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Abstract

Estimation of a quadratic functional of a function observed in the
Gaussian white noise model is considered. A data-dependent method
for choosing the amount of smoothing is given. The method is based
on comparing certain quadratic estimators with each other. It is shown
that the method is asymptotically sharp or nearly sharp adaptive si-
multaneously for the ”regular” and ”irregular” region. We consider lp
bodies and construct bounds for the risk of the estimator which show
that for p = 4 the estimator is exactly optimal and for example when
p ∈ [3, 100], then the upper bound is at most 1.055 times larger than
the lower bound. We show the connection of the estimator to the the-
ory of optimal recovery. The estimator is a calibration of an estimator
which is nearly minimax optimal among quadratic estimators.
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1 Introduction

A data-dependent choice of the right amount of smoothing is one of the
central issues in nonparametric function estimation. We study this problem
when estimating quadratic functionals, for example the squared integral of
a function. We consider the case where the smoothness of the function of
interest is unknown and we want to construct estimators which adapt to the
unknown smoothness of this underlying function.

Estimation of quadratic functionals has been studied by Ibragimov and
Hasminskii (1980) and Bickel and Ritov (1988). They showed that when
the unknown function is sufficiently smooth, quadratic functionals can be
estimated with parametric

√
n-rate, otherwise the rate is slower. We will

call the cases with
√
n-rate of convergence regular cases and the cases with

slower than
√
n-rate of convergence irregular cases. Ibragimov, Nemirovskii,

and Hasminskii (1986) and Fan (1991) derived minimax rates under various
geometric constraints on the parameter space. Donoho and Nussbaum (1990)
constructed minimax estimators among quadratic estimators.

The above mentioned results were non-adaptive in the sense that no the-
ory for the data-dependent choice of the amount of smoothing was given.
Efroimovich (1994) gave a sharp adaptive procedure for the regular case.
Efroimovich and Low (1996) gave a rate optimal adaptive procedure for the
irregular case which was simultaneously sharp adaptive for the regular case.
They considered l2 body and Hölder body (p = ∞). Laurent and Massart
(2000) gave an adaptive estimator based on model selection. They consid-
ered lp bodies also for the case p < 2, and Besov bodies. Johnstone (2001)
and Gayraud and Tribouley (1999) have studied threshold estimators. Other
references include Huang and Fan (1999) who consider estimators based on
local polynomial regression and Cai and Low (2005) who consider parameter
spaces that are not quadratically convex.

The existence of several rate optimal adaptive procedures for the irregular
case gives motivation to study sharp asymptotics also in the irregular region.
We consider lp bodies when 2 < p < ∞. We consider also the estimation of
integrals of squared derivatives, unlike previously mentioned adaptive results,
which were restricted to the estimation of integrals of squared functions.

In the connection of the estimation of linear functionals, for example
estimating the value of the function at one point, sharp adaptive estimation
procedures were given by Lepski and Spokoiny (1997), Tsybakov (1998),
Klemelä and Tsybakov (2001). On the other hand, Donoho and Nussbaum
(1990) showed how the estimation of quadratic functionals can be reduced
to the estimation of linear functionals. This article combines the theory
of Donoho and Nussbaum (1990) and the theory of Klemelä and Tsybakov
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(2001), and gives an estimation procedure for the estimation of quadratic
functionals, which is sharp or nearly sharp adaptive simultaneously for the
regular and the irregular case.

The sharp adaptive procedure given in this article is of similar type as the
method of Efroimovich and Low (1996), that is, Lepski method is applied to
choose between diagonal quadratic estimators. A difference to Efroimovich
and Low (1996) is that the parameters of the procedure: the threshold and
the coefficients of the quadratic estimators, are chosen in a more careful way.
The more careful choice of the parameters leads to sharper optimality of the
procedure. The filters of the quadratic estimators, from which we choose
one, have similar shape as the filters of the quadratic estimators considered
by Donoho and Nussbaum (1990), and they showed these estimators to be
minimax optimal among quadratic estimators. These quadratic estimators
are also solutions to a certain optimal recovery problem.

It has become standard in nonparametric function estimation literature
to first present results for the simplest observation model, namely the Gaus-
sian white noise model, and later extend results to more complicated and
realistic observation models. For smooth functions the extension can be
done by the theory of asymptotic equivalence, see for example Brown and
Low (1996) and Nussbaum (1996). When the parameter space contains non-
smooth functions, then the asymptotic equivalence in Le Cam’s sense with,
say, density estimation does not hold, but there are several examples where
asymptotic properties of the types of estimators we consider in this article
are still similar in both models, see for example Korostelev and Nussbaum
(1999) and Butucea (2001).

