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Abstract

Estimation of a quadratic functional of a function observed in the
Gaussian white noise model is considered. A data-dependent method
for choosing the amount of smoothing is given. The method is based
on comparing certain quadratic estimators with each other. It is shown
that the method is asymptotically sharp or nearly sharp adaptive si-
multaneously for the "regular” and "irregular” region. We consider [,
bodies and construct bounds for the risk of the estimator which show
that for p = 4 the estimator is exactly optimal and for example when
p € [3,100], then the upper bound is at most 1.055 times larger than
the lower bound. We show the connection of the estimator to the the-
ory of optimal recovery. The estimator is a calibration of an estimator
which is nearly minimax optimal among quadratic estimators.
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1 Introduction

A data-dependent choice of the right amount of smoothing is one of the
central issues in nonparametric function estimation. We study this problem
when estimating quadratic functionals, for example the squared integral of
a function. We consider the case where the smoothness of the function of
interest is unknown and we want to construct estimators which adapt to the
unknown smoothness of this underlying function.

Estimation of quadratic functionals has been studied by Ibragimov and
Hasminskii (1980) and Bickel and Ritov (1988). They showed that when
the unknown function is sufficiently smooth, quadratic functionals can be
estimated with parametric y/n-rate, otherwise the rate is slower. We will
call the cases with /n-rate of convergence regular cases and the cases with
slower than y/n-rate of convergence irregular cases. Ibragimov, Nemirovskii,
and Hasminskii (1986) and Fan (1991) derived minimax rates under various
geometric constraints on the parameter space. Donoho and Nussbaum (1990)
constructed minimax estimators among quadratic estimators.

The above mentioned results were non-adaptive in the sense that no the-
ory for the data-dependent choice of the amount of smoothing was given.
Efroimovich (1994) gave a sharp adaptive procedure for the regular case.
Efroimovich and Low (1996) gave a rate optimal adaptive procedure for the
irregular case which was simultaneously sharp adaptive for the regular case.
They considered Iy body and Hoélder body (p = oo). Laurent and Massart
(2000) gave an adaptive estimator based on model selection. They consid-
ered [, bodies also for the case p < 2, and Besov bodies. Johnstone (2001)
and Gayraud and Tribouley (1999) have studied threshold estimators. Other
references include Huang and Fan (1999) who consider estimators based on
local polynomial regression and Cai and Low (2005) who consider parameter
spaces that are not quadratically convex.

The existence of several rate optimal adaptive procedures for the irregular
case gives motivation to study sharp asymptotics also in the irregular region.
We consider [, bodies when 2 < p < oo. We consider also the estimation of
integrals of squared derivatives, unlike previously mentioned adaptive results,
which were restricted to the estimation of integrals of squared functions.

In the connection of the estimation of linear functionals, for example
estimating the value of the function at one point, sharp adaptive estimation
procedures were given by Lepski and Spokoiny (1997), Tsybakov (1998),
Klemeld and Tsybakov (2001). On the other hand, Donoho and Nussbaum
(1990) showed how the estimation of quadratic functionals can be reduced
to the estimation of linear functionals. This article combines the theory
of Donoho and Nussbaum (1990) and the theory of Klemeld and Tsybakov



(2001), and gives an estimation procedure for the estimation of quadratic
functionals, which is sharp or nearly sharp adaptive simultaneously for the
regular and the irregular case.

The sharp adaptive procedure given in this article is of similar type as the
method of Efroimovich and Low (1996), that is, Lepski method is applied to
choose between diagonal quadratic estimators. A difference to Efroimovich
and Low (1996) is that the parameters of the procedure: the threshold and
the coefficients of the quadratic estimators, are chosen in a more careful way.
The more careful choice of the parameters leads to sharper optimality of the
procedure. The filters of the quadratic estimators, from which we choose
one, have similar shape as the filters of the quadratic estimators considered
by Donoho and Nussbaum (1990), and they showed these estimators to be
minimax optimal among quadratic estimators. These quadratic estimators
are also solutions to a certain optimal recovery problem.

It has become standard in nonparametric function estimation literature
to first present results for the simplest observation model, namely the Gaus-
sian white noise model, and later extend results to more complicated and
realistic observation models. For smooth functions the extension can be
done by the theory of asymptotic equivalence, see for example Brown and
Low (1996) and Nussbaum (1996). When the parameter space contains non-
smooth functions, then the asymptotic equivalence in Le Cam’s sense with,
say, density estimation does not hold, but there are several examples where
asymptotic properties of the types of estimators we consider in this article
are still similar in both models, see for example Korostelev and Nussbaum
(1999) and Butucea (2001).

Let the observation be

yi:9i+5zi7i:1727--- (1)

where z; are i.i.d. standard Gaussian random variables and ¢ > 0. This
observation arises also as the Fourier coefficients of the continuous Gaussian
white noise model dY (t) = f(t)dt + edW (t), t € [0,1], where W is the
standard Brownian motion. We consider asymptotics when ¢ — 0. For
the case when the observation consists of n discrete observations, the noise
calibration ¢ = n~/2 often leads to the asymptotic equivalence with the
Gaussian white noise model. We want to estimate the value of the quadratic
functional

Qul(0) = Q(O) = 30} (2)

where k > 0.



We consider [, bodies ©; 1, in the sequence space with s as the smoothness
index and L as a function of the radius. We define [, bodies as

@s,L:{HGR“:Ziq|9i|p§Lp/2}, 1<p< o (3)
i=1
where

q=p(s—1/p+1/2). (4)

Note that with this notation Holder body is defined as {6 : |6;] < LY/?i=s=1/2},
As follows from Ibragimov and Hasminskii (1980), Bickel and Ritov (1988),
Ibragimov, Nemirovskii, and Hasminskii (1986), and Fan (1991), the mini-
max rate for the parameter space O is €2 with the exponent
4(s — K)

T= 1 < 1/2,
when k < s < 2k+1/4, but when s > 2k+1/4, then the minimax rate equals
the parametric rate . We assume, however, that s and L are unknown and
that we only know that s € [s,,00) and L € [L,, L*] for given s, < 2x + 1/4
and 0 < L, < L* < oo. This means that we are sure that the unknown
sequence 0 € Oy, for some (s, L) € [s,,00) x [L., L*]. Efroimovich and Low
(1996) showed that, similar to the case of the estimation of linear functionals,
the optimal rate for the case of unknown s is larger than the minimax rate
by a logarithmic factor, in the irregular region k < s < 2k + 1/4. Namely,
the optimal adaptive rate in the irregular case is

Ps = (e loge )"
Efroimovich (1994) showed that at the point s = 2x + 1/4 the optimal adap-
tive rate is eb, where b, — oo slower than any power function of e, and for
s > 2k + 1/4, the optimal adaptive rate is ¢.
We want to find estimators which are sharp in the asymptotic adaptive
minimax sense simultaneously for the irregular and regular case. That is, we
will prove the following results.

1. We will first construct estimator % and find constants 6’37 Lp such that

limsup sup (Csp,@s)"" sup Ep|Q: —Q(0)” <1, (5)
e=0 (s,L)eB €0, 1

where B = [s,, 8] X [Ls, L*], s’ <2k 4+ 1/4, and p > 1. To exclude the
boundary case, we took the supremum over s only over the set [s., 5]
but we can let s’ — 2k + 1/4 sufficiently slowly as e — 0.
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2. Secondly, we find constants ¢z, , such that

liminfinf sup (Cs1,Ps)" sup E@‘Q Q(0 } (6)
e=0 @ (s,L)eB 0€0,,1

where the infimum is taken over all estimators.

3. Thirdly, we construct estimator )% in such a way that it is sharp adap-
tive for the regular region s > 2k + 1/4.

For the case p = 4 we have that 6'57va = Cs1p- When k = 0, then the
ratio of Cs 1, t0 Cs.zp is bounded by 1.055, uniformly over s € (0,1/4) and
p € [3,100]. When 2 < p < 3, then the bound is still good but the bound
will become slowly worse when p | 2.

The proofs of the results will reveal that calibrations of the algorithms
which are optimal for a certain optimal recovery problem, are optimal esti-
mators for the statistical problem. We give in Theorem Bl the exact solution
for the optimal recovery problem when p = 4 and nearly exact solutions
when 2 < p < oo, which explains why we reach optimal and nearly optimal
constants for the statistical problem.

The definition of the estimator is given in Section Z1l Results are pre-
sented as Theorem 1 and Theorem 2 in Section Z2 Discussion of the results
is given in Section Proofs are given in Section Bl, Section B, and in the
Appendix of the technical report (Klemeld, 2002).

The following notation is used. Denote a. ~ (. if lim._o(a./3:) = 1.
Denote o, =< . if 0 < liminf. o(a./B:) < limsup._(a./B:) < oo. The
lo-norm is denoted by || - [|2.

2 Definition of the estimator and results

We consider the observation () and the estimation of the quadratic func-
tional defined in (&).

Scale of classes. Consider a collection of [, bodies ©,; C R* defined in
@B). We assume that (s, L) € A, where

A = [s4,00) X [Ly, L7],

max{k, (3 —p—+4k)/2p} < s. < 2k +1/4, (7)

p>2 and 0 < L, < L* < co. Here A is the range of adaptation. The
parameter p is assumed to be known and fixed. We do not need to know



the values of L., L* to construct our estimators. Since s, < 2k + 1/4, we are
partly in the irregular region and partly in the regular region. We need to
know s,, see ([3)).

We have assumed that s, < 2k + 1/4. When s, > 2k + 1/4, then the
smoothness parameter is always in the regular region. Adaptive estimation
in this regular case was considered by Efroimovich (1994). We will assume
that the irregular region cannot be excluded. The appropriate estimator for
the regular case is in fact given in (E0).

2.1 Definition of the estimator

The estimator to be defined is obtained by filtering the sequence of shifted
squared observations and choosing the filter sequence in a data-dependent
way.

