (6)

where

Kp(z) = (27T)‘di”/dwa°!|w|l”(1 + || PPN T exp(in”w) dw (7)
R
and

oy g\ Ve

def
=000 ¥ (3T

Note that K 5 is always real-valued: it is the directional derivative corresponding

to the multi-index g of the function whose Fourier transform is (27)¢||w]|7(1 +
] #+7) =

Grid. We introduce a sufficiently fine grid on [3., 5.] where 5. — oo as ¢ — 0,
and consider a statistic ﬁ taking values on this grid. To each point of the grid we
assign a linear kernel estimator. The statistic ﬁ chooses one of these estimators in a

data-driven way. The grid is defined as

S:{/Gla"'a/@m}a

where

r4+d/2< << B =B

with a fixed 7’ satisfying r < ' < 3, — d/2.
We assume that there exist ky > k1 > 0 and 6; > 6 > 1 such that

ki(loge™ )™ < Biyy — B; < ko(loge™)™°, i=0,...,m—1, (9)
where By = r’, and (. is chosen such that
5
B = (log log 5_1) ’ (10)

where 0 < 0, < 1. Note that the same grid S can be used for different values (,,
provided 3, > r’ + d/2. In this sense the exact knowledge of (3, is not required for

the construction of the estimator.



Scale of estimators. For any h > 0 denote
Kgn(-) = h77 " Ks(-/h). (11)

Consider kernel estimators of the form [ Kz (t)dY-(¢t) where h is a suitably chosen
bandwidth. Denote
h(B,e) = e/, (12)

and introduce the ”effective noise level under adaptation”:

& = &(5) = ede(5) = (MB)eloge™) ",

where

d:(8) = (\(8) loge™)"* (13)
and

A(3) = 2p(r ;It d/2)

We use the bandwidth computed at the effective noise level:

h(B.2(8)) = €)Y = (A(B)Ploge™) T

For any 6 € S, where S is the grid defined previously, introduce the linear kernel

estimator of the functional f(*0)(0):
Tse = / K s,z (£)dYe(2)-

Remark 1. For zy # 0 the linear estimator of f(®0)(z) should be taken in a shifted
form: Ts. = [ Kgnipzp)(t —x0)dYz(t). All the constructions and results that follow

remain analogous, up to this modification.

Adaptive estimator. The sharp adaptive estimator has the form Tj _ where Bisa
suitably chosen statistic. To define 3 we act in the spirit of Lepski (1990, 1991, 1992).
That is, the statistic ﬁ is defined as the largest of those B-values in the grid for which
the estimator T . does not differ significantly from the estimators corresponding to

the smaller 5-values. We choose
B =max{B €S :|Ts. —Ty.| <n(8) forall g €S, 5 <3}
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with the threshold

N(B) = d=(8) o = £(8)\ V2T K)o,

where g is the standard deviation of T},

05 = || Kpnpzylle = ch 7 2(3,2(8)) | K5l 2. (14)
We have that (B+29+r-+/2)/(2(647))
208 —r) — d\ v
|Kslle = €, (2P =1 =d (15)
2(r+~v)+d
where
/2
1 2(r +7) +d 2(r+7)+d> ]1
cr=|— pl1- 1+ I(d, o 16
[mﬁ+w ( G +7) W) ) o) (16)
where

I(d.a0) = (2m)~" [ £ dp(€),

Spg={reR%: |z =1} for d = 2,3,..., S; = [-1,1], p is the Lebesgue measure
on Sy so that u(Sy) = 27%2?/T'(d/2), d = 1,2, ..., T'(-) denotes the gamma-function,
and B(a,b) = [y t*"1(1 — t)*~'dt denotes the beta-function.

Finally, define the estimator of f()(0) as

T =T, (17)

Optimal constant. We will show that the estimator 7. is sharp adaptive and
that the exact asymptotical constant cg , for the minimax adaptive risk is given by

the expression

L B+

y <2<7,_'_,y)_'_d>(5—7“—d/2)/(2(5+7)) 2(6""7)
2(6—r)—d 2r+7v) +d

where C* is defined in (16). For v = 0,d = 1,r = 0 this yields the constant found in
Tsybakov (1998).

(B-r—d/2)/(2(5+7))
_ e[ () /(5) <p(2(7" +)+ d>>



The results. To state the results, we fix p > 0 and we introduce the maximal risk

of an estimator T:

Repu(Te) = sup By (|T. = feO0)P).

fEFgYL

Consider the normalizing factor

= C@LQOQ’L. (18)

—r—d/2)/(2
don= o (52 loge_l)(ﬁ /2)/(2(3+7))

Theorem 1 Let p > 0 and denote B. = B, Bc] X [L., L*]. Then the estimator T
defined in (17) is sharp adaptive:

limsup sup Raﬁ,L(TE*)@bﬁ_’i <1 (19)
e—0 (B,L)EB. ’

and

liminfinf sup Regr(Te)vgh > 1. (20)
e—0 T: (8,L)EB: ’

Here infr, denotes the infimum over all estimators.

