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Abstract

We consider multivariate density estimation when the assumptions
of identically distributed data or stationary data are relaxed to the as-
sumptions of locally identically distributed data or locally stationary
data. We assume that the distribution of the data is changing contin-
uously as function of time. To estimate densities non-parametrically
with these local regularity conditions we need time localization in
addition to the usual space localization. We define a time localized
kernel estimator which estimates the density non-parametrically at
any given point of time. The consistency of the time localized kernel
estimator is proved and the rates of convergence of the estimator are
derived under conditions on the β- and α-mixing coefficients. Both
the time series setting and spatial setting are covered.

Key Words: Kernel estimator, mixing coefficients, non-parametric density
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1 Introduction

We assume to observe a realization of sequence X1, . . . ,XT ∈ Rp of random
vectors. We do not assume that the random vectors are identically dis-
tributed or that they are independent. We will assume that the random
vectors are locally identically distributed. When there exists a distribution
P such that a sufficient number of random vectors in the sequence have
a distribution close to P, then we say that the random vectors are locally
identically distributed. Then we may find an estimator which accurately
estimates P. We call distribution P the true distribution. We assume that
P and the distributions of Xt have densities with respect to Lebesgue mea-
sure.

Let T be a metric space with metric δ : T × T → [0,∞). We assume
that there exists a mapping τ : {1, . . . ,T} → T, which gives the locations of
the observations in time or space. In the time series setting we may take
T = [0, 1] and τ(t) = t/T, assuming that Xt is observed earlier than Xu when
t < u, and that the time steps are equal. In the spatial setting we may have
for example T = [0, 1]2, T = [0, 1]3, or T = S3, where S3 is the unit sphere in
R3, and τ(t) gives the spatial location of the observation. We use the time
series terminology, and call τ(t) the time point of the observation.

We may imagine that there exists a collection of density functions {gu :
u ∈ T}, and we want to estimate density function gτ0

, for a fixed τ0 ∈ T.
If the density of Xt is close to gτ0

, when τ(t) is close to τ0, and if there is
enough such indexes t that τ(t) is close to τ0, then sequence X1, . . . ,XT may
be used to estimate gτ0

For example, in the time series setting we may want to estimate the
density of Xt0 , where t0 is a fixed point of time. When we want to estimate
the current density, then t0 = T. Denote the density of Xt0 with ft0

. The
estimation of ft0

is possible when the distribution of random vector Xt is
changing continuously and sufficiently slowly as a function of t. In this
case the time series is called locally identically distributed.

When the sequence of random vectors is locally identically distributed
we may estimate the true distribution with a time localized kernel esti-
mator. A time localized kernel estimate is a moving average of localized
kernels. We prove the consistency of the time localized kernel estima-
tor and give the rates of convergence of the estimator under smoothness
assumptions for the densities.

We may also want estimate the joint distribution of consecutive obser-
vations Xt0 ,Xt0−1, . . . ,Xt0−k for a fixed k ≥ 1. When the joint distribution
of the vector of consecutive observations is locally identically distributed,
we call the times series locally stationary. We may again apply the time
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localized kernel estimator.
A common univariate nonstationary time series model is the regres-

sion model Yt = m(wt) + Zt, where m is a real valued smooth regression
function, wt are fixed design points, and Zt ∈ R are i.i.d random noise.
Since regression function m is assumed to be smooth, the time series is
in a certain sense locally identically distributed and function m may be
estimated with a moving average, see Remark 5. A different concept of a
nonstationary time series was introduced by Priestly (1965), in terms of the
spectral density. Dahlhaus (1997) studied local stationarity in the context
of covariance evolution and developed an asymptotic theory with the help
of time rescaling. Thus, locally stationary time series models have been
considered both in terms of the mean and covariance. We consider more
general local stationarity in terms of density functions.

Density estimation is often studied under the assumption of indepen-
dent observations but this assumption is usually not satisfied in the time
series setting or in the spatial setting. The assumption of independence
may be relaxed to an assumption on the largeness of the β-mixing coef-
ficients or the α-mixing coefficients, see Viennet (1997), Bosq (1998). We
make an assumption concerning the largeness of these coefficients in the
time localized setting. The assumptions state that the joint distribution
of nearby observations is not too far away from the product distribution,
in a given neighborhood of the space T. β-mixing coefficients are more
convenient for the statistical analysis but α-mixing coefficients provide a
natural relaxation of the β-mixing coefficients and thus we study also the
α-mixing coefficients.

In Section 2 we study the problem of the estimation of the joint distri-
bution of the components of a vector time series. Section 2.1 contains the
definition of locally identically distributed data and the definition of the
time localized kernel estimator. Section 2.2 contains the definitions of the
dependency concepts. Section 2.3 contains the results on consistency and
on the rate of convergence. In Section 3 we state the definition of locally
stationary data and we apply the previous results to the estimation of the
joint distribution of consecutive observations.