Filter sequence. We will filter the shifted squared observations with the
sequence

g9i = gi(s, L,y) =" (1+bi") ™", i=1,2,..., (8)
where ¢ is defined in (@),
2q/(4s+1)
4k + 1)1,
b= b(s, L,7) = Dl 0 , (9)
4(s — r)[P"PL
I - /O 196/0-2(1) dt, (10)
*
[2 - S7p<t) dt, (11)
and
Do p(t) = (1 +19) 7. (12)

The finiteness of the integral I, is guaranteed by (). Parameter v will be
chosen later as v < e?loge™!, see ([F).

Grid. We will construct a finite grid on [s,, 2k + 1/4]. Corresponding to
each grid-point there will be defined a quadratic estimator. Then a statistic
5 will be defined which has values on the grid and thus will choose one of the
estimators.

Let the grid be

Bgrid = {Slu RN Sm} )



where the values s; and the integer m are chosen such that:
Se =051 < -+ < Sy =2k+1/4, (13)
with
k1(logd ™')™ < s — 5 < ko(logé™ ) ™2, i=1,...,m—2 (14)
where ko > k1 > 0, ¢ > ¢o > 1, and where
6 =22 (15)

Let also
Sm — Sm—_1 = ks(logloglog d—1)~ (16)

where k3, c3 > 0.

Scale of estimators. We will define quadratic estimators Qs 1, - for (s, L) €
A by

Qery =Y gi(s, L)y} — &) (17)
i=1

where observation y; is defined in () and filter sequence g; is defined in ().

Without loosing generality, we may assume that 1 € [L., L*]. Let us
define a quadratic estimator corresponding to each grid-point by calibrating
the estimator 51, defined in (). First, “adaptive factor” is defined,
denoting r(s) =4(s — k)/(4s+ 1), as

d.(s,s") = 2p[r(s") —r(s)]logd*

where 0 was defined in ([[H) and p > 1 will be the power of the loss function.
”Noise under adaptation” is defined as

0 =0(s) = dd.(s, 2k + 1/4). (18)
Define o .
S 2515 Or S = S1,...,Sm_1,
QS_{ Q- for s = s, =2k + 1/4. (19)

Estimator Q. is defined by

ZLJ/bEJ Z2n(y2 _ 2)’ when [ < 5\/57

(2

) — =1 €
@ { SOl 22 g2 L T when I > e/be



where J = /4D p_ is such that

lim b, = oo, lir%(basa) =0 for all @ > 0, (21)

e—0

and
[J]

I= Z P (7 —£%) .

i=|J/be ] +1

Estimator . was proposed in Efroimovich (1994).

Adaptive estimator. Adaptive estimator has the form @S where § is suit-
ably chosen statistic. To define § we follow the approach of Lepski (1990,
1991, 1992a,b). The statistic § is defined as the largest of those s-values in
the grid for which the corresponding estimator does not differ significantly
from the estimators corresponding to the smaller s-values. That is, define

§ = max {s € Bgrid : ’QS —Qy

< n(s') for all s € Bypia, s’ < s}

where the threshold 7 is defined as

n(s) = osd:(s,2k + 1/4) (22)
where .
75 =0 95, 1,3(5)) (23)
and ¢ is defined in (). Finally, the estimator of Q(#) is defined as
Q2 = Qs. (24)

2.2 Results

The supremum of the risk of an estimator (). over the parameter space O 1,
with respect to normalising factor ¢ > 0, is denoted

Resr(Qe ) =077 sup Ey (|Q- — Q(0)[")

9€®s,L

where p > 1. The normalising factor to be defined depends on smoothness
index s. Recall that d(s) was defined in (I8) so that §(s) < e%loge~!. Define

o1 = 5(8)4(8—H)/(4S+1)L(4H+1)/(4S+1). (25)



Define the sharp constant for the upper bound by
—2)(4r+1 4s+1)] y2(s—k)/(4s+1
C,, = [1(p )(4k+1)/[p(4s+ )}[2( )/(4s+1)

Ak +1 VU ge 1
4(s — k) 4k + 17

where [ is defined in (I0) and I, is defined in ([[]). Define the sharp constant
for the lower bound by

(26)

Cop = ]1—2(45—{—1)/[1)(45—1—1)}13—2(5—5)/(45—1—1)14 (27)

where

g:/ oA (28)
0

I = /0 272 P2 (1) dt, (29)

and ¢, is defined in (I2).

Theorem [I] gives sharp bounds when s < 2k + 1/4. In fact, we consider
case s < S,,_1, so that smoothness index s is bounded away from 2x + 1/4.
However, s, 1 — 2k + 1/4 as € — 0.

Theorem 1 Let p > 2. Denote B = [ss, Sm—_1] X [L«, L*]. Then, for the
estimator QX defined in {I3) and in [24),

limsup sup R, n(QI, Csppsr) < 1. (30)

e—=0 (s,L)eB
We have the lower bound

liminfinf sup R, n(Qe, Csppsr) > 1 (31)
e=0 Q- (5,0)eB

where the infimum is taken with respect to all estimators.

In Theorem [ we considered case s < 2k + 1/4. Let us next consider the
regular area [2k + 1/4,00). We will will prove the rate optimality on the
boundary s = 2k + 1/4 and sharp optimality for cases s > 2k + 1/4.

Theorem 2 Let estimator Q% be defined in (L) and in ([Z)). Then, for the
case s = 2k + 1/4,

lim sup (521)6)71 sup sup By (1QF — Q(0)%) < oo (32)

e—0 Le[L+,L*] 0€O2, 1 1/4,1

where b, was defined in (Z1). For s > 2k + 1/4,
i sup  swp [ 2F (100 — QO)) — 4Qu(0)] =0, (33)

€0 e[L.,L*] 0€O,

where Qa,(0) is defined in (3).



A proof of Theorem 1 is given in Section and a proof of Theorem 2 is
given in the Appendix [Al of the technical report.

2.3 Discussion

2.3.1 Sharpness of the bound of Theorem [II

When p = 4, then the upper and lower bounds of Theorem [0 are equal, so
that we have

1 dr + 1 A +1\1Y?
Con=cos = { B<1 AR s )}

4s+ 1 C 4s+1° 4s+ 1
A 41 \267R/WsHD 4o 4
— (34)
4(s — K) 4k +1

where B(c,d) = fol 11 — 2)4 dx, ¢,d > 0, is the beta function. To
see this we apply the properties B(c,d) = B(c — 1,d + 1)(c — 1)/d and
B(e,d) = B(c,d+ 1)(c+d)/d.

When p # 4 the constants C;, and ¢, are close to each other. Figure [
shows the ratio Cs,/cs, when (s,p) € (0,1/4) x [3,100] and £ = 0. From
Figure [M and related figures one may conclude that

Cs7p Cs,p

sup < 1.055, sup
5€(0,1/4),p€[3,4] Cs,p s€(0,1/4),p€[4,100] Cs,p

< 1.04

when x = 0. That is, the bound is better when p > 4, than in the case 3 <
p < 4. When p < 3, then the bound is still good but it starts deteriorating
when p | 2. Remember, that we have also to restrict ourselves to the case
s > (3 —p)/2p, to guarantee the finiteness of ().

When x = 2, then

Cs
sup P < 1.019, sup
s€(0,1/4),p€[3,4] Cs,p 5€(0,1/4),p€[4,100] Cs,p

Q

SP<1.27.

That is, the bound is better when 3 < p < 4. To reproduce and modify the
Figures, see the Appendix [ of the technical report.

2.3.2 Elbow in rates

The optimal adaptive rates for the estimation of the quadratic functional are

(82 10g8_1)4(37.‘£)/(4s+1) . 5 < Sy
ev/be, s=2k+1/4
g, s>2k+1/4

10



38 40
|

80
|

60
|

34
40
|

1.035

0.05 0.10 0.15 0.20 0.25

———— 1.03 —

30

=
. S 4
S
- /\
i N 1.004
5 T
;o o
1.008
A 1.01 \
& 1.012\
= 1.014
1.015\
o5 N
I // 1.022\
”’ZEK <
0.05 0.10 0.15 0.

20 0.25

s s
a)3=sp=s4 b)yp=4

Figure 1: Contour of C;,/cs, as a function of (s,p). That is, we plot the
ratio of the constant in the upper bound to the constant in the lower bound.

In a) we have (s,p) € (0,1/4) x[3,4]. In b) we have (s, p) € (0,1/4) x [4,100].

where s, satisfies (@), so that s,,_1 — 2k + 1/4, and where b. satisfies
&1). We have considered scale [s,,00) where max{x, (3 — p + 4k)/2p} <
S+ < 2k 4+ 1/4. We have constructed an estimator which is sharp adaptive
in region [s., Sm—1] U (2k + 1/4, 00). For the region (s;,—1,2k + 1/4) we have
not made claims on the rate of convergence of the estimator. The estimator
is proved to be adaptive rate optimal when s = 2x + 1/4 and sharp adaptive
optimal when s > 2k + 1/4.

2.3.3 Normalizing factor and the modulus of continuity

Following Donoho and Nussbaum (1990), let us define the modulus of conti-
nuity of the functional Q(#) defined in (&) by

Q. 1(7) = sup {Q(@) 0€6,, > 0! < 72} |
i=1

It was shown by Donoho and Nussbaum (1990) that the minimax rate of
convergence with the parameter space ©; 1, is given under certain conditions
by the modulus of continuity € (¢?). One may show that for the case
p = 4 the optimal normalizing factor of Theorem [ is equal to the modulus
of continuity at the effective noise:

QS,L (5(5)) = CspPs,L = Cs,p(ps,L-

11



This follows from the next theorem and (B4).

Theorem 3 Let O, be the I, body defined in (3). Let p > 2 and s >
max{k, (3 —p+4k)/(2p)}. We have that

. QS,L(’Y)
Cop = hgﬂjglf ~AGs=r)/(s+1) I,(4n+1)/(4s+1)
. Qs,L(W/)
< llTjélp A=) /(s 1) [{dr+1)/(ds+1) < Csp

where ¢, and Cs,, are the constants of Theorem [ defined in (28) and ([27).