Proof of Theorem 1 is given in Section 4. Note that Theorem 1 shows optimality
of the constant cg; when the rate of convergence in (18) is chosen equal to ¢g .
Such a choice is motivated by the fact that gz, is the best obtainable rate. More
precisely, it is not hard to show that ¢g 1, is adaptive rate of convergence on the scale
of classes {Fa 1, (0,L) € B.} in the sense of Definition 3 in Tsybakov (1998). In
fact, one has the following property which is even stronger than the one required by
Definition 3 in Tsybakov (1998).

Theorem 2 Let p > 0. If an estimator T. is such that, for some By > Py, L >0,

limsup R 5, (T0)05", < 1, (21)

e—0

then there exists 5y > [y such that
R8756,L<T€) Z FaRE,ﬁo,L(jja*>

(22)
Re,o,1.(17) Re,50,2.(1%)

Y

where I'; — 00, ase — 0.



Proof of Theorem 2 is given in Section 4. Theorem 2 means that if an estimator
T. gains over T at least for one smoothness f3, in terms of a constant factor (cf.(21)),
there exists another smoothness 3, for which 7. looses much more than it gains at
Bo (cf.(22)). This, together with Theorem 1, shows that the normalizing factor ¢ 1,
cannot be improved in the rate and in the constant.

As a consequence of Theorem 2 and of (19) we get, in particular,

lim sup Raﬂ,L(T;)w[}i =1, (23)

e—0

for any fixed 3 > (,, L > 0, but this relation is not guaranteed if § depends on &,
for example, if § = (..

Remark 2. Connection to optimal recovery. A connection of some nonpara-
metric estimation problems to optimal recovery was established by Donoho and Liu
(1991), Donoho and Low (1992), and Donoho (1994b). Lepski and Tsybakov (2000)
noticed that such a connection exists also for the problems of testing of nonpara-
metric hypotheses. We will explain how the kernel of our estimator is connected to

optimal recovery. Let
T(f) = f0).
The kernel Kz defined in (6) can be characterized as a solution of the optimal recovery

problem: Kz satisfies

/Kﬁ 'yg (f) inf Sup

K pp(f)<L,|f—gll2<1

/K v9) —T(f)]

pa(f) <1 ||f gll2<1

A way to find Kz is the following. Define the modulus of continuity by

wp,(e) = sup {T(f) - [ By fll2 <&, ps(f) < L} (24)

There exists a function gg . which attains the supremum of the modulus of conti-
nuity, i.e.
T(gp,.e) = wp,r(e)- (25)

Then we get Kz by
Ks=(—1)a """ "R gz, (26)
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where a = b¥27%/C* and C* is defined in (16), and b = b(3) . We have that

gp11(x) = (=1)"ags(bx) (27)

where
gs() = (2W)‘dir/dw°‘ollwll2"’(1 + || PPN T exp(inTw) dw.
R

For the case where R, is equal to the identity operator (7 = 0), the extremal function
g1 is given by Taikov (1968) in dimension one (d = 1), and by Klemeld and
Tsybakov (2001) for general d. The case with v > 0, d = 1, and r = 0 was
considered by Donoho and Low (1992, page 959). Klemeld (2003) considers optimal

recovery under more general L, smoothness conditions.

Remark 3. Modulus of continuity and the normalizing factor. We may
write the normalizing factor with the help of the modulus of the continuity defined

in (24). In fact, for a > 0, b > 0, semi-norm pg satisfies

pa(af(b-)) = ab™*ps(f),

functional T'(f) = £(@)(0) satisfies

T(af(b-)) = ab"T(f),

and operatior R, satisfies

Ry(af(b-)) = ab™"(Ryf)(b-). (28)

According to the terminology of Donoho and Low (1992), ps is a homogeneous func-
tional with the dilation exponent § — d/2, T is a homogeneous functional with the
dilation exponent r, and the operator R, is homogeneous with the dilation exponents
—~ and 1. Note that (28) implies that || R, (af(b-))|s = ab-7=¥2||R, f|2 where || - ||2
is the Ly(R%)-norm. Thus, the functional f — || R, f||2 is homogeneous with the di-
lation exponent —y — d/2. These properties and a renormalization argument entail
that

98,028 () = a193,1,1(b1 *) (29)

11



where a; = Lb{*™?, by = (L/&(3))Y#+), and gsq,1 is defined in (27). Thus, the

modulus of continuity at the ”effective noise” is equal to the normalizing factor,

war (B(8) = T(gprew) = abiT (gs1.1)
= &(B) B2/ (B+3) [+ +d/2/ BN T (g )

= VgL (30)

where we used the fact that

(31)

2(7‘-0—’)/)-|—d (B—d/2—7)/(2(B+7)) 2(6+7)
(ﬁ—d/2—r)> 20r+v)+d’

T(gﬁ,l,l) =C" <2

where C* is defined in (16).