We denote aT 4 bT when lim supT→∞ aT/bT < ∞, that is, when aT =

O(bT). We denote aT = o(bT) when limT→∞ aT/bT = 0. We denote aT ∼ bT

when limT→∞ aT/bT = 1. We denote aT . bT when lim supT→∞ aT/bT ≤ 1.
The Lq norm of a function f : Rd → R will be denoted with ‖ f ‖q. The ith
partial derivative of a function f : Rd → R is denoted by Di f and Dα f =
Dα1

1
· · ·Dαd

d
f , where α = (α1, . . . , αd) is a vector of nonnegative integers.
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2 Estimation of the joint distribution of the com-

ponents of a vector time series

2.1 Locally identically distributed observations and the

time localized kernel estimator

Let X1, . . . ,XT ∈ Rp be a sequence of random vectors. We write Xt =

(Xt
1
, . . . ,Xt

p), t = 1, . . . ,T. We want to estimate a density g : Rp → R. This
is possible if there is enough observations in the sequence whose density
is close to g. We define the concept of locally identically distributed random
vectors, which formalizes this idea. The concept of locally identically
distributed random vectors is defined with the help of a fixed rate function
r which quantifies the similarity of distributions.

Definition 1 Random vectors X1, . . . ,XT ∈ Rp are locally identically dis-
tributed, with rate function r : [0,∞) → [0,∞), with rate o(1), at time point
τ0 ∈ T, when there exists density g : Rp → R such that

lim
T→∞

1

T

T
∑

t=1

r[δ(τ(t), τ0)]
∥

∥

∥ ft − g
∥

∥

∥

2
= 0 (1)

and with rate O(T−1/2), when

lim sup
T→∞

T−1/2

T
∑

t=1

r[δ(τ(t), τ0)]
∥

∥

∥ ft − g
∥

∥

∥

2
< ∞, (2)

where ft : Rp → R, t = 1, . . . ,T, is the density function of Xt.

In order estimation of g to be possible we need to assume that around
the time point τ0 of interest there is asymptotically a non-negligible amount
of indexes τ(t).

Assumption 1 Let τ0 ∈ T be the point of interest, and let r : [0,∞)→ [0,∞) be
the rate function in Definition 1. We assume that

lim inf
T→∞

1

T

T
∑

t=1

r[δ(τ(t), τ0)] > 0.
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For example, when T = [0, 1], δ(t, s) = |t − s|, τ(t) = t/T, τ0 = 1, and

0 <
∫ 1

0
r < ∞, then

1

T

T
∑

t=1

r[δ(τ(t), τ0)] =
1

T

T
∑

t=1

r(|t/T − 1|) ∼

∫ 1

0

r(|s − 1|) ds =

∫ 1

0

r, (3)

as T→∞, and Assumption 1 holds.

Remark 1 To construct a consistent estimate for g we need to assume (1)
and to construct an estimate with fast rates of convergence we need to
assume (2).

Remark 2 It is natural to assume that rate function r : [0,∞) → [0,∞) is
monotonically decreasing, for example r(x) = (1 − xq)+ or r(x) = exp(−xq),
for q ≥ 1. Then Definition 1 says that when τ(t) are close to τ0, then ft are
close to g, up to a negligible amount of indexes t. Rate function r quantifies
the closeness of ft to g. If Definition 1 holds for rate function r, then it holds
for some other rate functions as well. If r satisfies (1) or (2), then r∗ satisfies
(1) or (2) when

lim sup
T→∞

max
t=1,...,T

r∗[δ(τ(t), τ0)]

r[δ(τ(t), τ0)]
< ∞.

Remark 3 We have defined locally identically distributed random vectors
as an asymptotic concept, as T → ∞. The type of asymptotics we used
is called time rescaling (Dahlhaus (1997)) or in-fill asymptotics. The in-
fill asymptotics is often used to analyze estimators in the setting where
one assumes that there exists a continuous time stochastic process Z(t),
t ∈ [0, 1], and the observations are sampled from this process: Xt = Z(t/T),
t = 1, . . . ,T.

Remark 4 We have measured the distance between distributions with the
L2 distance between the density functions of the distributions. In particular,
we assume that the densities exist. It is natural to consider different defi-
nitions of locally identically distributed random vectors, based on various
distances between distributions.