Theorem Bl is proved in Section Bl Theorem Bl has independent interest
since according to Donoho and Nussbaum (1990), it implies bounds for the
risks of quadratic estimators.

2.3.4 Optimal recovery

The weigths g; of the estimator @), 1., are related to a certain optimal recovery
problem. Namely, we have for the case p = 4 the asymptotic equality

o0 [e.e]

Z gil/f - Z i2“0i2

i=1 i=1

o0 o0
2 2k 2
E qiV; —E 1" 0;
i=1

i=1

sup sup
€0, [1(07)— (v])ll2<y

~ inf sup sup
(@) €0, 1 |(62)— (12)||2<v

where g; are defined in () and v — 0. One can find the general formula for
the optimal recovery filter from Donoho and Nussbaum (1990). The general
formula for the optimal recovery filter is given by calibrating the extremal
sequence #; which achieves the supremum in the definition of the modulus of
continuity.

2.3.5 Comparison with the estimation of linear functionals

Reduction to the linear case. An idea behind the proof of Theorem [
is to reduce the quadratic case to the linear case. The observation was
defined as y; = 0; + €z; where z; are iid standard Gaussian. We have that
EyQs14 =Y i1 9i(s,L,v)0%. Let us define the bias term as

B(s,L,y) = sup |y _gi(s,L,7)0} — Q(0)|. (35)

9€®s,L i=1
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We can write Qs 1, — EgQs 1y = Zs 1,4+ Us 1.,(0) where

Zory =2 gz —1) (36)
i=1
and -
Usrn(0) =28 gibiz;. (37)
=1

Let us define the standard deviation term as

R(‘Svafy) :7”9(871—’77)”2 (38>

where g = (g;). Note that Var(Z; ) = 2¢* >, ¢? and thus std(Z; ;) =
R(s, L,6) where § = v/2¢2. It will turn out that the heteroscedastic term
Us.~(0) is in a certain sense asymptotically negligible when s < 2x + 1/4.
Variance term Z; - is linear in (z7 — 1) and bias term B(s, L,~) is linear in

(67).

Normalizing factor. In this article it is shown that for p = 4 the adaptive
minimax risk is asymptotically equal to

Q&L(g(s)), 5(3) = 02p(r* —r)log o,

where 0(s) is the “effective noise”, r = 4(s — k)/(4s + 1), r# = 4(s# —
k)/(4s* +1), 6 = v/2¢%, and s* = 2k + 1/4. Let us compare this to the
case of the estimation of linear functionals. It was shown by Ibragimov and
Hasminskii (1984) and Donoho and Liu (1991) that the minimax rate for the
estimation of a linear functional 7'() is given by w1 (g) where

ws,(y) = sup {T(G) 10 €0, Z@ZQ < 72} )

i=1

It was shown by Klemeld and Tsybakov (2001) that under certain conditions
the adaptive minimax risk is asymptotically equal to

win(E(s)),  E(s) = e(2p(r" —r)loge™)Y,

where r = 2(s — k)/(2s + 1), r* = 2(s* — k)/(2s* + 1), and s* is an upper
bound for the smoothness index. Klemeld and Tsybakov (2004) consider the
case s* — oo and in this case the exact constant is get from the previous by
setting s* = oo.

13



3 Proof of Theorem

We will prove Theorem B before proving Theorems [l and Pl because the proof
of this theorem will contain facts to be used later.

Upper bound. Let (g;) be the filter sequence defined in (). We have that

QY) = Z(izn — 90 + Zg,ﬁiz.
i=1 i=1
Let 0 be such that
d o<yt D> e < L
i=1 i=1
Then,
~ ~ 12 /o 1/2 o 1/2
> gt} < <Z 9?) <Z 9?‘) <7 <Z g?) : (39)
i=1 i=1 i=1 i=1
We have

gt =it by e [ (40)
i=1 i=1 0

where ¢, , is defined in ([2). Also, denoting r = p/2, " = p/(p — 2), because
32k — gi = biq+2””/(1 + biq) — biqgi,

. . 2/p - 1/r’
Z(i% — )07 < <Z iq|91‘|p> (Z[(l% - gi)i_q/rr)

i=1 =1 i=1

00 (r-2)/p
< bL <Z g (p2)> . (41)
=1

We have
Ziq f/(P—Q) _ Ziq[i25(1+biq)—1]p/(p—2)
i=1 i=1
—1-1/q—2k oy [T -2
~ b i=Va=2kp/lalp )}/O tq¢§§p )(t) dt. (42)

Finally, by the choice of b in (),
Q) < LI+ b Pyl

1/2_Na/(e+B) ( 7(P=2)/P 1 \B/(a+B) @ oot o
(Iz 7) (I1 L) I+

_ 74(sfn)/(4n+1)L(4n+1)/(4s+1)Cs7p’ (43)
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where o =1— (p —2)(¢+1)/(pq) — 26/q = 2(s — K)/q, B = (4x + 1)/(2q),
I, is defined in (), and I, is defined in ([I). The upper bound is proved.

Lower bound. Let
0; = [a1i® (1 + byi) ]2 (44)

where a; and b; are such that

Moot=q D e =1 (45)
=1 =1

We have that

204 /(p—2) —1/q 8k /la(p— 2)]/ ¢4/(p 2, (46)

Also,
S ) (e g ar (an)
i=1 0
From (E4),
a?/(p%) -~ ,ybgpf2+8ﬂ)/[2q(pf2)} [;1/2 (48)
and from (@7),
a?/(p—Z) -~ Lb[12(p—2)(Q+1)+4ﬁp}/[qu(p—Q)]11—2/12 (49)

where I3 is defined in (28) and I; is defined in ([0). Combining [HE8) and
ED),

_ 2q/(4s+1)
2/1’]2 1/2> (50)

by~ L1y (11
where we used ¢+ 1 = p(s + 1/2). Now

[e.e]

QO) = ) 6

i=1

a%/(p—Q) Z 26 [i%(l + bliq)—l]Z/(p—Z)

i=1

0D a2 e lao-2) / RO (1 dr. (51)
0
The lower bound follows from ES), (B0), and (&1).
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4 Proof of Theorem [

In the following, let C, C’, C, Cy, . . . denote generic positive constants, possi-
bly different in different occurrences, which can depend only on s,, L., L*, Kk, p.
We denote for shortness

s* =2k +1/4,
ws,L = Cs,p@s,La (52)
where Cj,, is defined in (8) and ¢, is defined in (23). Define also
4(s — k)
== 7 )
ey =1 (53)

4.1 Preliminary lemmas

1/2 1/(a+0B)
L R
Oé[-l(p*?)/p

a=2(s—k)/q, B=(4c+1)/(29), ¢ =p(s—1/p+1/2), I; is defined in (),
and I, is defined in ([[T]). Define, for s € [s,, s7],

Define,

b(s) = Lb 1P~ 2/P

and .
v(s) =L

We call b(s) the bias component and v(s) the standard deviation component.
Let us state a result concerning the bias-standard deviation composition.

Lemma 4 (i) For Cs, defined in (20),
Csp = b(s) +v(s),
(“) 0< infse[s*,s#} b(S), 0< infse[s*,s#] 'U(S);
(11i) b and v are continuous as a function of s € [s,, s#],

(iv) for B(s,L,7) as in [33), r(s) as in (23,

. B(s, L,7)
imsup sup —
Y0 (s,L)EA 77"(8)L1 r(s)b(s)

<1

where Ag = [s4, 87| X [L., L*],
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(v) for R(s, L,) as in @8), r(s) as in @),
. R(s, L,7)
limsup sup <1,
4—0 " (s,L)EA fyr(s)Ll—r(s)v<8)
where Ay = [y, 57| x [L., L*].
Proof. Ttem (i) follows from (@3). Items (ii) and (iii) follow from the

definitions of b(s) and v(s). Item (iv) follows from [{Il) and #Z). Item (v)
follows from (BY) and (E0). O

We formulate one additional lemma on the bias of the estimator.

Lemma 5 Let
Boil(s', L' y) = Ly /L) T (s, )
where (s, L), (s, L) € [s4, 87| x [L., L*],

C:p/4_1/27

R ,I ’ 1/2 2/(4s’+1) fo%e) tzﬁ_,’_q/_q/r r!
b(S, 8/) — w / —_ dt
o'l (3’)(?*2)/17 0 1+ ¢4
where o = 2(s' — K)/q, 0/ = (4x + 1)/(2¢), ¢ (s —1/p+1/2), ¢ =

=p
G(s,8") =p(s—1/p+1/2), I1(s) is defined in ([I0), I2(s) is defined in (1),
r=p/2, and " =p/(p—2). Then,

(i) for Ag = [s,,s"] x [L., L*],

. SUPgee, , [2ier 9i(8', L', 7)0F — Q(0))]
lim sup sup — <1,
Y0 (s,L),(s',L/)E Ao Ber(s', L', 7)

1/r’

(i) 0 <infg geps, s#] b(s,s'), b is continuous, and b(s,s) = b(s).

Lemma [l is proved in the Appendix [(] of the technical report.

Lemma [l (i) says that B, (s', L', 7y) is an upper bound for the bias when
the parameter space is ©, ;, but the estimator is constructed for the parameter
space Oy 1. It says also that when s’ < s, then B, ,(s’, L, y) is smaller than
B(s', L', ) satisfying Lemma H (iv). We will apply Lemma H to guarantee
that when we use pessimistically the estimator corresponding to smoothness
index s, when the true smoothness index is s > s’, then we still profit
from the true smoothness in the sense that the bias will be smaller than
B(s', L',v). The Appendix [Ml of the technical report explains why Lemma [H
does not hold for the case p = 2.

We will need the nestedness of the [, bodies.
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Lemma 6 Fors,<s <s<oo, L€ [L,L*], O, COy .

This lemma follows from the definition of the [, body.

4.2 Technical lemmas

We will need the following technical lemma.