Remark 4. The adaptive estimation procedure defined above can be transformed
for the problems of nonparametric density or regression estimation in the same way
as described in Section 4 of Klemeld and Tsybakov (2001).

3 Preliminary lemmas
For (3, 3 be such that ' + d/2 < ' <  where r < 1’ < 3, — d/2 define

’ B 4r+d/2, ifr'4+d2<p3 <B/2—r/24d/4.
The following lemma gives a bound for the bias of a kernel estimator.

Lemma 1 (i) For h >0,

sup
fEFgYL

E / Ky pdY: — f<00>(0)‘ < LRF-2ry,

where

< 1/2
2a0 4(8'+v)—28
w20 || dw} (32)

(Y r+d/2—08 —d
bs,s (v {(277) /Rd (1 + [Jw]|26+)2

with b = b(3"), where b is defined in (8).
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(it)
sup bg g < 00, (33)
r'+d/2<f' <B<oco

(iii)
lim sup sup ba.5 <1 (34)
6—0  3,5'€[B.c0)18-p'|<5 Vg,
Proof. We have Ky j,(w) = (27) %" w®||w]||? (1 4 || hw/b/||2#"+7))~1. Hence, using
the formula for the Fourier transform of R, f given in (5), by the Cauchy inequality,
for f € Fsr,

’Ef/Kﬁ',hdYe — f(0)
= | [ KoalBg) = 100)

A

— | [, 7@ (@n K@)l = ) du

B P 1" WO AP
= e 'O\ TR W)
o | hew /0 ||25 )

— T, a0
= e T T

(/Y= |@m)t [ el | fle)|” do]

. (Qﬁ)—d/ uJ2ao||W||4(6,+~/)—2B " 1/2
R (14 [Jw][@H7)2 '

1/2

IA

Because f € Fp 1, we get that
ARYENC
ny [ el |fw)] do
R

< (ny [/Hw||<1 el [ )] o+
< IR fllz +p5(f) < L%

We have proved (i). Statement in (ii) follows from

w20 || H4(6'+v)—25 |w H4(6’+v)+2r—25
/ y dw < / y dw
R (14 [Jw][20H0))?2 R (14 [[wl][27))2
oo $4(B'+7)+2r—24+d—1
1(Sa /0

(1 + ¢2(6"+m))2
1(S,) (/1 B+ +2r=25+d=1 gy | /OO tzr—23+d—1dt> _
0 1

ol |7 ]

flwl>1

dt

IA
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This integral is finite because, by the definition of 3, r + d/2 < B <268 +r+ d/2.

Statement (iii) follows from the representation

bop = () F2PIM2(d, ) (35)
1 20r +v+ 0 — B) +d 2(r+7+ﬁ’—ﬁ)+d>r/2
—— _B[1 1-
: [2(/5’ +7) < ' 2(8" +7) ’ 2(8' + )
where B(-,-) is the Beta-function. |

We need an exponential bound for the stochastic part of the estimator. Define

Zg=¢ / K n(p.ze) (H)dW (2). (36)
Lemma 2 Let g be as defined in (14). Then for uw >0, p > 0,

u

B (1267 1(125] > w)] < D(p) (o + u?) exp {_%}

where D(p) > 0 is a constant depending only on p.

Proof of this lemma is straightforward since Zz ~ N(0,03).
We will need the the following facts concerning the kernel Kz and the bias con-
stant bg g, defined in (32). For § > 0 set

Q) =sup{||Ks — Kgll2: |B—01<96, 8,8 €r'+d/2,00)}. (37)

Lemma 3 Let Q be defined by (37). Then there exists a positive constant co such
that
Q00) <o, 0<d<1. (38)

There exist positive constants ¢y, co such that for v +d/2 < [ < oo,
cr < || Ksllz < e (39)
Let gs1.1 be defined in (27) and T(f) = f)(0). Then
T(gs,1.1) = [ K3sll2 + bg,s. (40)
Finally, there exist positive constants cs,cy such that for v’ +d/2 < < oo,

c3 <T(g31,1) < ca. (41)
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Proof. To prove (38), note that by the definition of the kernel function,

s o t2y+2r+d—1((t/b)2ﬁ (t/b’)%/)z
1K~ Kl = 100) || o mpmsnp + ooy

where b = b(3),0' = b(#'). Note that, for ' + d/2 < f < oo and any ¢t > 0, the

following bound holds for the derivative:

d t \2 C|log 3 P L
b@Kam)ﬁHS(ﬂbgﬂ+ gfib(wm)ﬁéCﬂkgﬂ+lxaﬁﬂﬁ. (42)