Remark 5 Two nonstationary models which have been used in statistics
include the mean-nonstationary model

Xt = µt + Zt,
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where µt ∈ Rp and Zt are i.i.d with EZt = 0, and the volatility-nonstationary
model

Xt = σtZ
t,

where σt > 0 and Zt are i.i.d. This volatility-nonstationary model has been
used as an alternative for stationary GARCH-modeling, see Stărică and
Granger (2005). For the mean-nonstationary model one has ft(x) = fZ(x−µt)
where fZ is the density of Zt, and thus one can write, under smoothness
assumptions on fZ,

∥

∥

∥ ft − fu

∥

∥

∥

2
≤

∥

∥

∥µt − µu
∥

∥

∥ ·
∥

∥

∥D fZ

∥

∥

∥

2
.

Thus Xt are locally identically distributed in the sense of Definition 1, ifµt is
sufficiently smooth as function of t. For the volatility-nonstationary model
one has ft(x) = fZ(x/σt)/σ

p

t and thus one can write, under smoothness
assumptions on fZ,
∥

∥

∥ ft − fu

∥

∥

∥

2
≤

∥

∥

∥ fZ(x/σt)/σ
p

t − fZ(x/σu)/σ
p

t

∥

∥

∥

2
+

∥

∥

∥ fZ(x/σu)/σ
p

t − fZ(x/σu)/σ
p
u

∥

∥

∥

2

= σ
−p/2

t

∥

∥

∥ fZ(x) − fZ(xσt/σu)
∥

∥

∥

2
+

∣

∣

∣σ
−p

t − σ
−p
u

∣

∣

∣ σ
p/2
u

∥

∥

∥ fZ

∥

∥

∥

2

= |1 − σt/σu|σ
−p/2

t

∥

∥

∥xTD fZ(ξ)
∥

∥

∥

2
+ |1 − (σu/σt)

p|σ
−p/2
u

∥

∥

∥ fZ

∥

∥

∥

2
,

where ξ = ξx,σt,σu is between x and xσt/σu and we use the abuse of notation
‖ f ‖2 = ‖ f (x)‖2 when x is the integration variable. Thus Xt are locally
identically distributed in the sense of Definition 1, if the ratio σu/σt is close
to one and σ−1

t are bounded.

If the random vectors are locally identically distributed, then a time
localized kernel estimator may be used to estimate density g. We define the
time localized kernel estimator by associating weights pt, t = 1, . . . ,T, to
the observations, which replace the usual weights T−1.

Definition 2 The time localized kernel estimator is defined with

f̂T(x) =

T
∑

t=1

ptKh

(

x − Xt
)

, x ∈ Rp,

where h > 0 is the smoothing parameter, Kh(x) = h−pK(x/h), K : Rp → R is the

kernel function, and pt ≥ 0,
∑T

t=1 pt = 1.

The time localized kernel estimator is used to estimate density g. The
optimal choice of the smoothing parameter h and the weights pt depend
on the density g and on the the rate function r. See (13) for a sufficient
condition on the weights to reach consistency and fast rates of convergence.
An application of a time localized kernel estimator is given in Klemelä
(2006).
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2.2 Dependency concepts

We will not assume that the observations are independent but consider
two concepts of dependence: conditions on the largeness of the β-mixing
coefficients and on the α-mixing coefficients.

2.2.1 Regular mixing coefficients

We make an assumption on the largeness of β-mixing coefficients, which
are also called regular mixing coefficients. These coefficients were intro-
duced by Kolmogorov and Rozanov (1961). Let Z, Z̃ be random vectors
and let PZ,PZ̃ be the corresponding probability measures. Let PZ,Z̃ be the
probability measure of the joint distribution of Z, Z̃ and let PZ ⊗ PZ̃ be the
product measure of PZ and PZ̃. The β-mixing coefficient is defined by

β(Z, Z̃) =
∥

∥

∥PZ,Z̃ − PZ ⊗ PZ̃

∥

∥

∥

tot
= sup

W

∫

W d
(

PZ,Z̃ − PZ ⊗ PZ̃

)

, (4)

where the supremum is over all random variables 0 ≤ W ≤ 1, measurable
with respect to the product sigma-algebra of the sigma-algebras generated
by Z and Z̃. We set β(Z,Z) = 1.

Assumption 2 Let r : [0,∞) → [0,∞) be the rate function of Definition 1 and
let τ0 ∈ T. Assume that

lim sup
T→∞

1

T

T
∑

t,u=1

r[δ(τ(t), τ0)] · r[δ(τ(u), τ0)] β(Xt,Xu) < ∞.

Remark 6 Assumption 2 defines a localized dependency property, since it
depends on τ0 ∈ T. We will take rate function r same as in Definition 1. We
have multiplied with r[δ(τ(t), τ0)] and r[δ(τ(u), τ0)] which are small when
τ(t) or τ(u) are far away from τ0, when r is similar as in Remark 2. Thus
the assumption of the smallness of β(Xt,Xu) is not so restrictive as in the
case we would take r ≡ 1.