Lemma 7 Let 0 be defined in (I8). For s < s < s* and s < §" < s#,
denoting r(s) = 4(s — k) /(4s + 1),

Sr(s) (M
LY PN S
for s’ < s < sm_1,
Sr(s’)(s/) 1
= < #_ g ) O - /
5“3)(5) < (s Sm—1) exp {Zp d.(s ,s)} , (55)
and for s’ < s < s¥,
57"(3/)(8/) e 1 ,
5 = Callogd™ ) exp {% de(s ,s)} : (56)
Also, for s < s*,
C56") () < s, (s), B(s, L, 8(s)) < Csd™)(s). (57)

Lemma [1is proved in the Appendix [l of the technical report.
We will need certain exponential bounds for the stochastic parts of the
estimator. Denote for shortness

ZS = Zs,l,g(s) US(Q) = Us,l,S(s) (9)

where Z_ | 5 and U, | 5,(¢) are defined in (B6) and (B1).
Lemma 8 For p=0 orp> 1, with o defined in (23,

ol
T =0
) £2|9] o
[p]

1. .
E(|1Z,P1(|1Z] > 2.)) < Cexp {——x—} S ariol,
i=0

20,

(i) when x. > 0,

gous

18



(ii) for z >0,
E (U0 1(|Us(0)] = x))

cCend LT
=P T Var(U,(0))

} (2" + (Var(Uy(6)))"/?) .
Lemma Rl is proved in the Appendix [H of the technical report.
In the application of Lemma B we will use the fact that by Lemma
(iii) (given in the Appendix [Bl of the technical report),

0.2 5(8)2r+cfl
s >
e 2 C e (58)

where ¢ =4k/(4s+ 1) sothat 2r+c—1=4(s — r)/(ds+ 1) — 1/(4s + 1).
Let us prove that the probability of under-estimating largely the value of
s by the statistic § is small, uniformly over 6 € ©,. Let us denote
log loglog 6t
S J— _—

log 61 (59)

sT =5 (s)=

Lemma 9 Let s € [s,,00) and L € [L., L*]. Let us denote v = (s, L). Then,
for s € Byua = {s1,...,8m = s7}, s < s (min{s,s*}), for sufficiently
small €,

1
sup Py (5 = §') < CCard(By,iq) exp {—5 d.(s',s7)(1 — %)}
€0,

where 7. = (loglog §—1)~¢".

Lemma [ is proved in the Appendix [Gl of the technical report.

4.3 Lemmas to prove the upper bound of Theorem [

Let us prove that the risk vanishes asymptotically when we are in the case
where statistic § under estimates smoothness index s.

Lemma 10 For v, defined in (23), Qf defined in (Z4)) and in (I3), and
s~ = s (min{s, s*}) defined in [Z9),

lim sup sup Ey (¢, " |QF — Q(O)" I (5 <s7)) =0

e—0 veEB' €O,

where either B = [S., Spm_1] X [Ls, L*], or B' = [sp,00) X [Ly, L*] where
S = 87 = 2K + 1/4.
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Proof. Let s € [sy, Sm—1] U [Sm,0), L € [L,, L*] and denote v = (s, L).

Let s € Byiq, ' < s~. By Lemma [,

EQe = Q)| < suwp [EQy - Q(6)

eegsmin’l‘

sup
GEGS,L

where s, = min{s,s#*}. Then by Lemma B and Lemma H (iv), because

s" < Spin, and by (&), for sufficiently small €,

sup
eegsmin L

Thus, for 0 € ©, 1, for sufficiently small ¢,

Qv - Q)| < |EQu - QO)| + 12,1+ U4 0)]
< O+ 1 Zo| + U« (0)]

Thus, for sufficiently small ¢,

sup Ly (0,71Q: = Q)" 1 (8 <57)) < p1(v) + pa(v)

where
p)=C Y sup P (3=5)u," (bep + (),
79661/
s'€Bgrid,s'<s
pv) = C Y W sup (e + | Zo| + |U(8)])"
_ 0cO,
8'€Bgriq,8'<s
[(|Zg| + |Us(0)] > 7(s))],
and

T(s’) = 204 [da(sl,min{s, S#}) + (10g5_1)1/2}
where o is defined in ([Z3). We have that

limsup p;(v) =0
e—0 veEA

and
lim sup pa(v) = 0.

e—0 veEA

EyQy — Q(e)] < C1Br(8,1,8(s)) < CoB(s',1,8(5")) < Cypy 1.

(62)

(63)

(64)

Equations (63) and (64]) are proved in the Appendix [H and Appendix [ of

the technical report. Lemma [0 follows from (B0), ([&3), and (64).

O

To prove the upper bound for Theorem [l we need also to consider case
when statistic § is not underestimating smoothness index s. We need to

consider only the case s < s,,,_1.
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Lemma 11 For B = [s,, $y_1] X [Ls, L],

limsup sup sup Ey (¢,” Q= Q(0)|" I (§>s7)) <1 (65)

e—0 veBHcO,
where s~ = s~ (s) is defined in (29).

Proof. Let v = (s,L) € B. Denote by v, i = 1,2,..., such generic
positive numbers for which lim._,o~v.; = 0 and which do not depend on s, L.
Let § be such that

. Slogs—1\ V/@s+D)
e (7Y

That is,
(s+1/4)log L
logd—t —loglogd—t +log L

S=3S5

Denote § = 3(s, §) where § is as in Lemma[l Then, by Lemma [ and Lemma
| (iv), denoting r(s) = 4(s — k)/(4s + 1),

B, 1(5,1,0(5) < Lo*—/UsH(5)p(s,5)(1 + 7e1)
= L (2p(r(s*) — r(5))010g 6 ) " E Vb5 5) (1 + 420)

§log 511 4G—R)/(Us+D)
_ L(zp<r<s#>—r<§>> % ) (s, 5)(1 + 1)

o g1 Als=m)/(as )

< 2 (200(6) — r(s) B ) b5)(1+ 722
~S) r(s)

- L(T) b(s)(1+ 7

< B(SvL75<S))(1+7€3>- (66>

= 5(5) (20(r(s*) — r(5))610g 6~ "V EV L) (1 + 4.0)

) o -1 ~UrFD/ s )
= 5(6) (2000(6) — () ")

5log 5_1)(4H+1)/(4s+1)

v(8)(1 + 7es)

v(8)(1+ 7es)



~ —(4r+1)/(4s+1)
_ () <¥) o($)(1 + es)

< R(s,L,0(s))(1 + o). (67)

Let s© € B_ be the largest grid point < 5. Let us denote §; = {s' €
B_:s” < s < s*} and So = {s' € B_ : s7 < & < s,,.1}. Let us write
RY, R —i—R where

RU) = sup Ey (1,7 |Q1 = QO)" 1 (5 € 81))

0cO,

and

RE), = sup By (4,7 1Q: — QO (5 € 52)).

6cO,
Let us start with R(l,),. For s’ € S;, by Lemma Bl where 5 = 5(s,s’) is as in
€, 1, DY H) ( ) )

Lemma Bl

54(5 K)/(4s’ +1)<S/>6< )(1 + 767)
L54(S k)/(45+1) (SI)B( )(1 + 767)
L54(sfn)/(4§+1 (5)?)( )( +7€8)
BS,L(‘§7 1a S( ))(1 +

Thus, for s € S, 6 € ©,, by (€E0),

(VAN VAN VAN VAN

EGQS’ - Q(e)

VAN

Bar(s',1,6(s)(1 + 7e10)
sL(Sv 17 (§ )(1 + 7511)
B(s, L 5( )1+ Yer2) )
B(s,L,6(3))(1 + ye12) + R(s, L, 6(s))
Uy (1 4 ve13).

)
(
(

VAN VAN VAN VAN

Thus, when s’ € S;, 0 € ©,,

IA

Qv =QO)| < |EQv — QO+ 1701+ U (0)
< (14 7as) + | Zo| + [Ua(0)].

Let us define
g = (0'31/}1/>1/2 .
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Then, for § € ©,, applying similar inequality as in (82),

Ep (¢,°1Q2 = Q)" I (5 € 1))
= Y B (wr]er Qo) 16 =)

s'€Sy

Z Ep (1 + 713+ v, Zy| +¢;1|Us’(9)|)pl(§ =)

s'€S1

(147 + 4, €) B (3€S)+C1 Y

s'e€Sy
B (14 e1s + U571 Zol? + 671U (8)]7) 1 (1 2] + U (6)] > €))
(1473 +4,'€) B (3€S)+Co Y

s'eSy
(L4 7e1s + 4, °67) P (| Zo| > £/2) + 4, PE (12411 (|Zo| > £/2))
+ (147213 + 1, °67) P(|U«(0)] > £/2)
+ 0, E (|Us(0)11 (|U«(0)] > £/2))] .