Let the observation be

yi = θi + ε zi, i = 1, 2, . . . (1)

where zi are i.i.d. standard Gaussian random variables and ε > 0. This
observation arises also as the Fourier coefficients of the continuous Gaussian
white noise model dY (t) = f(t)dt + εdW (t), t ∈ [0, 1], where W is the
standard Brownian motion. We consider asymptotics when ε → 0. For
the case when the observation consists of n discrete observations, the noise
calibration ε = n−1/2 often leads to the asymptotic equivalence with the
Gaussian white noise model. We want to estimate the value of the quadratic
functional

Qκ(θ) = Q(θ) =
∞∑

i=1

i2κθ2
i (2)

where κ ≥ 0.
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We consider lp bodies Θs,L in the sequence space with s as the smoothness
index and L as a function of the radius. We define lp bodies as

Θs,L =

{
θ ∈ R∞ :

∞∑

i=1

iq|θi|p ≤ Lp/2

}
, 1 ≤ p <∞ (3)

where
q = p(s− 1/p+ 1/2). (4)

Note that with this notation Hölder body is defined as {θ : |θi| ≤ L1/2i−s−1/2}.
As follows from Ibragimov and Hasminskii (1980), Bickel and Ritov (1988),
Ibragimov, Nemirovskii, and Hasminskii (1986), and Fan (1991), the mini-
max rate for the parameter space Θs,L is ε2r with the exponent

r =
4(s− κ)

4s+ 1
< 1/2,

when κ < s < 2κ+1/4, but when s ≥ 2κ+1/4, then the minimax rate equals
the parametric rate ε. We assume, however, that s and L are unknown and
that we only know that s ∈ [s∗,∞) and L ∈ [L∗, L

∗] for given s∗ < 2κ+ 1/4
and 0 < L∗ < L∗ < ∞. This means that we are sure that the unknown
sequence θ ∈ Θs,L for some (s, L) ∈ [s∗,∞) × [L∗, L

∗]. Efroimovich and Low
(1996) showed that, similar to the case of the estimation of linear functionals,
the optimal rate for the case of unknown s is larger than the minimax rate
by a logarithmic factor, in the irregular region κ < s < 2κ + 1/4. Namely,
the optimal adaptive rate in the irregular case is

ϕ̃s = (ε2 log ε−1)r.

Efroimovich (1994) showed that at the point s = 2κ+1/4 the optimal adap-
tive rate is εbε where bε → ∞ slower than any power function of ε−1, and for
s > 2κ+ 1/4, the optimal adaptive rate is ε.

We want to find estimators which are sharp in the asymptotic adaptive
minimax sense simultaneously for the irregular and regular case. That is, we
will prove the following results.

1. We will first construct estimator Q∗
ε and find constants C̃s,L,p such that

lim sup
ε→0

sup
(s,L)∈B

(C̃s,L,pϕ̃s)
−ρ sup

θ∈Θs,L

Eθ |Q∗
ε −Q(θ)|ρ ≤ 1, (5)

where B = [s∗, s
′] × [L∗, L

∗], s′ < 2κ+ 1/4, and ρ ≥ 1. To exclude the
boundary case, we took the supremum over s only over the set [s∗, s

′]
but we can let s′ → 2κ+ 1/4 sufficiently slowly as ε→ 0.
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2. Secondly, we find constants c̃s,L,p such that

lim inf
ε→0

inf
Q̂

sup
(s,L)∈B

(c̃s,L,pϕ̃s)
−ρ sup

θ∈Θs,L

Eθ

∣∣∣Q̂−Q(θ)
∣∣∣
ρ

≥ 1, (6)

where the infimum is taken over all estimators.

3. Thirdly, we construct estimator Q∗
ε in such a way that it is sharp adap-

tive for the regular region s > 2κ+ 1/4.

For the case p = 4 we have that C̃s,L,p = c̃s,L,p. When κ = 0, then the

ratio of C̃s,L,p to c̃s,L,p is bounded by 1.055, uniformly over s ∈ (0, 1/4) and
p ∈ [3, 100]. When 2 < p < 3, then the bound is still good but the bound
will become slowly worse when p ↓ 2.

The proofs of the results will reveal that calibrations of the algorithms
which are optimal for a certain optimal recovery problem, are optimal esti-
mators for the statistical problem. We give in Theorem 3 the exact solution
for the optimal recovery problem when p = 4 and nearly exact solutions
when 2 < p < ∞, which explains why we reach optimal and nearly optimal
constants for the statistical problem.

The definition of the estimator is given in Section 2.1. Results are pre-
sented as Theorem 1 and Theorem 2 in Section 2.2. Discussion of the results
is given in Section 2.3. Proofs are given in Section 3, Section 4, and in the
Appendix of the technical report (Klemelä, 2002).