Remark 7 Let us consider the case when X1, . . . ,XT is strictly stationary.
Define bk = β(X

t,Xt+k), for t = 1, . . . ,T, k = 1 − t, . . .T − t. Numbers bk do
not depend on t due to the strict stationarity. We have that

1

T

T
∑

t,u=1

β(Xt,Xu) =
1

T

T
∑

t=1

T−t
∑

k=1−t

β(Xt,Xt+k) ≤ 2

∞
∑

k=0

bk. (5)

Thus the assumption
∑∞

k=0 bk < ∞ implies Assumption 2 with rate function
r as identically 1: r ≡ 1. Viennet (1997) makes the assumption

∑∞
k=0(k +

1)q−2bk < ∞when studying density estimation with the Lq loss.
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2.2.2 Strong mixing coefficients

Strong mixing coefficients are also called α-mixing coefficients. These
coefficients were introduced by Rosenblatt (1956). The α-mixing coefficient
is defined by

α(Z, Z̃) = sup
A,B

∣

∣

∣P(Z ∈ A, Z̃ ∈ B) − P(Z ∈ A)P(Z̃ ∈ B)
∣

∣

∣ ,

where Z, Z̃ are random vectors taking values in Rp and the supremum
is taken over Borel measurable subsets of Rp. We may define α(Z, Z̃)
analogously to (4), by writing

α(Z, Z̃) = sup
A,B

∫

IA×B d
(

PZ,Z̃ − PZ ⊗ PZ̃

)

. (6)

α-mixing coefficients provide a natural relaxation for the β-mixing coeffi-
cients because

α(Z, Z̃) ≤ β(Z, Z̃),

which can be seen by comparing (4) and (6). For the statistical theory β-
mixing coefficients are more convenient because we have to make stronger
assumptions on the convergence of the sums of α-mixing coefficients than
we have to make on the convergence of the sums of β-mixing coefficients.

Assumption 3 Let r : [0,∞) → [0,∞) be the rate function of Definition 1 and
let τ0 ∈ T. Assume that

T−1

T
∑

t=1

T
∑

u=1,|u−t|>U

r[δ(τ(t), τ0)] · r[δ(τ(u), τ0)] α(Xt,Xu) ≤ C ·U1−a, (7)

and

T−1

T
∑

t=1

T
∑

u=1,|u−t|≤U

r[δ(τ(t), τ0)] · r[δ(τ(u), τ0)] ≤ C ·U, (8)

for integers 1 ≤ U < T, where C and a are positive constants.

Remark 8 Assumption (8) holds when r is bounded.

Remark 9 Let us consider the case when X1, . . . ,XT is strictly stationary.
Define ak = α(Xt,Xt+k), for t = 1, . . . ,T, k = 1− t, . . .T− t. We have similarily
as in (5)

1

T

T
∑

t=1

T
∑

u=1,|u−t|>U

α(Xt,Xu) =
1

T

T
∑

t=1

T−t
∑

k=1−t,|k|>U

α(Xt,Xt+k) ≤ 2

∞
∑

k=U+1

ak.
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Bosq (1998), Theorem 2.1, derives the rates of convergence of a kernel
estimator under assumption ak ≤ C′k−a where a > 1 and C′ is a positive
constant. This assumption implies

∞
∑

k=U+1

ak ≤ C′
(U + 1)1−a

a − 1
.

Thus the assumption ak ≤ C′k−a implies assumption (7) with rate function
r as identically 1: r ≡ 1.

In the case of α-mixing coefficients we have to make the following
technical assumptions, which are similar to the assumptions in Bosq (1998),
Theorem 2.1. We assume that the densities ft have compact supports which
are contained in a fixed compact set:

sup( ft) ⊂ A, t = 1, 2, . . . , for some compact set A. (9)

For t , u and for some r > 2,
∥

∥

∥d
(

Pt,u − Pt ⊗ Pu

)

∥

∥

∥

r
≤ Cr, (10)

where Pt is the distribution of Xt, Pu is the distribution of Xu, Pt,u is the
distribution of (Xt,Xu), and Cr is a positive constant. Constant a in As-
sumption 3 satisfies

a > 2
r − 1

r − 2
. (11)

The dual use of r as a symbol for the rate function and in (10) will not cause
confusion.

2.3 Results

2.3.1 Consistency

We prove the consistency of the time localized kernel estimator, for the L2

error.