IN

IN

IN

For s’ € &, using (BH), denoting 1’ = 4(s'—k)/(4s'+1), r = 4(s—kr)/(4s+1),

IN

Cs(s% — sm_1) " “exp {Cs(s — s ) logd '}

= COy(s" — sp_1) @ exp {Cs5logloglog 5_1}
< ((s* = sm-1) ' loglog 5’1)06

On the other hand, for s’ € Sy, d.(s, s%)/d.(s', s*) < Oy for sufficiently small
e. Thus, for s € Sy, for sufficiently small ¢, by (&),

oy n(s') de(s, s™) 5W(S')
o n(s) de(s,s%) < G

0" (
Now, by (B7) and 2), v, > Cn(s) = Ciyosd.(s,s?). Thus, for s’ € S, for
sufficiently small ¢,

< ((s* = sm—1) " loglog 5_1)09 . (68)

Os Cn < C'12

W, ~ d(s,s%) T (8% — sp_1)logo!
Thus, firstly, by (69) and (I6),

1/2
() e
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for sufficiently small €. Secondly, by (€8), (69), and (IG),

[p] o [p] ‘ ‘ [p] o\ D2 g N
Y ee = urY )t =3 (2 (Z)
i=0 v

=0 1=0
~ (5% = sm_1)""loglog 1)
- (logo—1)C1s

for sufficiently small €. Thirdly, by (68) and (69), because by () Card(By;iq) <
C17(log d=1)s,

< Cyg

1/2
Card(Bgyia) exp {—i ; } < Cig(log6™)“ exp {—1 M}

s/ 4 0'8/

/1 -1
< Chollogd™)7 exp {— e o } —0

((s? — Spm—1)"'loglogd—!

by condition ([[H), as € — 0. Fourthly, by (&), Var(Uy(#)) < Ci90c?. Then,
by Lemma &,

limsup sup sup By (4,7 Q2 — Q) I (3 € 51))
e—0 veB0AecO,

< limsup sup sup [(1 + Ye13 + w;lﬁ)p Py(5€ &)
e—0 vEB €0,

[p]
. 1
+020 Z 1+’Y€13+1/1;p£p+1/1;p2§p710';/ exp{—— g }

s'eS1 =0 o
2
+ (L4713 + 4, €7 + 40, P (Var(Uy (6)))?) exp {_% W}H

= limsupsup sup Py (5§ € &)
e—0 veBHecO,

Let us turn to RZ,. Let § = s’ € S, and § € ©,. We have by () and
Lemma @ (iii) (see also Lemma [7),

R(s*,1,6(s")+Bar(s7,1,0(s7)) < (147014) (R(E, 1,8(5)) + By (5, 1, S(@))) .
Then, by the definition of s, (66)), (&),

|Q — Q(0)]

IN

)Qs’ - Qs+ + )Qs* - Q(e))
< st + |EaQer — QEO)| + 1Z00] + U, (6)
R<8+7 17 5<3+>> + BS,L(S+7 17 5<S+))(1 + 7515)

IN
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+ | Zg+ | + |Us+ (6)]

(1 _'_/7516) [R<‘§7 175(5)) + Bs,L(§7 175<‘§))] + |Zs+| + |Us+<‘9)‘
(1 4+ 7a0) [Bls, L.5() + Bs, L 3(s))] + 2| + U (0)
S wu(l + 7518) + |Zs+| + |Us+(0)| :

IN

IN

Then, for 0 € ©,,

By (4,7 |Q: = Q)" 1 (5 € Ss))
< (1 + Ve18 + w;lf)ppg <§ c 82) -+ CglCaI'd(Sg)
XE (1476 + 0,71 Zet P + 0, | U (0) ) I (1Zo+| + |Uas ()] > )] -

And then, similarily as before, because s € S,

limsupsup sup Ey (¢,” Q5 — Q(0)|" I (5 € S,))

e—0 veBHecO,
< limsupsup sup Py (§ € Sy).
e—0 veB0co,

This leads to

lim sup sup (Rgg + RQ) < limsupsup sup [Py (§ € S1)+ P (5§ € Sy)] < 1.
e—0 veRB ' ’ e—0 veBOeO,

O

4.4 Lower bound in Theorem [

Let us sketch a proof of inequality ([BI). The complete proof of the lower
bound is given in the Appendix [Kl of the technical report. Let us denote

ws,L = CspPs,L

where ¢, is defined in (Z2) and ¢, is defined in (23).

Let us note that [, bodies are orthosymmetric, that is, when 0 € ©,,
then 7,60 € ©, 1, where 7; changes the sign of the i:th element. The proof
will start noting a fact given by Efroimovich and Low (1996), which says
that when the parameter space is orthosymmetric, we can restrict attention
to estimators which are functions of (y?) only, where y; = 0; + £z; are our
observations. After that we can proceed as in the linear case. Let us thus
note that

inf supRE,V(Qa,QZV) > inf sup Rgvy(QE,@Zy) (70)

Qe€F yecp Q-.€F veB
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where F is the set of measurable functions from R*™ — R where R* =
{(z1,29,...) : z; € R} and F is the set of those measurable functions from
R> — R which are functions of z? only,

F= {Q :R™ — R | Q((z;)) = Q((z?)), for some Q : R® — R} .

(2

Let 8" = s; and 8" = s, 1. Let L', L" € [L.,L*]. Let us denote v/ =
(s', L") and v = (5", L"). There is such § € R*> that

0O, Q) ~ (L) e, N 4 =4 (71)
i=1

where

6 =dd.(s,s7), 6 =12
Consider the sequencies 6y, 6, € R,
0o = 0, 0, = (1- f)l/Zé

where 0 < £ < 1/2 is arbitrary. Now 0y € ©,» and 6; € ©,,. Also,

Q) =0, Q1) ~ (1— &),

Thus for any estimator ).,
Q- = Q80| = b D (1= €)716,'Q-,0)

and

Q= Q)] ~ 6 D (1= 6716,'Q:,1) .

where D(u,v) = (1 — §)|u — v|, u,v € R. Thus, denoting ¢ = lzl,//lz,:u,

denoting by Py the distribution of (y7), when y; = 6;+¢z;, denoting P, = P,
and letting F; denote the corresponding expectations,

inf sup R€7V(QE7 ,IZJV)

Q:€F yeB

> inf sup sup E, (Jy_p Qe — Q(9)|p>
Q:€F veB 0O,
> inf max {Eo @V_//p Q- — Q(éo)\p> By (%p

Qe€F

Q.- Q) }

~ inf max {¢"EoD"(Q-,0), ED(Q-, 1)}

Q:€F
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Let .
T = exp {——; § d.(s, s#)} .

By Markov’s inequality, for 0 < a < 1,

_ [ dP,
P =0 >7|>1—a (72)
dP,

for sufficiently small €. Applying Theorem 6 (i) in Tsybakov (1998), with
the fact ([2),

lim inf maX{qu()DP<Q5,O>,E1Dp<Q€7 1)}

e—0Q:EF
(1—a)(1 —2§) 7(¢8)"
- (A=29P+7(g€)
The lower bound is proved because 0 < £ < 1/2 and 0 < o < 1 were chosen
arbitrarily. O

— (1-a)(1 - 26)".

4.5 Finishing the proof of Theorem [II
We may write, denoting v = (s, L), s~ = s (s),

By (4,°1Q = QO)I")

= By (0,7 1Q: = QO I(s<57)) +Ep (0,7 1QI = QO I (5=57)).
Then the upper bound (B0) follows from Lemma[[Qwith B’ = B = [s., 8;,_1] X
[L., L*] and from Lemmal[[dl. Lower bound (ZII) is proved in Section L4l Thus
Theorem [ is proved. O
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A Proof of Theorem

We need the following lemma.

Lemma 12 (i) for s > 2k + 1/4, for integers M > 1,

oo

sup Z i*707 < LM,

9665,[‘ i=M

(it) for s > 2k +1/4, supgeg, , Q2x(0) < co.

Lemma [[2 is proved in the Appendix [ of the technical report.

Proof of Theorem 2. Consider first the case where s = s, = 2x + 1/4.
We may write

Ey (1Q: — Q(0))
= By (1Q: — QO I (5< sm1)) + Eo (1Q2 — QO 1 (5 = s)) -

Because s,,-1 < s~ (sy,) for sufficiently small ¢, where s is defined in (£9),
we get by Lemma [[0J that

lim (6265)71 sup  sup Fy (|QF — Q0PI (3 < Sm-1)) = 0.

e—0 Le[L.,L*] 0€O,, . 1

We have also

lim (%.) " sup  sup By (|QF — Q(O)] (3

sm))

e—0 LE[L*,L*] GEeSm
< lim (% )_1 sup  sup Ee (}Qe — Q¢ )}2> <00
e—0 Le[L+,L*] €06y,

where the finitness of the right hand side was proved by Efroimovich (1994,
Theorem 2.3) for Ly and Hoélder bodies. It is easy to see that the finitness
of the right hand side holds under items (i) and (ii) of Lemma Equation
B2) is proved. We may also write

2By (102 — Q(0))%)
= 25 (|e-- @ }2)+5 2By (1Q2 = Q)T (3 < sn1))

2728, (1Q- = QO (1 (5 = 5n) — 1)) .
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Now

Eo (1@ = QO)* (1 G = s) = 1)) < [ |Q- = QO (1 = Py (5 = )|

and this vanishes asymptotically, uniformly over L € [L., L*] and 6§ € O, p,

for s > s,,, by Lemma [ and by the fact that Fy }Qe — Q(@)}4 < C. Because
Sm—1 < 8~ (8,) for sufficiently small e, we get for s > s,,,, by Lemma [[0, that

lime™? sup sup Ep(|Q: — Q)1 (5 < sm-1)) =0
e—0 L€[L«,L*] 060, 1,

1/2

where s > s,,. Again similarily as Efroimovich (1994, Theorem 2.3), for
5> S,

lim sup sup |:E_2E9 (}QE — Q(Q)F) — 4Q2,€(9)} =0.

¢=0 re[L.,L*] 9€O, 1,

Equation (B3) is proved. O

B Properties of the filter

We state next properties of weights g = (g;), defined in ().

Lemma 13 (i) There exists a positive constant C' such that for0 < v,~" <
C, fors, <s <s<s* L, L €L, L,

”g<87 L7 7) - g(slv le fYI)”2 < ”g<8/7 le 7/> H2 )
(ii) for (s, L) € [s.,s"] X [L., L*], v < 1, c =1 — 457 /(457 + 1),
Y sup Y g2 (s, L, 7)67 < Cmax {7,472}
96@5,1, i=1
for a positive constant C' and for L' € [L,, L*],
(111) for c(s) = 4k/(4s+ 1)

sup |gi(s, L,7)| < Cy~), i=1,2,...
Le[L«,L¥]

when s € [s., 57| and C is a positive constant.