The following notation is used. Denote αε ∼ βε if limε→0(αε/βε) = 1.
Denote αε ≍ βε if 0 < lim infε→0(αε/βε) ≤ lim supε→0(αε/βε) < ∞. The
l2-norm is denoted by ‖ · ‖2.

2 Definition of the estimator and results

We consider the observation (1) and the estimation of the quadratic func-
tional defined in (2).

Scale of classes. Consider a collection of lp bodies Θs,L ⊂ R∞ defined in
(3). We assume that (s, L) ∈ A, where

A = [s∗,∞) × [L∗, L
∗],

max{κ, (3 − p+ 4κ)/2p} < s∗ < 2κ+ 1/4, (7)

p > 2, and 0 < L∗ < L∗ < ∞. Here A is the range of adaptation. The
parameter p is assumed to be known and fixed. We do not need to know
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the values of L∗, L
∗ to construct our estimators. Since s∗ < 2κ+ 1/4, we are

partly in the irregular region and partly in the regular region. We need to
know s∗, see (13).

We have assumed that s∗ < 2κ + 1/4. When s∗ ≥ 2κ + 1/4, then the
smoothness parameter is always in the regular region. Adaptive estimation
in this regular case was considered by Efroimovich (1994). We will assume
that the irregular region cannot be excluded. The appropriate estimator for
the regular case is in fact given in (20).

2.1 Definition of the estimator

The estimator to be defined is obtained by filtering the sequence of shifted
squared observations and choosing the filter sequence in a data-dependent
way.

Filter sequence. We will filter the shifted squared observations with the
sequence

gi = gi(s, L, γ) = i2κ(1 + biq)−1, i = 1, 2, . . . , (8)

where q is defined in (4),

b = b(s, L, γ) =

(
(4κ+ 1)I

1/2
2 γ

4(s− κ)I
(p−2)/p
1 L

)2q/(4s+1)

, (9)

I1 =

∫ ∞

0

tqφp/(p−2)
s,p (t) dt, (10)

I2 =

∫ ∞

0

φ2
s,p(t) dt, (11)

and
φs,p(t) = t2κ(1 + tq)−1. (12)

The finiteness of the integral I2 is guaranteed by (7). Parameter γ will be
chosen later as γ ≍ ε2 log ε−1, see (18).

Grid. We will construct a finite grid on [s∗, 2κ + 1/4]. Corresponding to
each grid-point there will be defined a quadratic estimator. Then a statistic
ŝ will be defined which has values on the grid and thus will choose one of the
estimators.

Let the grid be
Bgrid = {s1, . . . , sm} ,
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where the values si and the integer m are chosen such that:

s∗ = s1 < · · · < sm = 2κ+ 1/4, (13)

with

k1(log δ−1)−c1 ≤ si+1 − si ≤ k2(log δ−1)−c2, i = 1, . . . , m− 2 (14)

where k2 > k1 > 0, c1 ≥ c2 > 1, and where

δ =
√

2ε2. (15)

Let also
sm − sm−1 = k3(log log log δ−1)−c3 (16)

where k3, c3 > 0.

Scale of estimators. We will define quadratic estimatorsQs,L,γ for (s, L) ∈
A by

Qs,L,γ =

∞∑

i=1

gi(s, L, γ)(y
2
i − ε2) (17)

where observation yi is defined in (1) and filter sequence gi is defined in (8).
Without loosing generality, we may assume that 1 ∈ [L∗, L

∗]. Let us
define a quadratic estimator corresponding to each grid-point by calibrating
the estimator Qs,1,γ, defined in (17). First, “adaptive factor” is defined,
denoting r(s) = 4(s− κ)/(4s+ 1), as

dε(s, s
′) = 2ρ[r(s′) − r(s)] log δ−1

where δ was defined in (15) and ρ ≥ 1 will be the power of the loss function.
”Noise under adaptation” is defined as

δ̃ = δ̃(s) = δ dε(s, 2κ+ 1/4). (18)

Define

Q̂s =

{
Qs,1,δ̃ for s = s1, . . . , sm−1,

Q̄ε for s = sm = 2κ+ 1/4.
(19)

Estimator Q̄ε is defined by

Q̄ε =

{ ∑⌊J/bε⌋
i=1 i2κ(y2

i − ε2), when I ≤ ε
√
bε,∑⌊J/bε⌋

i=1 i2κ(y2
i − ε2) + I, when I > ε

√
bε

(20)

7



where J = ε2/(4κ+1), bε is such that

lim
ε→0

bε = ∞, lim
ε→0

(bεε
a) = 0 for all a > 0, (21)

and

I =

⌊J⌋∑

i=⌊J/bε⌋+1

i2κ
(
y2

i − ε2
)
.