Here and further in this proof we use the same notation C' for different positive
constants that depend only on ~, 7/, 7, d. Assume w.l.o.g. that 3 < ' < f+0 < f+1
(the last inequality follows since § < 1). From the definition of b(/3), it is easy to

dt

obtain that there exist constants C' > 0, ¢ > 0,¢” > 0 depending only on ~, 1/, r, d,

such that

26
bb((g’i?ﬁf < (43)

b(B) > C, B =C, <

forr +d/2<f<o0, <[ <F+1.
Using (42) and (43), we find

o 742 ([ log 1] + 1)° max((t/0)"%, (¢/1)*)

T (/0021 1 ey

1K — Kgll; < ClB— 3 /

1 [e'e)
gcm-mﬂéqmyu4ﬁW%H*ﬁ+Aqmyu4ﬁmﬂ

where a =2y +2r+d—1—-4(F+7) — 4(8 + ) + 4max(S, 5'). The last but one
integral here is bounded since 2y + 2r +d —1 > 0, while the last integral is bounded
since the inequalities § > r + d/2, < (8 imply that a < —6y —2r —d — 1 < —1.
This finishes the proof of (38).

The proof of (39) follows from the equation (15). Equations (40) and (41) follow
from (15), (31), and (35). [ |

Finally we will need the following lemma.

Lemma 4 Let 5,5 € [r' +d/2,00), r <71’ < oo, § <3, L € [L,, L*], and denote
v = (B,L). Then there exist positive constants Dy, ..., Dy, that can depend only on

By, Ly, L*, 7, 7" v, d, p, such that, denoting

K(B) = (6 —d/2=7)/(B+7),

15



we have

/ , 1 )

e N (AR ) ST

Yo 1 D, 9 1\ (K(B)—r(8))/2
> e“loge , 45
vy, T Bt ( & ) (4)

and ’

D, < 2L < p,. 46
*=(09) ! (46)

Proof. From (30) we have 15, = &0 LI+71+d/2/(B+NT (g5, 1) where & = ed. ().
Thus,

Ut _ utynn de(B) ) Tlggan) L2/ )

" 4. (B T(gy11) LO+a2/E+)
By definition,
2(5) = 2001 = () tog e = 2p LD vgg (47)
and thus, for 5 € [r' +d/2, 00),
2p(r;—€14;d/2) loge™ < d*(B) < 2ploge™". (48)

Therefore,

(8)—r(8))/2

Ds @) =r@)/2_ do (B
717 ee) = L5y
for D5, Dg > 0. Observing that (k(5') — x(5))/2 < 0 and using (41) we obtain (44)
and (45). To prove the bound (46) note that, by (30) and by the definition of n(/3),

< Dy (log 5_1) u

VoL _ Ir++d/2)/(B+7) M‘
n(pB) K52

The lower bound follows from (40). The upper bound follows from (39) and (41). |

4 Proofs

We denote, as before, T(f) = f(®)(0). We will denote by C,C", Cy,Cs, ... posi-
tive constants and by 7,7 = 1,2,... the functions of € such that lim. 7., = 0.
These constants and functions can depend only on S, L., L*,r, 7', 7, d, p and may be

different in different occasions.
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4.1 Proof of the upper bound in Theorem 1.

Here we prove the bound (19). Consider v = (3, L) € B, and define = = () by

A

7= g (o)

where
Bt = (log log 6_1)63

and dy < d3 < 1 where 6, is from the definition of . in (10). We have
Reu(T2)0," = sup Ey (v,” T2 = T(f)I') = RZ, + R,
feF,
where
Rz, = sup Ey (4,7 |15 = T(HIP I (B < 87)),
fer,
R, = sup Ey (v T2~ T(HIP T (5= 7).
feFy
To show (19), we will prove that

lim sup R_, =0

e=0,¢eB,

and

limsup sup RY, < 1.
e—0 veEB: ’

4.1.1 Proof of (49).

Let 8 € [B.,0:], 0 € S, B’ < p~, L € [L,,L*]. Let f € F,, v=(6,L). Then for

sufficiently small ¢, using Lemma 1 and the fact that 3’ < 8 = 3(3, 8'), we get

BTy . — T(f)] < Lh=Y277 (3 2(8))bg,e < LEY~277(8, (")) bs.o-

By definition,
hP42r(8,8(8)) = (3, 4(3))

(51)

(52)

where k(8) = (6 —d/2 —1)/(8 + ). Comparing this to (30) and using (33), (41),

we get
LI~ (3, &b < Crt .