Note that because s* = 2x + 1/4 then r(s) < 1/2 in Lemma I3 Het-
eroscedastic term Uy, ,(0) is defined in (B7). We have that Var(Us 1 ,(0)) =
4e? 3" ¢767 and the Lemma [[3 (i) implies that term Us 1, ,(6) is negligible
in a certain sense. Lemma [[3 (iii) is applied to prove an exponential bound
for Z; 1., defined in (BG)).
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Proof of item (i). Denote
h=h(s,L,7) = b1 (73)

where b is defined in ([{). Let us prove item (i). Let s’ < s and 7,7 ~ 0. Let
us denote hg = h(s', L',7') and hy = h(s, L,v). Now

lg(s's L', — g(s, L)

o0

= Z (haznﬁbs’,p(hoi) - hfznqss,p(hli))Q

=1

2
[ (o ()
e | <¢s,p<t> (1) o (12t) ) a
4rk+1 %)
— h4n 1[/ <Z5 (h1> /0 (bg,p
h() 2rk+1
_2<h1> 0¢sp< )¢sp ]
4rk+1 0o
h4nl -9 o pDsp
e G) ([ a2 o)
hf4nfl 2/
< Ny /0¢s,p

2
~ ”g<8/7 le 7/)”2

IA

because

hO —2K

7 ¢s P ¢sp dt > ¢s p¢sp

h1 0
and [e’e) 1 o) 0

/ 5 <2 / bupop + / Do pap < 2 / -
0 0 1 0

The item (i) has been proved. O

Proof of item (ii). Let first 2kp < ¢ = p(s — 1/p + 1/2). Then, for
0 € O 1, by the convexity of x — xp/27

00 2/p 00 2/p
29292 < (Z |gi9¢\p> < (Z Z~2np|9i‘l7> < L.
i=1 i=1

32



Let secondly g < 2kp. That is, s, < s < 2k + 1/p — 1/2. We have, for
0 €O, forr=p/2, 7" =p/(p—2),

00 0o 2/P T oo 1/r
s < [Somp| (S
=1

i=1 i=1

) . U
q/r—4x—1/7" (h'll)4ﬁ N\ —q/r '
< e (o [ oo

00 , 1/r!
< Clh28_4H{A [(bip(t)t—‘ﬂr] dt}

< 027(4sf8n)/(4s+1)

IN

/

for some positive constants Cy, Co, where ¢ ,(t) = 2 /(1 +19). We used the
fact that b < /(@9 where a 4+ 3 = (45 + 1)/(2¢) and thus h =< %/ s+D),
Also,

1 / 1 ’
/ (@2, ()] dt < / [t~ dt < 0o
0 0

because 1[4k — ¢q/r] > —1. This follows from ¢ < 2kp. Also,

/ [gbip(t)t_Q/r] r’ dt < / [t2(2f;_q)t_q/r]r/ dt < oo
' 1

because 1'[2(2k — q) — q/r] < —1. This follows from the assumption s > s, >
(3 —p+4k)/(2p). In fact, it would be enough that s > (2 — p + 4k)/(2p).
Thus for s, < s <2k +1/p—1/2, for § € O, 1, for v < 1,

71—27"(5) 2912022 < 0271—27“(8)7(48—8:‘6)/(48-‘1—1) _ 0271—48/(484-1)
i=1

< 0271745#/(45:#“)

Thus item (ii) is satisfied with ¢ = 1 — 457 /(457 + 1). O

Proof of item (iii). Function ¢ — t*/(1 + bt9) is maximized by t =
(2k/[b(q — 2x)])"/2. Thus

g = ,L'Qﬁ(l + biq)_l < Clb—Qn/q < 02,7/—4/@/(454—1) (74)

for some positive constants Cy, Cy, because b =< 729/4s+1) We have proved

item (iii). O
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C Proof of Lemma

We have defined § = 3(s,s') = min{s, s’ + p/4 — 1/2}. Then § < s and
K<§5<ps/2+Kk+p/4—1/2. We will denote ¢’ = p(s' —1/p+ 1/2) and
¢=p(5—1/p+1/2). Define

. vt i1 i 1/1“’
Bop(s' L', y) = LA (s L ~) / M dt
3 ) ) ) ) 0 1—'—tq

where h is defined in ([[[3), r = p/2, and " = p/(p — 2). Now

> t2“+q/_‘j/7" v 1 ’ I_ = Rl G
/ _ dt < / t" (2r+q _q/r)dt + / t" (QH_q/T)dt < 00
0 1+t -~ Jo 1

because r'(2k + ¢ — G/r) > —1 (here we used the fact that § < ps'/2+ k +
p/4—1/2) and r'(2k —§/r) < —1 (here we used the fact that § > k). Lemma
follows, because for 6 € ©; 1, denoting h' = h(s', L', ),

o0

Z(ZQH - gi(8/7 LI7 7))922

=1
—~ 1+ (Mi)7 "
00 2/ r! 1/7“/
v i/
< {;mmp} {Z[H i q] }

, p 1/
) ) 00 h/i>2/@+q ~

< LKW G/r—1/r'—2k h ( i —q/r

< 1 > (L it

~ BS,L<S/7L177)

uniformly in (s, L) € Ay. O

D Proof of Lemma

First, by Holder’s inequality, for 6 € ©, 1,

> e o0 (r—2)/p
Z,Laneiz < [Z ,L'p(S—l/p+1/2)|9i|p] [Z 25 2(s— 1/p+1/2))p/(p72)

=M =M =M
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where
o 2/p
sup Zip(s—l/p+1/2)|9i|p <L
9695,1, i=M

and

7

- (r—2)/p
(¢2K—2<s—1/p+1/2>)P/<P—2>] < [MQP(H—SH/p—1/2)/(p—2)+1}(”_2)/”
=M

— M2(Ii*$) )

Thus Lemma [[2 (i) has been proved. Similarily,

00 [es) (r—2)/p
. Ak—2(s— /(p—2)
sup (2.(0) = sup 0?7 < L 21 /p 12 P < 00
o Q0= 2 2. )
because [4k —2(s—1/p+1/2)|p/(p—2) < —1 for s > 2k +1/4, p > 2. Thus
Lemma [TZ (ii) has been proved. O

E Proof of Lemma [7

Denoting for shortness r = r(s), v’ = r(s'),

5r($//) B _1 . . (dg(sﬂ, s#)51/2)r
S”’(s”’) = exp { 5 (r—r")logd (d.(s", 57)5172)7 (75)

and for s < s" < 57 and s’ < 5 < 57,

(dg(sl/, 8#)51/2)r
(da(s’”, S#)51/2)r

< (de(S//’S#)élﬂ)r—r’ <1

for sufficiently small €. Equation (B4)) follows from this. Also,

dgl (s, s#)
dr(s, s%)

5 =exp{(r—1")logd "}

and for ' < s < s,,_1,

dg'(3'7 5#) < [2/)(7»(3#) _ T(S*))log5—1]r(s)

dr(s,s%) = [2p(r(s*) — r(sm-1)) log 0=1]"(® < Cs(r(s%) = r(sm_1)) "¢,

Equation (BH) follows from this. Equation (B) follows similarily. The state-
ment (1) follows from definitions of ¢, ., n(s) and from Lemma Fl O
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F  Proof of Lemma

Let us prove Lemma B (i). The case (ii) is more easy than the case (i).
Let first p = 0. Let us denote a; = €%g;. Then Z; = > 0 a;(2? — 1). Let
0<t<1/(2a;) fori=1,2,.... Now

Eexp {ta;z'} = (1 - 2a;t) Y2

3
N
v
&3

A

exp{—tz.} E exp{tZ}
= exp{—tx. — tz a;} H(l — 2a;t) Y2

i=1 i=1

— exp{—tz} exp {i [_mi ~ 5 log(1 - 2ait)} }

=1
> tCLZ' 2

< exp{—tz.}exp {Z 1<_ Q)wt}
i=1 ¢

because, for 0 < u < 1/2,

1 2~ (2u)' e i u
—u—élog(l—Qu):Qu ZZ; : <u Z(Zu) =

U 2
i+ 2 pa 1—2u’

Let 0 < x < 1/2. Let us denote

2
X

2|afoo

Ds,a =

where |a|o = sup;_; 5 |a;|. By assumption x,./D;. — 0. Let ¢ be so small
that z. is smaller than D;.. Suppose first that also

1-— e
To > X I def Dose. (76)

—1—-2x

By remark (B8), Dos. < D;. for sufficiently small . Then, because o? =

S
o 9
22¢:1az‘>

Thus, choosing t = z. /02,

1—2a;t=1—



(and also t < x/(2a;) < 1/(2a;)) for i =1,2,.... Thus,

=
P(Z,>x.) < exp{—t:ce}exp{ Zaf}
=1

I—x

= expq — e 2 — S
N p 202 1—x
o

because, by ([0,

Similarily, for ¢ > 0 and 2a;t < 1,71 =1,2,.. .,

P<Zs < _xs) < eXp{_txe}EeXp{_tZs}

= exp{—tz.}exp {Z [tai — %log(l + 2ait)} }

i=1

< exp{—tx.}exp {t2 Z a?}
i=1

2
s*

because, for 0 < u < 1/2, u — 27 log(1 + 2u) < u?. Let us choose t = x. /o

Then,
2

1
P(Zs < _xa) < eXp{__ E}

2
2 0}

For 0 < z. < Dy, and for (s large enough,

1 . 11—
C’gexp{—§ Z—} ECQeXp{—ﬁl_;;} >1>P(|Z| > z.).