Estimator Q̄ε was proposed in Efroimovich (1994).

Adaptive estimator. Adaptive estimator has the form Q̂ŝ where ŝ is suit-
ably chosen statistic. To define ŝ we follow the approach of Lepski (1990,
1991, 1992a,b). The statistic ŝ is defined as the largest of those s-values in
the grid for which the corresponding estimator does not differ significantly
from the estimators corresponding to the smaller s-values. That is, define

ŝ = max
{
s ∈ Bgrid :

∣∣∣Q̂s − Q̂s′

∣∣∣ ≤ η(s′) for all s′ ∈ Bgrid, s
′ ≤ s

}

where the threshold η is defined as

η(s) = σsdε(s, 2κ+ 1/4) (22)

where
σs = δ

∥∥∥g(s, 1, δ̃(s))
∥∥∥

2
(23)

and δ is defined in (15). Finally, the estimator of Q(θ) is defined as

Q∗
ε = Q̂ŝ. (24)

2.2 Results

The supremum of the risk of an estimator Qε over the parameter space Θs,L,
with respect to normalising factor ψ > 0, is denoted

Rε,s,L(Qε, ψ) = ψ−ρ sup
θ∈Θs,L

Eθ (|Qε −Q(θ)|ρ)

where ρ ≥ 1. The normalising factor to be defined depends on smoothness
index s. Recall that δ̃(s) was defined in (18) so that δ̃(s) ≍ ε2 log ε−1. Define

ϕs,L = δ̃(s)4(s−κ)/(4s+1)L(4κ+1)/(4s+1). (25)

8



Define the sharp constant for the upper bound by

Cs,p = I
(p−2)(4κ+1)/[p(4s+1)]
1 I

2(s−κ)/(4s+1)
2

×
(

4κ + 1

4(s− κ)

)4(s−κ)/(4s+1)
4s+ 1

4κ+ 1
, (26)

where I1 is defined in (10) and I2 is defined in (11). Define the sharp constant
for the lower bound by

cs,p = I
−2(4κ+1)/[p(4s+1)]
1 I

−2(s−κ)/(4s+1)
3 I4 (27)

where

I3 =

∫ ∞

0

φ4/(p−2)
s,p , (28)

I4 =

∫ ∞

0

t2κφ2/(p−2)
s,p (t)dt, (29)

and φs,p is defined in (12).
Theorem 1 gives sharp bounds when s < 2κ + 1/4. In fact, we consider

case s ≤ sm−1, so that smoothness index s is bounded away from 2κ + 1/4.
However, sm−1 → 2κ+ 1/4 as ε→ 0.

Theorem 1 Let p > 2. Denote B = [s∗, sm−1] × [L∗, L
∗]. Then, for the

estimator Q∗
ε defined in (19) and in (24),

lim sup
ε→0

sup
(s,L)∈B

Rε,s,L(Q∗
ε, Cs,pϕs,L) ≤ 1. (30)

We have the lower bound

lim inf
ε→0

inf
Qε

sup
(s,L)∈B

Rε,s,L(Qε, cs,pϕs,L) ≥ 1 (31)

where the infimum is taken with respect to all estimators.

In Theorem 1 we considered case s < 2κ+ 1/4. Let us next consider the
regular area [2κ + 1/4,∞). We will will prove the rate optimality on the
boundary s = 2κ+ 1/4 and sharp optimality for cases s > 2κ+ 1/4.

Theorem 2 Let estimator Q∗
ε be defined in (19) and in (24). Then, for the

case s = 2κ+ 1/4,

lim sup
ε→0

(
ε2bε

)−1
sup

L∈[L∗,L∗]

sup
θ∈Θ2κ+1/4,L

Eθ

(
|Q∗

ε −Q(θ)|2
)
<∞ (32)

where bε was defined in (21). For s > 2κ+ 1/4,

lim
ε→0

sup
L∈[L∗,L∗]

sup
θ∈Θs,L

[
ε−2Eθ

(
|Q∗

ε −Q(θ)|2
)
− 4Q2κ(θ)

]
= 0, (33)

where Q2κ(θ) is defined in (2).
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A proof of Theorem 1 is given in Section 4.5 and a proof of Theorem 2 is
given in the Appendix A of the technical report.