Theorem 1 Let sequence X1, . . . ,XT ∈ Rp locally identically distributed in the
sense of Definition 1, Eq. (1), with rate function r which satisfies Assumption 1.
Let Assumption 2 on the β-mixing coefficients or Assumption 3 with (9)-(11) on
the α-mixing coefficients be satisfied. Assume that for all t = 1, . . . ,T,

‖ ft‖2 ≤ C, (12)

for a positive constant C. We apply the time localized kernel estimator f̂T defined
in Definition 2 with the following parameters:
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1. kernel function K satisfies ‖K‖2 < ∞,
∫

Rp K = 1, and the support of K is
included in [−1/2, 1/2]p,

2. smoothing parameter h = hT is such that limT→∞ hT = 0 and limT→∞ Th
p

T
=

∞,

3. weights pt = pt,T satisfy

lim sup
T→∞

max
t=1,...,T

pt

πt
< ∞, (13)

where

πt =
r[δ(τ(t), τ0)]

∑T
u=1 r[δ(τ(u), τ0)]

. (14)

Then,
lim
T→∞

E
∥

∥

∥ f̂T − g
∥

∥

∥

2
= 0.

Proof. We consider first the bias and then the variance.

Bias. We have for x ∈ Rp

E f̂T(x) − g(x) =

T
∑

t=1

pt

∫

Rp

Kh(x − y) ft(y) dy − g(x)

=

T
∑

t=1

pt

(∫

Rp

Kh(x − y) ft(y) dy − ft(x)

)

+

T
∑

t=1

(pt − πt)( ft(x) − g(x))

+

T
∑

t=1

πt( ft(x) − g(x))

de f
= A1(x) + A2(x) + A3(x). (15)

The assumption in (12) and Lemma 1 below imply that

max
t=1,...,T

∫

Rp

(∫

Rp

Kh(x − y) ft(y) dy − ft(x)

)2

dx→ 0

as h→ 0. This and the assumption limT→∞ h = 0 imply that limT→∞ ‖A1‖2 =

0. By Assumption 1,

lim sup
T→∞

max
t=1,...,T

πt ·
T

r[δ(τ(t), τ0)]
< ∞. (16)
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Applying assumption (13) on the weights and Eq. (16),

lim sup
T→∞

max
t=1,...,T

T

r[δ(τ(t), τ0)]

∣

∣

∣pt − πt

∣

∣

∣ < ∞. (17)

Thus, applying (17),

‖A2‖2 ≤

T
∑

t=1

|pt − πt|
∥

∥

∥ ft − g
∥

∥

∥

2
4 T−1

T
∑

t=1

r[δ(τ(t), τ0)]
∥

∥

∥ ft − g
∥

∥

∥

2
, (18)

where we denote aT 4 bT when lim supT→∞ aT/bT < ∞. Thus, by assump-
tion (1) of locally identically distributed random vectors, limT→∞ ‖A2‖2 = 0.
We have by (16) that

‖A3‖2 =

∥

∥

∥

∥

∥

∥

∥

T
∑

t=1

πt( ft − g)

∥

∥

∥

∥

∥

∥

∥

2

4

∥

∥

∥

∥

∥

∥

∥

T−1

T
∑

t=1

r[δ(τ(t), τ0)]( ft − g)

∥

∥

∥

∥

∥

∥

∥

2

≤ T−1

T
∑

t=1

r[δ(τ(t), τ0)]
∥

∥

∥ ft − g
∥

∥

∥

2
. (19)

It follows, by assumption (1) of locally identically distributed random
vectors, that limT→∞ ‖A3‖2 = 0. We have proved

lim
T→∞

∥

∥

∥E f̂T − g
∥

∥

∥

2
= 0. (20)

Variance. Denote

Covtu =

∫

Rp

Cov
(

Kh(x − Xt),Kh(x − Xu)
)

dx.

We have that

∫

Rp

Var( f̂T) =

T
∑

t,u=1

ptpuCovtu

4

T
∑

t,u=1

πtπuCovtu (21)

4 T−2

T
∑

t,u=1

r[δ(τ(t), τ0)] · r[δ(τ(u), τ0)] Covtu, (22)
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where in (21) we applied assumption (13) on the weights and in (22) we
applied (16). Applying Lemma 1 below,

Covtt =

∫

Rp

Var
(

Kh(x −Xt)
)

dx

≤

∫

Rp

dx

∫

Rp

K2
h(x − y) ft(y) dy (23)

∼ h−p

∫

Rp

K2, (24)

as T→∞. It is left to calculate Covtu when t , u. The calculation is different
for the β-mixing coefficients and for the α-mixing coefficients.