The case p = 0 has been proved. Let then p > 1. Let T" > limsup,_,; z. and
let € be so small that . <T < D, ,. Fora, =a0 <z, <---<any =T,

N
E(|ZJI(x: < Z,<T)) < Y afPlaiy < Z, < ;)

i=1

N
= Y al(P(Z, > zi1) = P(Z,e > 1))
=1
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N-1
= 2{P(Z > o) + Y (20, — a0)P(Z, > x;)
=1
N-1

< 2 P(Ze>w0)+p Y 2l (wi — 2)P(Zs > 33).

i=1

Let us choose such a sequence z. = g < 18y < ... < ay_n <2y =T
that sup,_q  n_1 |Tit1.n — zin| — 0 when N — oo. Now, for sufficiently

large NV,

-----

E(|Z,)'1(z. < Z, < T))

N-1
< #P(Zy> 1) +p Z 2 (wip1 — ) P(Zs > ;)

i=1

1x T B 1 ¢
< Cs {xé’exp{—§a—:} —i—p/% P 1exp{—§0_—s
1 > 1t
< Cs |zlexp oL +p/ tPlexpd —= —  dt| .
2 o4 . 2 o,
Thus, because T' is arbitrary,
1 * 1 ¢
E(|Zs|P1(Zs > x.)) < C3 |2Lexp 5 +p =1 exp —5— atl
Te (o)

Also,

o 1t
/ tplexp{———}dt
. 2 oy
1 o 11t
= 205555lexp{—§i—:}+2as(p—1)/xs tPQeXp{—§ a—s}dt

[p]
- exp{—lﬁ}Z@as)Z‘p(p—1)---(p—z’+1>x§—f.

o
$7 =0

The case
E (|ZS‘p[(Zs < _$6>>

is calculated similarily. The case p > 1 has been proved. 0
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G Proof of Lemma

By Lemma [ it is enough to prove lemma for s < s#. Let s’ = s/(s') be the
smallest element of B,,;q greater than s’. We have that

> n(S"))

A N

sup Pp(§=15") < Z sup Py < Qs — Qg

0cO,

SlleBgridvsngsl

< Card(Byq) max sup Py (’Q; — Qg

SlleBgm'dvsllSSl 0cO,

> 77(5")) .

We have for s” < &, by Lemma [, that By (s”,1,0(s")) < C167(s"), where
7 =4(5—k)/(45" + 1) and § = 5(s,5") is as in Lemma Bl By (B1), n(s") >
Cy0"" (s") where 1" = 4(s” — k) /(4s” + 1). Then, by (B4,

B,.r(s",1,5(s"))

Cyexp {—Cy(5 — s")1logd "}

n(s") -
< Csexp{—Cymin{c,s — s }logd~'}
= (3exp {—04 log log log 5_1}
< (loglogé=1)~%
def

te "
= "}/6

where ¢ is as in Lemma [ Using similar inference for B, 1,(s',1,9(s")) we have
for 6 € ©,, for s < &', for sufficiently small ¢,

|EoQur = QUO)| + [EoQs — Q)| < Co[Busls” 1.8(") + B/, 1.3()]
< Onln(s")

Denote v, = C7v”. Now, for 6 € ©,, for sufficiently small ¢,

< |EoQs — QO)| + B - Q)
4125 = Zu| + U (6)] + U ()
< An(s") + 120 = Zorl + U0)] + U O)]

Thus, for 0 € ©,, for sufficiently small ¢,

> 'rz(S”))

< Py(|Zg = Zo| +1Uz(0)] + [Uar (0)] > n(s")(1 = L))

< Py(|Zs = Zo| > n(s") (1 = 29L)) + Py (|Us ()] > n(s")72/2)
+Py (|Uz(0)] > n(s")7./2) .

ro([00 - 00
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We have by Lemma [[3 (i), for sufficiently small ¢,
std (Zg/ - ZS”) =9 Hg (Sﬂa 17 S(S”)) -9 <§17 17 5(‘;/))
g (S”, 1, 5(8”))

= Ogr.

2
< 9

2

Now from ), n(s") = ogd.(s",s*). Thus, for sufficiently small ¢,

n(s")
std (Zs’/ — ZSH)

> d.(s", s7) > d.(s, s7).

Thus, applying Lemma § (i) and remark (B),

" / 1 7)(5”)(1 — 279
- — " - < )
Pg (|Zs Zs | > 77(5 )(1 276)) - CS exp { 2 std (Zg/ - Zs”)

< Gew{-Jai -]

for sufficiently small e. By Lemma B O, C © ;. Thus, denoting again
r" =4(s" — k)/(4s" + 1), for 6 € O, 1, using Lemma [[J (ii),

Var(Ug (0)) = 4% g2(s",1,0(s")0;
=1

4 SQT,/(S/I) 120" 1 - 2/ .M N/ 2
ﬁm(s (s")) " gi(s".1,6(s"))6;

i=1

_ i SQr”(S//)
T V2 d(s", s7)
4 0" (s")  51-2r(sm1)
V2 do(s",5%) °

because s” < s’ < s,,_1. Furthermore,

Cg max {Sc(s"), s (s")}

(Sm—l)

51’2T(5m‘1)(sm,1) < Cyexp{—Cio(1 —7(8p_1))logd '}
< Cyexp{—C1 (26 +1/4 — 5,,_1)logs '}
< Cyexp{—Ciylogloglogé - logé '}
def

a(9).
Combining two previous displays, for § € ©, 1, for sufficiently small ¢,

S2r” ( S'/)

Var(Uer (6)) < CF 5y

a(d). (77)
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We have that (v/)?/a(0) — oo as € — 0. Thus, because by ([B1) 7(s”) >
C«gér” (S//)’

7 (s")(10)?

ar(l,, (7] 2 (a0’ de(s",s9)/a(0) 2 de(s", %) 2 do(s/, s7)

for sufficiently small e. Then, applying Lemma B (ii) with the fact that
Us(0) ~ N(0, Var(Us(9))),

Py (|Uo(0)] > n(s"1L/2) < cnexp{ 1<n<8”>v;/2>}

_5 Var(Usu(G))
< Cuexp {—% de(s', 5#)}

for sufficiently small €. Similarily,

P 0)] > 0(s"11/2) < Craexp { =5 (55 |

for sufficiently small ¢. U

H Proof of (63).

Let s" € Byia, s < s~. Because s’ < s,,_1, then by the definition of 7 in

22), condition () on the grid, and (B7),

) (1 o)

(") (1+ [20(r(s%) = r(sm-1))log ™)) ™)
20(s") (14 [Cals* = sr)logd™)2] )

Con(s')
C?f@bs’,L- (78)

7(s")

IA

IN

IA A

Thus,

P <0 Y s (L)

8'€Bgriq,s'<s~ €0, wy

First, when s < s,,,_1, then from (B3) and (B7) it follows that

wlz’;L < 04(8# — sm_1)_c5 exp {2—1/) d.(s, 5)} . (79)
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Thus, using Lemma [ and the fact that by (4

Card(By,q) < Cg(log 6~ )",

pi(v) < CsCard(Byria)(s* — sm1) ™"

> {exp{%de(sl,s)}eXp{—%ds@,a s)(1 —%)H

§'€Bgrid,s'<s™

< (log 5*1(3# - sm_l)*l)c9 exp {—c6 log 5*1}

where we denoted

(4s* + 12 (4s® 11

Note that by (IB) and by the definition of 4. given in Lemma[, ¢, > Cyo(s% —
Sm—1) for sufficiently small €. The lemma follows for the case s < s,,_1,

because
I (5% — 8pm_1)logd!
im = 00
e—0 log[(s7 — Sy—1) "' log 1]

by ([6)). For the case s = s, = 2k + 1/4, we apply (£2), (B8), (1) to get

ws/,L
(s

and lemma follows for this case. Finally for the case s > s, = 2k + 1/4, we

apply again (B2), B8), (1) to get
Qps’,L
(G

14

< Csb7*(log 67 1) % exp {Zi de(s, 8)} (80)
p

< C5(log 6% exp {% de(s', 2K + 1/4)} : (81)
p

and lemma follows also for this case. We have proved (B3). U

I Proof of (64).
Let again s’ € B4, ' < 5. Now,

E(.p + 12|+ U () T (|Zo] + |Ua(0)] > 7(5))]
< GE[(Wp + 121" + U (0)17) I (1 2] + [Ug (0)] > 7(s"))]
< G (Y0 P20 > 7(s)/2) + E|Zo "1 (1Z] > 7(5')/2)]
+ 00 L P (IUa(0)] > 7(5)/2) + E([Us (0)°1 (JUs ()] > 7(s5)/2)])
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by using ([8)) and
I(|1Zs] + |Ug ()] > 7(s"))
|
+I(|Zs| < 7(5)/2, |Us ()]
+(|Zs| > 7(5') /2, |Us(0)]

Now, again by (),

/
/2)- (82)

[P [Pl ,
Z (e, = o, Z 27" [d(s', min{s, s*}) + (log 5’1)1/2}[)7@
i=0 i=0

< ([p] + 1)(204)” [da(s', min{s, s*}) + (log 6~)"/?]”
= ([Pl +1)"(s)
< Cng/,L-

Also, by (IZ0), because lim, o a(y) = 0, and using also (&), denoting ' =
4(s" — k) /(48" + 1),

0*'(s') 7 (s) 2
! < < = /.
Var(Uy (6)) < Cy 2.7 < O B ah ~ O (83)

Also, 02 < Cgip? . By definition, 7(s') /oy = 2[d.(s", min{s, s%})+(log6—")*].
Also,

() (s") ;o “1ya
VarU, ()] > o2 2 41d:(s" min{s, 5%) + (log 717

s/

Thus, by Lemma B and comment (BS),

lir% sup po(v) < Cx lir% sup E Y, P sup
E— / E— !
veB veB S EB s’ <5 0cO,

P d pP—i( I\ 1 1 7—(3,)
ot Z TP (s ol | exp 1
i—0 s

+ (@4, +7°(5') + (Var(Uy (0)))”/?) exp {_% %} ]

< Ol (¢s’,L)p
< (Cglim sup Z ¥

e—0 !
veEB
€ 8'€Bgriq,s'<s~

exp {—% [d-(s', min{s, s*}) + (logd~")"/?] } :
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Then, for the case s < s,,_1, using ([79)

lim sup po(v)

e=0yepr

1
< Cy 1i1% Card(Byria) (5% — 1) "C10 exp {_5 (log 5_1)1/2} _0

where we used ([f). For two other cases, s = s,, = s* = 2x + 1/4,
s > 5, = s" = 2k + 1/4, we use ([B) and (&) to prove similarily that
lim._gsup,cp p2(v) = 0. We have proved (G4). O

J A lemma needed to prove the lower bound
of Theorem [

To prove the lower bound we need the following lemma.
Lemma 14 There exists such 0(s, L,7) € O 1, that

. Q0(s,Ly)
kﬂ% S L) = Csps (84)

> 0is. L) =7 (85)
=1

and

sup 07 (s, L,7) < Cy (86)
(S,L)GAQ

for a positive constant C, where Ay = [s, s%] x [Ls, L*].
Proof. We will choose 6(s, L,v) as in ([@l). Equation (§4) follows from

(BI) and equation (BH) follows from (EH). Let us prove (BH). Function ¢ +—
t2% /(1 + byt?) is maximized by t = (2x/[b1(q — 2)])"/?. Thus

oo\ 1/(0-2)
0.0, L,7)] < € (ap*) 7 <

<Cy

where a; and b; are from ({5). Here we used the facts a;b; /¢ ~ p{P~ 2010/
and by ~ v, which follow from #S) and (E0). O
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K The complete proof of the lower bound of
Theorem [

Let us denote B
Qz}s,L = Csp¥Ps,L

where ¢, is defined in (27) and ¢, is defined in (23).