2.3 Discussion

2.3.1 Sharpness of the bound of Theorem 1

When p = 4, then the upper and lower bounds of Theorem 1 are equal, so
that we have

Cs,4 = cs,4 =

[
1

4s+ 1
B

(
1 − 4κ+ 1

4s+ 1
, 1 +

4κ+ 1

4s+ 1

)]1/2

×
(

4κ+ 1

4(s− κ)

)2(s−κ)/(4s+1)
4s+ 1

4κ+ 1
(34)

where B(c, d) =
∫ 1

0
xc−1(1 − x)d−1 dx, c, d > 0, is the beta function. To

see this we apply the properties B(c, d) = B(c − 1, d + 1)(c − 1)/d and
B(c, d) = B(c, d+ 1)(c+ d)/d.

When p 6= 4 the constants Cs,p and cs,p are close to each other. Figure 1
shows the ratio Cs,p/cs,p when (s, p) ∈ (0, 1/4) × [3, 100] and κ = 0. From
Figure 1 and related figures one may conclude that

sup
s∈(0,1/4),p∈[3,4]

Cs,p

cs,p
≤ 1.055, sup

s∈(0,1/4),p∈[4,100]

Cs,p

cs,p
≤ 1.04

when κ = 0. That is, the bound is better when p ≥ 4, than in the case 3 ≤
p ≤ 4. When p < 3, then the bound is still good but it starts deteriorating
when p ↓ 2. Remember, that we have also to restrict ourselves to the case
s > (3 − p)/2p, to guarantee the finiteness of (11).

When κ = 2, then

sup
s∈(0,1/4),p∈[3,4]

Cs,p

cs,p
≤ 1.019, sup

s∈(0,1/4),p∈[4,100]

Cs,p

cs,p
≤ 1.27.

That is, the bound is better when 3 ≤ p ≤ 4. To reproduce and modify the
Figures, see the Appendix L of the technical report.

2.3.2 Elbow in rates

The optimal adaptive rates for the estimation of the quadratic functional are

(ε2 log ε−1)
4(s−κ)/(4s+1)

, s ≤ sm−1

ε
√
bε, s = 2κ+ 1/4

ε, s > 2κ+ 1/4
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4.0

a) 3 ≤ p ≤ 4
s

p
0.05 0.10 0.15 0.20 0.25

20
40

60
80
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0

b) p ≥ 4

Figure 1: Contour of Cs,p/cs,p as a function of (s, p). That is, we plot the
ratio of the constant in the upper bound to the constant in the lower bound.
In a) we have (s, p) ∈ (0, 1/4)×[3, 4]. In b) we have (s, p) ∈ (0, 1/4)×[4, 100].

where sm−1 satisfies (16), so that sm−1 → 2κ + 1/4, and where bε satisfies
(21). We have considered scale [s∗,∞) where max{κ, (3 − p + 4κ)/2p} <
s∗ < 2κ + 1/4. We have constructed an estimator which is sharp adaptive
in region [s∗, sm−1]∪ (2κ+ 1/4,∞). For the region (sm−1, 2κ+ 1/4) we have
not made claims on the rate of convergence of the estimator. The estimator
is proved to be adaptive rate optimal when s = 2κ+ 1/4 and sharp adaptive
optimal when s > 2κ+ 1/4.

2.3.3 Normalizing factor and the modulus of continuity

Following Donoho and Nussbaum (1990), let us define the modulus of conti-
nuity of the functional Q(θ) defined in (2) by

Ωs,L(γ) = sup

{
Q(θ) : θ ∈ Θs,L,

∞∑

i=1

θ4
i ≤ γ2

}
.

It was shown by Donoho and Nussbaum (1990) that the minimax rate of
convergence with the parameter space Θs,L is given under certain conditions
by the modulus of continuity Ωs,L(ε2). One may show that for the case
p = 4 the optimal normalizing factor of Theorem 1 is equal to the modulus
of continuity at the effective noise:

Ωs,L

(
δ̃(s)

)
= cs,pϕs,L = Cs,pϕs,L.

11



This follows from the next theorem and (34).

Theorem 3 Let Θs,L be the lp body defined in (3). Let p > 2 and s >
max{κ, (3 − p+ 4κ)/(2p)}. We have that

cs,p ≤ lim inf
γ→0

Ωs,L(γ)

γ4(s−κ)/(4s+1)L(4κ+1)/(4s+1)

≤ lim sup
γ→0

Ωs,L(γ)

γ4(s−κ)/(4s+1)L(4κ+1)/(4s+1)
≤ Cs,p

where cs,p and Cs,p are the constants of Theorem 1 defined in (26) and (27).

Theorem 3 is proved in Section 3. Theorem 3 has independent interest
since according to Donoho and Nussbaum (1990), it implies bounds for the
risks of quadratic estimators.