Covariance with β-mixing. Now we assume that Assumption 2 holds. We
generalize Theorem 2.1 of Viennet (1997) to the nonstationary case. We
have for x ∈ Rp, t, u = 1, . . . ,T, t , u, applying the Cauchy-Schwartz
inequality,

Cov
(

Kh(x −Xt),Kh(x − Xu)
)

=

∫

Rp×Rp

Kh(x − y)Kh(x − z) d
(

Pt,u − Pt ⊗ Pu

)

(y, z) (25)

≤

(∫

Rp×Rp

K2
h(x − y) d

∣

∣

∣Pt,u − Pt ⊗ Pu

∣

∣

∣ (y, z)

)1/2

×

(∫

Rp×Rp

K2
h(x − z) d

∣

∣

∣Pt,u − Pt ⊗ Pu

∣

∣

∣ (y, z)

)1/2

,

where Pt is the distribution of Xt, Pu is the distribution of Xu, and Pt,u is

the distribution of (Xt,Xu). Denote with Q(t)
t,u the 1:st marginal distribution

of |Pt,u −Pt ⊗Pu|: Q(t)
t,u(A) =

∫

A×Rp d
∣

∣

∣Pt,u − Pt ⊗ Pu

∣

∣

∣ (y, z), and denote with Q(u)
t,u

the second marginal distribution. Denote with g(l)
t,u : Rp → R the Radon-

Nikodym density of Q(l)
t,u with respect to Pl, l = t, u:

g(l)
t,u =

dQ(l)
t,u

dPl
, l = t, u.

Then we have
∫

Rp×Rp

K2
h(x − y) d

∣

∣

∣Pt,u − Pt ⊗ Pu

∣

∣

∣ (y, z) =

∫

Rp

K2
h(x − y)g(t)

t,u(y) ft(y) dy,
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and
∫

Rp×Rp

K2
h(x − z) d

∣

∣

∣Pt,u − Pt ⊗ Pu

∣

∣

∣ (y, z) =

∫

Rp

K2
h(x − z)g(u)

t,u (z) fu(z) dz.

Thus,

Cov
(

Kh(x − Xt),Kh(x − Xu)
)

≤

∫

Rp

K2
h(x − y)

(

g(t)
t,u(y) ft(y) + g(u)

t,u(y) fu(y)
)

dy.

We have that
∫

Rp

g(t)
t,u ft =

∫

Rp×Rp

d
∣

∣

∣Pt,u − Pt ⊗ Pu

∣

∣

∣ = 2
∥

∥

∥Pt,u − Pt ⊗ Pu

∥

∥

∥

tot
= 2β(Xt,Xu)

and also
∫

Rp g(u)
t,u fu = 2β(Xt,Xu), where β(Xt,Xu) is defined in (4). Thus,

applying Lemma 1 below,

Covtu =

∫

Rp

Cov
(

Kh(x − Xt),Kh(x − Xu)
)

dx . h−p 4 β(Xt,Xu)

∫

Rp

K2, (26)

where aT . bT means that lim supT→∞ aT/bT ≤ 1. Eq. (26) holds also for
t = u, as noted in (24). Applying (22) and (26) we get

∫

Rp

Var( f̂T)

4 (Thp)−1T−1

T
∑

t,u=1

r[δ(τ(t), τ0)] · r[δ(τ(u), τ0)] β(Xt,Xu)

4 O
(

(Thp)−1
)

= o(1), (27)

as T → ∞, where we applied also Assumption 2 on the β-mixing coeffi-
cients and the assumption limT→∞ Thp = ∞.

Covariance with α-mixing. We modify the proof of Theorem 2.1 in Bosq
(1998) for the nonstationary case. We apply Billingsley’s inequality

Cov(X,Y) ≤ 4‖X‖∞‖Y‖∞α(X,Y), (28)

which is proved in Doukhan (1994), Lemma 3, page 10 and Bosq (1998),
Corollary 1.1. Eq. (28) implies that

Cov
(

Kh(x − Xt),Kh(x −Xu)
)

≤ 4h−2p‖K‖2∞α(Xt,Xu).

13



On the other hand, using Eq. (25) and Hölder’s inequality for 1/r+ 1/q = 1
we get

Cov
(

Kh(x − Xt),Kh(x − Xu)
)

≤ ‖d
(

Pt,u − Pt ⊗ Pu

)

‖r · h
−2p/r‖K‖2q,

since ‖Kh(x− ·)‖q = h−php/q‖K‖q. Since ft have compact support (assumption
(9)) the volume of the support of the kernel estimator can be bounded by
a constant Cs (we will assume from now on that h ≤ 1) and we have

Covtu ≤ Cs ·max
{

Crh
−2p/r‖K‖2q, 4h−2p‖K‖2∞α(Xt,Xu)

}

,

where we used also assumption (10). Let

U = [h−2p/(qa)].

The integer U solves asymptotically Uh−2p/r ≈ U1−ah−2p.We have, continu-
ing from (22), applying Assumption 3,

T−2

T
∑

t,u=1,t,u

r[δ(τ(t), τ0)] · r[δ(τ(u), τ0)] Covtu (29)

=

≤ CsT
−2















T
∑

t=1

T
∑

u=1,1≤|u−t|≤U

r[δ(τ(t), τ0)] · r[δ(τ(u), τ0)] Crh
−2p/r‖K‖2q

+

T
∑

t=1

T
∑

u=1,|u−t|>U

r[δ(τ(t), τ0)] · r[δ(τ(u), τ0)] 4h−2p‖K‖2∞α(Xt,Xu)















≤ CCsT
−1

[

Crh
−2p/r‖K‖2q ·U + 4h−2p‖K‖2∞ ·U

1−a
]

.