Let us note that [, bodies are orthosymmetric, that is, when 0 € ©,,
then 7,0 € O, 1, where 7; changes the sign of the i:th element. The proof will
start with a reasoning given by Efroimovich and Low (1996), which shows
that when the parameter space is orthosymmetric, we can restrict attention
to estimators which are functions of (y?) only, where y; = 6; + €2; are our
observations. After that we can proceed as in the linear case.

Let us thus show that

inf sup Re,(Q-,¥y) > inf supRe,(Q-, ) (87)
Qe€F vep Q-€F veB
where F' is the set of measurable functions from R* — R where R* =
{(z1,29,...) : &; € R} and F is the set of those measurable functions from
R>* — R which are functions of z? only,

F= {Q :R® - R | Q((z:)) = Q((x2)), for some Q : R® — R} :

Denote by 7; the function R>* — R> which changes the sign of the ith
element. Let v € B, § € ©,. By orthosymmetricity of ©,, also 7,60 € 0,.
Assume that Q. € F is such that Q.(z) # Q.(7;z). Then, by convexity of
the loss function, denoting Y = (y;),

max {Ep |Q=(Y) — Q(0)", Erp |Q-(Y) — Q(7:0)|"}

> SEQY) = Q) + 5 B IQ-(Y) ~ Qo))
= SEIQY) = QU + 5 Fyl:nY) - Q)Y
> B3 (QY) — Q) + 5 (Q:AnY) - Q)

p

_ g % (Q-(Y) + Q-(Y)) — Q(6)

Now (Q: + Q-(7;-))/2 does not depend on the sign of the ith argument. The
inequality (B) has been proved.
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Let s = sy and 8" = s,,_1. Let L', L" € [L,,L*]. Let us denote v' =
(s', L") and " = (5", L"). By ([84)) and (BH) there is such § € R*> that

beOu, Q) ~ (L) 5, N a=58  (88)

where

6 = 0d.(s',s™), & =2

Consider the sequencies 6y, 6, € R,
0p=0, 0,=(1-¢6)"%
where 0 < ¢ < 1/2 is arbitrary. Now #y € ©,» and 0, € ©,,. Also, by (BS),
Q) =0. Q) ~(1-&).
Thus for any estimator ).,
Q- = Q)| = b D (1= €)716,'Q.,0)

and

Q- = Q)| ~ v D (1= 71Qu1 1)

where D(u,v) = (1 — §)|u — v|, u,v € R. Thus, denoting ¢ = EZV,/JZH,
denoting by Py the distribution of (y7), when y; = 6;+ez;, denoting P; = F;,,
and letting F; be the corresponding expectations,

inf sup R{«; V(Q67 ¢V)

QeEF veB
> inf sup sup E, (Jy_p |Q: — Q(9)|p>
Q:€F veB 0O,
> inf max {Eo <@/)V,, Q- — Q(éo)‘p> By (J;p
Q-EF

~ inf max {¢"EoD"(Q-,0), E\D(Q-, 1)}

Q:€F

1)}

Now the density of y? with respect to Lebesgue measure is

1 T+ ‘9% 91\/1'_1 01\/1'_1
227 € P {_ 2e2 Xp £2 Texp |~ 22 Ijo,00)(21)-

We have that
01/ X 291 ’ B3ay
exp{ -2 + exp 220 <2exp (-
J:
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Thus,

dP,

oy = 1o {2} (o P07} o[PS )

(V3
—8
—
D
>
o
—N
N}

o HCEDI
o | S
|

>
oM [N
s
——
~
=
3
5
N
| S

Denote

Now Eyy? = 67 + &2 and Vargy? = 2¢* + 462¢? and thus

Egl(S) = — <Z éill + &2 Z 0%@)
i=1 i=1
and

Varg, (S) = 2¢* Z 0}, + 4e? Z ..
i=1 i=1

T = exp {—1%5 de(s',s#)} .

Then, by Markov’s inequality, for 0 < o < 1,

P — > > Py (S>clogr— — |6
(m >_ 5 (52 togr = AR
-2

> 1—( log 7+ > H91|!2+29> Varg, (5)

> 1—« (89)

for sufficiently small ¢, because

-2

C
( log7'+ ||91||2 + 29 ) Varg, (5) < WIS#) — 0 (90)
when ¢ — 0. Indeed, by (BJ),

260 S0, = 26452 = 482/, 5%)

i=1
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and 0%, < Cy6 for i = 1,.. ., by (86). Thus
4¢? Ze < Cyd. Ze < Oyeldi (s, s™),

and thus
Varg, (S) < 0558d§(s’, s#),

and also

2
2 o0
4 € g2 a4
<5 log7+§H91H "‘E ‘91i>

i=1

1— 2
> (— 5 §54d5(s’, s7) + 23 (s, s#)) > Ceeldi(s', s7)

for sufficiently small . Thus (f0) follows. Then, applying Theorem 6 (i) in
Tsybakov (1998), with the fact (89),

TN PR P L. DP
lgrg)é?emeaX{q EyD*(Q.,0), E1D (Q€71)}

(1—a)(1 —28) 7(¢8)"
- (=287 4 7(g8)r

because, denoting r’ = 4(s' — k)/(4s’ + 1) and r”, r# correspondingly,

e ()
¢’ = exp{ 5 d.(s',s )} <@Zy,,>

~exp {pl(r" —r*) +£(r* — ") log 6~}
exp {p(r' — ") loglog 6~" + pr'log[2p(r# — ")) — pr'log[2p(r* — r")] }

( (L) (v(s) + 5(5")) )p e
(L//)l—r” (’U(S”) + b(s”))

=1 —a)(1-2¢)

as € — 0 because (r" —r#)+£(r# —r') > 0 for sufficiently small €. The lower
bound is proved because 0 < £ < 1/2 and 0 < o < 1 were chosen arbitrarily.

U
L. Reproducing the Figure [

This material can also found at the address http://www.denstruct.net To
reproduce and modify Figure 1 of the article, use the following R function.
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kvadra<-function(svec,pvec){
z<-matrix(0,length(svec),length(pvec))

for (i in 1:length(svec)){
s<-svec[i]
for (j in 1:length(pvec)){
p<-pveclj]
q<-p*(s-1/p+1/2)

#upper bound

I1<-beta(p/(p-2)-1/q-2xk*p/(q*(p-2))-1,1+1/q+2xk*p/(q*(p-2)))/q
I2<-beta(2-(4*k+1)/q, (4¥k+1)/q) /q
potel<—(p-2)*(4*xk+1)/(p* (4*s+1))

pote2<-2%(s-k)/(4*xs+1)
vakio<-((4xk+1)/(4*(s-k))) "~ (4x(s-k)/(4*s+1))*(4*xs+1)/(4xk+1)
yla<-I1"potel*I2"pote2*vakio

#lower bound

I3<-beta(4/(p-2)-1/q-8*k/(q*(p-2)),1/q+8%k/(q*(p-2)))/q
I4<-beta(2/(p-2)-1/q-4xk/(q*(p-2))-2xk/q,1/q+4xk/ (q*x(p-2) ) +2*k/q) /q
pote3<—-2%(4xk+1) / (px (4*s+1))

poted<--2%(s-k)/(4*s+1)

ala<-I1"pote3*I3~poted*I4

z[i,jl<-yla/ala
+
}
return(x=svec,y=pvec,z=z)

¥

Then use for example the following commands (assuming that the above
function is in the file kvadra.R).

source("kvadra.R")
k<-0

sala<-k+0.01
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syla<-2xk+0.25
sstep<-0.01
svec<-seq(sala,syla,sstep)

pala<-3

pyla<-4

pstep<-0.25
pvec<-seq(pala,pyla,pstep)

kv<-kvadra(svec,pvec)
contour (kv$x,kv$y,kv$z,nlevels=20,x1lab="s",ylab="p")
title(sub=expression(paste("a) ", 3<=p<=4)))

k<=0

sala<-k+0.01
syla<-2xk+0.25

sstep<-0.01
svec<-seq(sala,syla,sstep)

pala<-4

pyla<-100

pstep<-1
pvec<-seq(pala,pyla,pstep)

kv<-kvadra(svec,pvec)

contour (kv$x,kv$y,kv$z,nlevels=12,x1lab="s",ylab="p")
title(sub=expression(paste("b) ", p>=4)))

M I, body

The I, body is defined as {6 : >~;°, %67 < L}. It was shown in Donoho and
Nussbaum (1990) that the weigths

gi(s, L,y) = (i = h*C70i%) |

)2/(4s+1)

where (z), = max{z, 0},

h=h(s,L,v) = (

1=
ZIE
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2(s — k) B 8(s — k)2
205+ k) +1](4s+1)" 77 [2(s+r)+1](4s +1)(4k + 1)
solve the optimal recovery problem.
Note that for the weigths g(s, L,v) we do not have that for fixed s,
supg, , 1Doicy gi(s's L', 7)0? — Q(#)| would be smaller than 4", simultane-
ously for several s > s’. Thus Lemma B does not hold for the case p = 2.

e =1
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