17
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Then
T e =T(f)| < BTy —T(f)l +Zs| < Cripp 1+ | Zp| (54)

where Z is defined in (36). Define
7(3) = 0w |(d2(8) — () + (log="1) "]

where oy is defined in (14) and d.(() is defined in (13). By definitions, (48), and by
the definition of f. in (10),

/ 2( a1 2 1/2 —1\1/4
T(/G) — (ds(ﬁ) B ds(ﬁ)) / + (IOgE ) S C [1 + (logé_l)_1/2(ﬁs _|-fy)1/2} S Cl-

(&) d=(f")
Next, by (46),

s et

Combining the two previous inequalities we get

(') VgL
b Oy (55)
Using this and (54) we find
R, < Y sup B (4,7 Ty —T(HPI(B=75)) < a(v) + 2(v)

pesp<p 17y

where
aw)=C > sup P (6=08) (¢ bsr) (56)
pres,pr<p- F€Fv
and
5 (v) = cﬁ, % 7 00" (Won+ 125V 1 (125 > 7(8)] - (57)

Let us prove that the probability of underestimating largely the value of 5 by the

statistic 3 is small, uniformly over f € F,.

Lemma 5 Let € [f.,00), 3 €S, ' <, L €[L L*], andv = (8,L). Then,

% / 1 /
sup Py (1= ) < Cmesp { =3 &(3)(1 - )}
fer,
where m = Card(S), § = d(¢) = o + ol with

a. = Cyoxp {—C5(B-+7) '8 |
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and ,
o, = Cpmax {ﬁa exp {_W (log 5_1)1/2} , ¢o(log 5_1)_1/2}

where ¢q is the constant from (38).

Proof. Since Card(S) = m, we have

fgj}gp Py (B = ﬁ,) < ﬁ”egﬁ:ﬂgg/ fgj}gp Py (’nge — T e

>n(3"))

< m max sup Pf (’T@76 — Tﬁ//,a > ﬁ(ﬁ”)) (58)

B1ESB'<H feF,

where ' = 3/(3') is the smallest element of S greater than 3. Let f € F,. Using
Lemma 1 and (33), for " € S, 5" < [,

BTy = T(f)] < LH=277(3", 8(8"))bg g < CHO=4277 (3", 5(8"))

where 3 = B(ﬁ, ") is as in Lemma 1. We have that v, > C&(3")"~4/2=)/(8"+7)
by (30) and (41). Thus,

pB—d/2—r (8",&(8"))

S Cé(ﬁ”)(B_d/2_r)/(6”+7)_(ﬁ//—d/Z_r)/(ﬁu_i_ﬂy)

Vpr L i
— exp {_ /g”_f; log 5—1} d.(B") B~/ (B +)
< exp {— gsjrﬁ; (loge_l — loglog 5_1)}
by (48). We have
B2 min{— v+ /2 2 min{5 - 5 df2) 2 o

Using similar inference for ‘E T . —T(f )‘ we get that
BTy . = T(H)| + | EfTor e = T(f)] < Cretbn s

where
Ye = CeXp{_C(ﬁa + 7)_16:}'
Using (46) we obtain ¢z 1, < Dsn(3") and thus

’Tm — Ty

< |EfTy. = T(f)| + |EfTp e = T(H| + |25 — Zor|
< Conl") + |25 — Zn.
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Hence, for sufficiently small &

Py (| T3 = T

>n(3")) < Py (\Z@ ~ Zgo| > (") (1= Cy)) . (59)

Denote hog = h(8”,&(8")), hi = h(3',&(0")), Ko = Kgr, K1 = Kz, and, as before,
Kin, = h; """ K(-/h;). Now Zg — Zgn ~ N(O, e2V?) where

def

V = ||Kon, — Kin, =V V.

, = HKO,hO — Ko,

, HKO,h1 - Kth

Now

_ h y+r+d ~ h 2
V2 = py20tn—d / Ro(z) — (2o Ko 204 )| gz (60)
In In

2(r+v)+d y+r+d
h62 v+r)— [/ K2+ <h0> /K -2 <Z(1]> /[_(O(JT)KO <Z—(1]a?> d:)ﬁ} .

We have,
ho - _ (8" —B) 11 L) | A YeETD)
o exp { G+ 1) (logs 5 log log e >} NG EF)
c 3/ 1" — (ﬁ//) 287+)

Since, 3 > (3" and by the definition of the grid in (9) it suffices to consider the two

cases:
(i) B —p" > (loge™")™/?
and

(i3) ki(loge™) ™ < 3 — 3" < (loge™1)~1/2

where 0; > 1 is the parameter from the definition of the grid (9).
In the case (i), lim._o(ho/h1) = 0, and in the case (ii), limsup,_y(ho/h1) < 1.

Thus, in the both cases, for sufficiently small ¢,

(Z-?)u /[_(o(x)K()(Z? )daz

W lw||*?