2.3.4 Optimal recovery

The weigths gi of the estimatorQs,L,γ are related to a certain optimal recovery
problem. Namely, we have for the case p = 4 the asymptotic equality

sup
θ∈Θs,L

sup
‖(θ2

i )−(ν2
i )‖2≤γ

∣∣∣∣∣

∞∑

i=1

giν
2
i −

∞∑

i=1

i2κθ2
i

∣∣∣∣∣

∼ inf
(qi)

sup
θ∈Θs,L

sup
‖(θ2

i )−(ν2
i )‖2≤γ

∣∣∣∣∣

∞∑

i=1

qiν
2
i −

∞∑

i=1

i2κθ2
i

∣∣∣∣∣

where gi are defined in (8) and γ → 0. One can find the general formula for
the optimal recovery filter from Donoho and Nussbaum (1990). The general
formula for the optimal recovery filter is given by calibrating the extremal
sequence θi which achieves the supremum in the definition of the modulus of
continuity.

2.3.5 Comparison with the estimation of linear functionals

Reduction to the linear case. An idea behind the proof of Theorem 1
is to reduce the quadratic case to the linear case. The observation was
defined as yi = θi + εzi where zi are iid standard Gaussian. We have that
EθQs,L,γ =

∑∞
i=1 gi(s, L, γ)θ

2
i . Let us define the bias term as

B(s, L, γ) = sup
θ∈Θs,L

∣∣∣∣∣

∞∑

i=1

gi(s, L, γ)θ
2
i −Q(θ)

∣∣∣∣∣ . (35)
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We can write Qs,L,γ − EθQs,L,γ = Zs,L,γ + Us,L,γ(θ) where

Zs,L,γ = ε2

∞∑

i=1

gi(z
2
i − 1) (36)

and

Us,L,γ(θ) = 2ε

∞∑

i=1

giθizi. (37)

Let us define the standard deviation term as

R(s, L, γ) = γ ‖g(s, L, γ)‖2 (38)

where g = (gi). Note that Var(Zs,L,γ) = 2ε4
∑∞

i=1 g
2
i and thus std(Zs,L,δ) =

R(s, L, δ) where δ =
√

2ε2. It will turn out that the heteroscedastic term
Us,L,γ(θ) is in a certain sense asymptotically negligible when s < 2κ + 1/4.
Variance term Zs,L,γ is linear in (z2

i − 1) and bias term B(s, L, γ) is linear in
(θ2

i ).

Normalizing factor. In this article it is shown that for p = 4 the adaptive
minimax risk is asymptotically equal to

Ωs,L(δ̃(s)), δ̃(s) = δ2ρ(r# − r) log δ−1,

where δ̃(s) is the “effective noise”, r = 4(s − κ)/(4s + 1), r# = 4(s# −
κ)/(4s# + 1), δ =

√
2ε2, and s# = 2κ + 1/4. Let us compare this to the

case of the estimation of linear functionals. It was shown by Ibragimov and
Hasminskii (1984) and Donoho and Liu (1991) that the minimax rate for the
estimation of a linear functional T (θ) is given by ωs,L(ε) where

ωs,L(γ) = sup

{
T (θ) : θ ∈ Θs,L,

∞∑

i=1

θ2
i ≤ γ2

}
.

It was shown by Klemelä and Tsybakov (2001) that under certain conditions
the adaptive minimax risk is asymptotically equal to

ωs,L(ε̃(s)), ε̃(s) = ε(2ρ(r∗ − r) log ε−1)1/2,

where r = 2(s − κ)/(2s + 1), r∗ = 2(s∗ − κ)/(2s∗ + 1), and s∗ is an upper
bound for the smoothness index. Klemelä and Tsybakov (2004) consider the
case s∗ → ∞ and in this case the exact constant is get from the previous by
setting s∗ = ∞.
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3 Proof of Theorem 3

We will prove Theorem 3 before proving Theorems 1 and 2 because the proof
of this theorem will contain facts to be used later.

Upper bound. Let (gi) be the filter sequence defined in (8). We have that

Q(θ) =

∞∑

i=1

(i2κ − gi)θ
2
i +

∞∑

i=1

giθ
2
i .

Let θ be such that
∞∑

i=1

θ4
i ≤ γ2,

∞∑

i=1

iq|θi|p ≤ Lp/2.