= O
(

(Thp)−1
)

, (30)

since
Uh−2p/r < h−2p[1/(qa)+1/r] < h−p,

since 1/(qa) < (r− 2)/(2r) (remember q = r/(r− 1) and a > 2(r− 1)/(r− 2) by
assumption (11)) and

U1−ah−2p < h2p(a−1)/(qa) < h−p,

since (a − 1)/a > q/2 (note 1 − 1/a > r/[2(r − 1)] = q/2). Combining (22),
(24), and (30) gives

∫

Rp

Var( f̂T) = O
(

(Thp)−1
)

= o(1). (31)
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Collecting the results. The theorem follows from (20) and from (27) or
from (31). �

We have applied the following lemma, whose proof may be found for
example in Stein (1970), or in the Appendix.

Lemma 1 Let f : Rp → R and ‖ f ‖q < ∞ for some q ∈ [1,∞). Let K : Rp → R
have compact support and ‖K‖1 < ∞. Then

lim
h→0

∫

Rp

∣

∣

∣

∣

∣

∫

Rp

Kh(x − y) f (y) dy − f (x)

∫

Rp

|K|

∣

∣

∣

∣

∣

q

dx = 0,

where Kh(x) = h−pK(x/h).

2.3.2 Rates of convergence

We derive the rates of convergence of the time localized kernel estimator.

Theorem 2 Let sequence X1, . . . ,XT ∈ Rp be locally identically distributed in the
sense of Definition 1, Eq. (2), with rate function r which satisfies Assumption 1.
Let Assumption 2 on the β-mixing coefficients or Assumption 3 with (9)-(11) on
the α-mixing coefficients be satisfied. Assume that for all t = 1, . . . ,T, for integer
s ≥ 1, density ft is s times continuously differentiable and for |α| = s,

∥

∥

∥Dα ft

∥

∥

∥

2
≤ C, (32)

for a positive constant C, where α = (α1, . . . , αp) is a multi-index and we denote

|α| = α1 + · · · + αp. We apply the time localized density estimator f̂T defined in
Definition 2 with the following parameters:

1. kernel function K : Rp → R satisfies ‖K‖2 < ∞,
∫

Rp K = 1, the support

of K is included in [−1/2, 1/2]p,
∫

Rp xαK(x) dx = 0, for |α| = 1, . . . , s − 1,
∫

Rp |x
α||K(x)| dx < ∞, for |α| = s.

2. smoothing parameter is h = hT = ChT−1/(2s+p), for a positive constant Ch,

3. weights pt, t = 1, . . . ,T, satisfy (13).

Then,

lim
T→∞

T2s/(2s+p)E
∥

∥

∥ f̂T − g
∥

∥

∥

2

2
< ∞.
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Proof. We have for the bias that

∥

∥

∥E f̂T − g
∥

∥

∥

2

2
= O

(

h2s + T−1
)

,

as T→∞. Indeed, by the Taylor expansion we get

∫

Rp

K(z)( ft(x + hz) − ft(x)) dz = hs
∑

|α|=s

1

α!

∫

Rp

zαK(z)Dα ft(x + ξαhz) dz

where 0 < ξα < 1, and thus assumption (32) implies ‖A1‖
2
2 = O(h2s), where

A1 is defined in (15). Then we combine (18) and (19) with assumption (2),
to get ‖A2‖

2
2 + ‖A3‖

2
2 = O(T−1). Similarily as in the proof of Theorem 1 we

have that
∫

Rp

Var( f̂T) = O
(

T−1h−p
)

,

as T→∞. The theorem follows by the choice of h = ChT−1/(2s+p). �

3 Estimation of the joint distribution of consec-

utive observations

When X1,X2, . . . is a time series, then one may be interested in the predic-
tion of, for example, one step ahead with one explanatory variable, and
consider new time series Y1 = (X1,X2),Y2 = (X2,X3), . . .. If the original
time series is stationary, then the new time series consists of identically
distributed random vectors. We say that that the original time series is
locally stationary if the new time series is locally identically distributed.
Local stationarity seems more natural in the time series setting than in the
spatial setting, and thus we discuss first the time series setting. The general
setting is addressed in Remark 10.

Let l ≥ 1 and let ki ≥ 1 be such that 1 + k1 + · · · + kl ≤ T. Denote
|k| = k1 + · · · + kl. We create data matrix

A =





























X1 X1+k1 · · · X1+|k|

X2 X2+k1 · · · X2+|k|

...
...