= /(1+ [lw /U ||2B) (1 + ||(ho/hl)(w/b//)nﬂﬁ—i—fy))
L el :
- 2/(1+Hw/b”||2(ﬁ+’v /K (62)
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where v = b(5”). From (60) and (62),
vE<n e [ K2 (63)
Also,
R LY T P
where B o
’Yé — ’Y;(ﬁ_,,ﬁ”) — <%>2(T+V)+d HKO __ K;H2
1 |l

as ¢ — 0. Indeed, to prove this consider again the two cases: (i) g—pr >
(loge™) 72 and (ii) xi(loge ™')™ < 3 — B"” < (loge™")~2. If (i) holds then
by (61),

hO C —1\1 }
— < (Ce ——(loge /2 ,
hy — Xp{ (B +7)? (loge™)

and, using (39), we get

VL < Cheexp {——( 3 fv)z <loge—1>1/2}.

If (ii) holds, then (61) and the inequality 3’ > 3" entail ho/h; < C, while
| Ko — Ku|, < Q8 = 8") < Q(loge™")™?) < co(loge™") ™/

where 2 is defined in (37) and we used (38) (we assume here and later that ¢ is small

enough to guarantee that (loge™')~/2 < 1). Combining cases (i) and (ii) we have

7. < C'max {65 exp {—ﬁ (10g6_1)1/2} ,co(logg_l)—1/2} :

From (63) and (64) it follows that for sufficiently small ¢,
V2 < E2hTPOTUB E(BM) | Kprll5(1 + L) = 050 (1 +7L).

Now, for sufficiently small ¢,

7B o B BT )
e2V? T o514l 1440 T 1490
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Thus, using Lemma 2 we get

1

_ " 2( 2
Py (|25 = Zg| > n(8")(1 = Cy)) < Cexp{—mn (8")(1 = Ce) }
1 N
< Coxp{—3 (@)1~ R+
1
< Coxp{—3E@)1-06)}
where 0(¢) = 7. + 2C.. Comparing this to (58) and (59) we get the lemma. |

Lemma 6 Let g, be defined in (56). Then,

lim sup ¢;(v) = 0.

e=0,¢epB,

Proof. Let g € [6,,05:], 0 € S, 8 < p~, L € [Ly,L*], v = (8, L). Using Lemma
5 and (44) we find

w0) = Cm ¥ lew {50 - s} e {5 @205 - 2]

pes,p<p~
1 i(e) _

< O'm’ — d/2 - loge™" b .

< C’mexp{ p(r+~+ /)<6€+7 r—i—fy—i—d/2> oge }
By (9),

m < Bery ! (log(1/€))”. (65)

The Lemma follows now by using the definition of d(¢) in the statement of Lemma
5, the assumption (10), and (65). |

Lemma 7 Let gy be defined in (57). Then,

lim sup go(v) = 0.

e=0,¢epB,
Proof. Let g € [6.,05:], 0 €S, 8 < p~, L €[L,,L*], v=(0,L). Now,
()

o2,

= |(@(5) — E(5)"* + (1og5—1)”4]2 > () — d2(8) + (log=™) " (66)

In particular,
og < (). (67)
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Lemma 2, (67), and (55) yield

3 7_2 ﬂ/
p) £ C 5 U [+ (o + ()] exp {— U >}
/ / — O- /
B'es,p'<p B
2(
<0 3 wremen{-55}
BeS,B<p- 20
Applying (44) and (66) to this upper bound we get
1
g2(v) < C'm exp {—5 (loge_l)l/z} .
Lemma follows from this, (65), and definition of 3. in (10). [ |

Lemmas 6 and 7 imply (49).

4.1.2 Proof of (50)
Define the bias term:
B(B, L,e) = Lhj~"*7"(8, L, )by s
and the standard deviation term:
R(B, L,e) = ;™7 (8, L,o)|[Ksll2

where

h(B, L,e) = (/L)Y

From (40) and from formula (30) we get a decomposition of the normalising factor

to the bias and variance components:

U, = B(8,L,&(3)) + R(B, L,&(B)). (68)
Let 3 € [8.,3.], L € [L.,L*], v = (B,L). Let 3= 3(3) be defined by

N 2(8+7)log L
2log(1/e) — loglog(1/e) +2log L

@R

=

That is, 3 is chosen so that

1/(2(8 1/(2(3
(L‘Qg2 log 5_1) (e (52 loge_l) /). (69)
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Let 8+ € S be the largest grid point < 3. Denote S; = Si(3) = {#/ € S: 3~ <3 <
BT} and So = S (6) ={p' € S: BT < ' < B.}. Assume that ¢ is small enough, so
that 8~ < . We have

R, = sup Ey (er 1T = T(HP T (BES1US)).