Then,
∞∑

i=1

giθ
2
i ≤

(
∞∑

i=1

g2
i

)1/2( ∞∑

i=1

θ4
i

)1/2

≤ γ

(
∞∑

i=1

g2
i

)1/2

. (39)

We have
∞∑

i=1

g2
i =

∞∑

i=1

i4κ(1 + biq)−2 ∼ b−(4κ+1)/q

∫ ∞

0

φ2
s,p (40)

where φs,p is defined in (12). Also, denoting r = p/2, r′ = p/(p− 2), because
i2κ − gi = biq+2κ/(1 + biq) = biqgi,

∞∑

i=1

(i2κ − gi)θ
2
i ≤

(
∞∑

i=1

iq|θi|p
)2/p( ∞∑

i=1

[(i2κ − gi)i
−q/r]r

′

)1/r′

≤ bL

(
∞∑

i=1

iqg
p/(p−2)
i

)(p−2)/p

. (41)

We have
∞∑

i=1

iqg
p/(p−2)
i =

∞∑

i=1

iq[i2κ(1 + biq)−1]p/(p−2)

∼ b−1−1/q−2κp/[q(p−2)]

∫ ∞

0

tqφp/(p−2)
s,p (t) dt. (42)

Finally, by the choice of b in (9),

Q(θ) ≤ bαLI
(p−2)/p
1 + b−βγI

1/2
2

= (I
1/2
2 γ)α/(α+β)(I

(p−2)/p
1 L)β/(α+β)

(
β

α

)α/(α+β)(
1 +

α

β

)

= γ4(s−κ)/(4κ+1)L(4κ+1)/(4s+1)Cs,p, (43)
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where α = 1 − (p − 2)(q + 1)/(pq) − 2κ/q = 2(s− κ)/q, β = (4κ + 1)/(2q),
I1 is defined in (10), and I2 is defined in (11). The upper bound is proved.

Lower bound. Let

θ̄i =
[
a1i

2κ(1 + b1i
q)−1

]1/(p−2)
(44)

where a1 and b1 are such that

∞∑

i=1

θ̄4
i = γ2,

∞∑

i=1

iq|θ̄i|p = Lp/2. (45)

We have that

∞∑

i=1

θ̄4
i ∼ a

4/(p−2)
1 b

−1/q−8κ/[q(p−2)]
1

∫ ∞

0

φ4/(p−2)
s,p . (46)

Also,

∞∑

i=1

iq|θ̄i|p ∼ a
p/(p−2)
1 b

−1−1/q−2κp/[q(p−2)]
1

∫ ∞

0

tqφp/(p−2)
s,p (t) dt. (47)

From (46),

a
2/(p−2)
1 ∼ γb

(p−2+8κ)/[2q(p−2)]
1 I

−1/2
3 (48)

and from (47),

a
2/(p−2)
1 ∼ Lb

[2(p−2)(q+1)+4κp]/[qp(p−2)]
1 I

−2/p
1 (49)

where I3 is defined in (28) and I1 is defined in (10). Combining (48) and
(49),

b1 ∼ L−1γ
(
I

2/p
1 I

−1/2
2

)2q/(4s+1)

(50)

where we used q + 1 = p(s+ 1/2). Now

Q(θ̄) =
∞∑

i=1

i2κθ̄2
i

= a
2/(p−2)
1

∞∑

i=1

i2κ[i2κ(1 + b1i
q)−1]2/(p−2)

∼ a
2/(p−2)
1 b

−1/q−2κ/q−4κ/[q(p−2)]
1

∫ ∞

0

t2κφ2/(p−2)
s,p (t) dt. (51)

The lower bound follows from (48), (50), and (51).
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4 Proof of Theorem 1

In the following, let C,C ′, C1, C2, . . . denote generic positive constants, possi-
bly different in different occurrences, which can depend only on s∗, L∗, L

∗, κ, p.
We denote for shortness

s# = 2κ+ 1/4,

ψs,L = Cs,pϕs,L, (52)

where Cs,p is defined in (26) and ϕs,L is defined in (25). Define also

r(s) =
4(s− κ)

4s+ 1
. (53)

4.1 Preliminary lemmas

Define,

b̃ =

(
βI

1/2
2

αI
(p−2)/p
1

)1/(α+β)

,

α = 2(s−κ)/q, β = (4κ+1)/(2q), q = p(s−1/p+1/2), I1 is defined in (10),
and I2 is defined in (11). Define, for s ∈ [s∗, s

#],

b(s) = Lb̃αI
(p−2)/p
1

and
v(s) = γb̃−βI

1/2
2 .

We call b(s) the bias component and v(s) the standard deviation component.
Let us state a result concerning the bias-standard deviation composition.

Lemma 4 (i) For Cs,p defined in (26),

Cs,p = b(s) + v(s),

(ii) 0 < infs∈[s∗,s#] b(s), 0 < infs∈[s∗,s#] v(s),

(iii) b and v are continuous as a function of s ∈ [s∗, s
#],

(iv) for B(s, L, γ) as in (35), r(s) as in (53),

lim sup
γ→0

sup
(s,L)∈A0

B(s, L, γ)

γr(s)L1−r(s)b(s)
≤ 1,

where A0 = [s∗, s
#] × [L∗, L

∗],
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(v) for R(s, L, γ) as in (38), r(s) as in (53),

lim sup
γ→0

sup
(s,L)∈A0

R(s, L, γ)

γr(s)L1−r(s)v(s)
≤ 1,

where A0 = [s∗, s
#] × [L∗, L

∗].