...
XT−|k| XT−|k|+k1 · · · XT





























.

Data matrix A is of dimension n × d, where

n = T − |k|, d = (l + 1) · p,
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when Xt are interpreted as row vectors of length p. Denote with

Yi = (Xi,Xi+k1 , . . . ,Xi+|k|) ∈ Rd, i = 1, . . . , n, (33)

the i:th row of matrix A. We call sequence X1, . . . ,XT ∈ Rp (strongly, strictly)
stationary when for all choices of l ≥ 1 and ki ≥ 1 such that 1+k1+· · ·+kl ≤ T,

Y1, . . . ,Yn are identically distributed.

The local stationarity will be defined to mean that time series Y1, . . . ,Yn is
locally identically distributed. In addition, the definition of local station-
arity will be made to depend on a given choice of k1, . . . , kl. This is natural
since time series Y1 = (X1,X2),Y2 = (X2,X3), . . .might be locally identically
distributed but the time series Y1 = (X1,X101),Y2 = (X2,X102), . . .might not.

Definition 3 Time series X1, . . . ,XT ∈ Rp is locally stationary, with shifting
steps k1, . . . , kl, with rate function r : [0,∞)→ [0,∞), with rate o(1) or O(T−1/2),
at time point τ0 ∈ T, when sequence (Y1, . . . ,Yn), defined with (33), is locally
identically distributed with rate function r, rate o(1) or O(T−1/2), and time point
τ0, as defined in Definition 1.

When the sequence is stationary, then we may apply the multivariate
((l+1)·p)-dimensional) kernel density estimator to estimate the distribution
of

Y1 =
(

X1,X1+k1 , . . . ,X1+k1+···+kl

)

.

When the sequence is locally stationary we may apply the time localized
kernel estimator to estimate the density g. We state the consistency and
the rates of convergence of the time localized kernel estimator.

Theorem 3 Let time series X1, . . . ,XT ∈ Rp be locally stationary in the sense of
Definition 3 and assume that sequence Y1, . . . ,Yn defined with (33) satisfies also
the other assumptions of Theorem 1 and Theorem 2. Then the corresponding time
localized kernel estimator satisfies the statements of Theorem 1 and Theorem 2.

Theorem 3 is basically a restatement of Theorem 1 and Theorem 2, and
thus it needs not to be proved.

Remark 10 Stationarity and local stationarity may be also defined in the
general setting, which includes the time series setting and the spatial setting
as special cases. For t ∈ {1, . . . ,T} and µ ∈ T, let tµ ∈ {1, . . . ,T} be the index
which corresponds to translation with µ:

tµ = τ
−1(τ(t) + µ),
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where τ : {1, . . . ,T} → T is assumed to be injective. Here we have to
assume that τ(t) + µ ∈ range(τ), where range(τ) ⊂ T is the range of τ:
range(τ) = {τ(t) : t = 1, . . . ,T}. Let µ1, . . . , µl be translation elements, and
let I ⊂ {1, . . . ,T} be the set of indeces which may be translated by µ1, . . . , µl:

I = Iµ1,...,µl
=

{

t = 1, . . . ,T : τ(t) + µ ∈ range(τ) for all µ = µ1, . . . , µl

}

.

Denote
Yt =

(

Xtµ1 , . . . ,Xtµl

)

, t ∈ Iµ1,...,µl
.

Now sequence X1, . . . ,XT is called stationary if for all choices of µ1, . . . , µl,

{Yt : t ∈ Iµ1,...,µl
} are identically distributed.

Sequence X1, . . . ,XT is called locally stationary, with shifting stepsµ1, . . . , µl,
if

{Yt : t ∈ Iµ1,...,µl
} is locally identically distributed.

For example, in the time series setting, T = [0, 1], τ(t) = t/T, tµ = t + Tµ,
range(τ) = {1/T, . . . , 1−1/T, 1}. If µ ∈ {1/T, . . . , 1−1/T}, then Iµ = {1, . . . ,T−
Tµ}.
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A Proof of Lemma 1

Denote f ∗ Kh(x) =
∫

Rp Kh(x − y) f (y) dy. We have for x ∈ Rp that

f ∗ Kh(x) − f (x)

∫

Rp

K =

∫

Rp

K(z)
(

f (x + hz) − f (x)
)

dz.

Thus
∥

∥

∥

∥

∥

f ∗ Kh − f

∫

Rp

K

∥

∥

∥

∥

∥

q

≤ sup
z∈supp(K)

∥

∥

∥ f (· + hz) − f
∥

∥

∥

q

∫

Rp

|K|,

where supp(K) is the support of K. When f is continuous then the claim
holds by the dominated convergence theorem. The claim holds for all f ∈
Lq(Rd) because continuous functions are dense in the set of such functions
with respect to the Lq-norm. We have proved the lemma.
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