Let 3/ € § and f € F,. Assume that ¢ is so small that B(ﬂ,ﬂ’) — 3, with 3
from Lemma 1. Using successively Lemma 1, the fact that 8’ < 3 and (69) we get
(for details see Klemeld and Tsybakov, 2001),

BTy — T(f)] < A8, B)Lh) ™77 (8, L,2(8))bg o (70)

where A(3, ) = A(/@/)(B—dﬂ—r)/(?(ﬁ’ﬂ))A(g)—(ﬁ—dﬂ—r)/(?(ﬁﬂ)) and \(3) = 2p(r + v +
d/2)/(8 + ). Note that

CBr
log(1/¢)’
This and the uniform continuity of A(3, ') in 5,5 € [5, 00) yields that A(S3, )
1 + 7.1. Next, using (34) and (71), we get for every ' € 81,0 € [Bs, B:), bsp

bs (1 4+ 7e2). These remarks, (70) and the decomposition of the normalizing factor
in (68), yield

13— 0] < for all ' € S;. (71)

<
<

IA

Lhy ™77 (8, L,&(8))bs,5(1 +es) = B(B, L, £(B))(1 + 7es)
< Y,(1+7.3), forall 3 €S. (72)

|EfTy e —T(f)|

From (44) and (71) we have
U1/t < Cexp{C(6 — ') loge™"} < Cexp{CBF}
for all " € S;. This and (46) entail
n(8) < Dy, < D3'Cexp{CA}¢,, forall B €Sy,

and

D=0 oli e 95 _ Cexp{Cpt}
s OO} gy = D (d)
Coxp{CAr} _ Crexp{CHH(B: +7)"?

= Dsd(3) log!/?(1/¢)

0’5/

Uy

IA

A, (73)
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for all 3’ € S;, where we used also (48). Note also that, since 8+ < 3,

n(B%) < EB)h (B, L EB) Kslla(1 +7es) = R(B, L, E(B) (1 +7z5),  (74)

(for details see Klemeld and Tsybakov, 2001).
Now we are ready for the main argument of the proof. Let first B=p€8.
Then, in view of (72),

12 = TN =Tpe =T < EfTpe =T +Zs| < (L +7e3) + 25| (75)
Next, let 3 = 3/ € S,. Then, using the definition of £, (72), (74), and (68), we get

T2 =T(f)]

IN

Tpr,e — T+ el + | T+ e — T(f)]

n(B) + |EfTar o = T(f)| + | Zp+]

R(B, L, &(8))(L +7es) + B(B, L, (B))(1 + ves) + [ Zs+]|
Vo (14 Yes) + [ Zp+] -

A

IN

IN

This and (75) entail

Ef (47T =TI (B €Si1US))
< Y E((L+rs+v"1200) 1 (3=0))

B'esS

+ 3 B ((1+vs+ur 125]) 1 (B=1)).

B'€S2

Applying Lemma 2 and (73) we get, for any 3’ € &y,
By (1490 +4, 1| Z91) T (5= 5))
< <1 +Yes + Uﬁf¢51)pr (5=7)

+ O 1w ((ap0)"? + afy) ] exp {—;ﬁ; }

< (14 +42) P (3=0) *CSeXp{_ 22 }

where A. is defined in (73) (for details see Klemeld and Tsybakov, 2001). Since * €
S;, analogous bound holds for E ((1 + Yeo + U, | Zae )P T (B = ﬁ’)) . We conclude
therefore that

RY, = E; (0,7 T2 = T(HI' 1 (B € SUS))
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g(1+%7+Ay§?@(ﬁesuxg)+m%m@m{— (76)

1
i)
where 7.7 = max{7.s,7-6}. It remains to note that (50) follows from (76) and (65)
applying the definition of A, in (73) and definition of 3. given in (10). |

4.2 Proof of the lower bound in Theorem 1.

Here we prove the bound (20). We denote, as above, T(f) = f(@)(0). Let L €
[L., L], vy = (Bo, L), and v/ = (', L) where B, < [y < [/ < (.. Consider the
functions

fo=0, fr = (1= 0)gpLem0)
where 0 < § < 1/2, gg, 153, is defined in (29), and &(5y) = ed.(5y). Obviously,

fo € Fp 1. Furthermore, we have by direct calculation

1Ry fill2 = (1 = 6)€(fo)

(1 —d)ed-(Bo) (77)
and
psy(f1) < (1 —0)L. (78)
Indeed, by the renormalization argument,
1R gs,1.ll2 = ab™ 2| R, gsllo = 077 7(C*) 7| K|z = 1
where gg1 is defined in (27), Kj is defined in (7), and

2 2B —1r)—d

Rl = (cyp 20 =1 =
1Kol = (€ S g

which is proved by applying the property B(u,v) = B(u — 1,v+ 1)(u — 1) /v of the

Beta function. Then,

—y—d/2
1Rygs.L.ell2 = a1by ™% || Ry gsiallo = €

where ay, b, are defined (analogously as after Equation (29)), as a; = Lb¥*™" b, =
(L/e)Y/B+7) . Thus (77) holds. Also, by the renormalization argument,

ps(gs11) = ab’ =2 ps(gs) = (C*) " ps(gs) = 1
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and
ps(9s.0.) = arby " ps(gsrn) = L.
Thus (78) holds. Then

Pl (1) + IR A3 < (1= 6)% (L2 + &(5%0)?)
and fi € Fp, 1, for sufficiently small e. From equation (30), T'(f1) = (1 —0)t,,. Also,
T(fo) = 0. Thus, for any estimator 7%,
T2 = T(f)] = by D (1 = 6) "4\ TLyi) i =0,1,
where D(u,v) = (1 — §)|u — v|, u,v € R. Denoting @ = /v, and E; = Ey,, we
get

inf sup R.,(T:)y, 7 = i;lf max {Rav,,/(Ta)@b;,p, Re v, (Ta)w_p} (79)

T: vEB: v "o
> infmax { B (" |T. = T()l")  Bx (4] T2 = T(F)) }
= infmax {QPEO (DP(TE, 0)), E, (DP(TE, 1))} .

T = exp {—1?_6 dg(ﬂo)} )

Denoting P; = Py,, we obtain

dP,
where & ~ N (0,1), ®(-) is a standard normal c.d.f. and

P (ﬁ > ) = Pexp {=AlE — = 2IAIR/2) 2 7) =1- () (80)

€
1 f1ll2
as € — 0. Using (80) and applying Theorem 6 in Tsybakov (1998), we get

(1= @(L))(1 = 20)"7(Q9)"
(1—20)7 + 7(Q3)?

In view of (18) and (47), where x(5) = (8 —d/2 —1r)/(6 + ), we obtain
% _ (52 log 5_1)5(60)/2 Cup
by T (Floge ) OIE ¢

1 2 2/l
= e {5 a2 - 2] -

)
le (logT + e A1ll3/2) = —5 d=(fo) — —o0,

i:rrlfmax {QPEy\D?(T.,0), EyD?(T.,1)} > (81)

(r+~+d/2)(8" = o)
2(8o +7)(B" + )
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Thus,
@ = eo{-1 e (22)

o )

o o D v (=)

Thus 7QP — 00, as € — 0, if § > (By + 7 + d/2)/(8 + 7 + d/2), and under this

condition on § we have

inf max {Re (T2, Rewo (T} 2 (1= 28)(1 + 0(1)), (82)

as € — 0. Choosing now By = i, ' = . and § = (B + v+ d/2)/(ABy + v + d/2)
for A > 0 large enough to have § < 1/2, passing to the limit as ¢ — 0 and then as

A — 00, we get the result. [ |

4.3 Proof of Theorem 2.

Let 5o, ', L, vg, V' be as defined in Section 4.2. Assumption (21) implies that there
exists 0 < & < 1/3 such that

Re(T2),F < (1 —38)P (83)

for all € small enough where, as above, v/ = (', L). Next, note that (82) holds with
Re . (17) replaced by R. . (1) where vy = (8, L) for any real number 3; belonging
to B. (in fact, the inequality in (79) remains valid if we replace R. ,/(T:) by R. ; (1%)
with arbitrary [ since the function fo = 0 belongs to all the classes Fj; ). Hence,

for any g} € (4, 5] we have
inf max {Rewg (T0,? Re (T} > (1= 20)7(1+ 0(1)), (84)
as ¢ — 0, provided that (' is such that
6> (Bo+v+d/2)/(8 +~+d/2). (85)

Now choose 3 > [y large enough to guarantee (85) for the § appearing in (83).
Clearly, 5" € B. for all sufficently small €. Then (83) and (84) imply

max { Ry (T2)¢,7, (1= 30)7} > (1= 26)7(1 + 0(1)) > (1 - 56/2)"
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for all sufficently small . Therefore,
Rewy(To) = (1 —55/2)P4y, (86)

for all sufficently small . Next, it follows from Ibragimov and Hasminskii (1984),
Donoho and Low (1992) that £%(%) is minimax rate of convergence for the class Fg, 1,

in particular, there exists a constant Cy > 0 such that
inf Re (1) > CloePrPo), (87)

Using (86), (87) and (19) we get, for any 5, > ',

Rep (1) R. T 1 — 55/2)PP, [ CocPr(Bo)
a.L(1e) Regyr(T2) > ( Z )Py ( 9€p >(1+0(1))
Ry n(17) Repor(T7)

! 120]
Yo

> C10(62 log g—l)p(n(ﬁ/)—n(ﬁ{)))ﬁ(logg—l)pn(ﬁo)p — 0,

as € — 0. [ |
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