Proof. Item (i) follows from (43). Items (ii) and (iii) follow from the
definitions of b(s) and v(s). Item (iv) follows from (41) and (42). Item (v)
follows from (39) and (40). �

We formulate one additional lemma on the bias of the estimator.

Lemma 5 Let

Bs,L(s′, L′, γ) = L (γ/L′)
4(s̃−κ)/(4s′+1)

b̃(s, s′)

where (s, L), (s′, L′) ∈ [s∗, s
#] × [L∗, L

∗],

s̃ = s̃(s, s′) = min{s′ + c, s},
c = p/4 − 1/2,

b̃(s, s′) =

(
β ′I2(s

′)1/2

α′I1(s′)(p−2)/p

)2/(4s′+1)
[∫ ∞

0

(
t2κ+q′−q̃/r

1 + tq′

)r′

dt

]1/r′

where α′ = 2(s′ − κ)/q′, β ′ = (4κ + 1)/(2q′), q′ = p(s′ − 1/p + 1/2), q̃ =
q̃(s, s′) = p(s̃− 1/p+ 1/2), I1(s) is defined in (10), I2(s) is defined in (11),
r = p/2, and r′ = p/(p− 2). Then,

(i) for A0 = [s∗, s
#] × [L∗, L

∗],

lim sup
γ→0

sup
(s,L),(s′,L′)∈A0

supθ∈Θs,L
|∑∞

i=1 gi(s
′, L′, γ)θ2

i −Q(θ)|
Bs,L(s′, L′, γ)

≤ 1,

(ii) 0 < infs,s′∈[s∗,s#] b̃(s, s
′), b̃ is continuous, and b̃(s, s) = b(s).

Lemma 5 is proved in the Appendix C of the technical report.
Lemma 5 (i) says that Bs,L(s′, L′, γ) is an upper bound for the bias when

the parameter space is Θs,L but the estimator is constructed for the parameter
space Θs′,L′. It says also that when s′ < s, then Bs,L(s′, L′, γ) is smaller than
B(s′, L′, γ) satisfying Lemma 4 (iv). We will apply Lemma 5 to guarantee
that when we use pessimistically the estimator corresponding to smoothness
index s′, when the true smoothness index is s > s′, then we still profit
from the true smoothness in the sense that the bias will be smaller than
B(s′, L′, γ). The Appendix M of the technical report explains why Lemma 5
does not hold for the case p = 2.

We will need the nestedness of the lp bodies.
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Lemma 6 For s∗ ≤ s′ < s <∞, L ∈ [L∗, L
∗], Θs,L ⊂ Θs′,L.

This lemma follows from the definition of the lp body.

4.2 Technical lemmas

We will need the following technical lemma.

Lemma 7 Let δ̃ be defined in (18). For s′ < s < s# and s′′′ ≤ s′′ < s#,
denoting r(s) = 4(s− κ)/(4s+ 1),

δ̃r(s)(s′′)

δ̃r(s′)(s′′′)
≤ exp

{
−1

2
[r(s) − r(s′)] log δ−1

}
, (54)

for s′ < s ≤ sm−1,

δ̃r(s′)(s′)

δ̃r(s)(s)
≤ C1(s

# − sm−1)
−C2 exp

{
1

2ρ
dε(s

′, s)

}
, (55)

and for s′ < s ≤ s#,

δ̃r(s′)(s′)

δr(s)
≤ C3(log δ−1)C4 exp

{
1

2ρ
dε(s

′, s)

}
. (56)

Also, for s < s#,

C5δ̃
r(s)(s) ≤ ψs,L, η(s), B(s, L, δ̃(s)) ≤ C6δ̃

r(s)(s). (57)

Lemma 7 is proved in the Appendix E of the technical report.
We will need certain exponential bounds for the stochastic parts of the

estimator. Denote for shortness

Zs = Zs,1,δ̃(s) Us(θ) = Us,1,δ̃(s)(θ)

where Zs,1,δ̃(s) and Us,1,δ̃(s)(θ) are defined in (36) and (37).

Lemma 8 For ρ = 0 or ρ ≥ 1, with σs defined in (23),

(i) when xε > 0,

xε = o

(
σ2

s

ε2|g|∞

)

where |g|∞ = supi=1,2,... |gi(s, L, δ̃(s))|, then for sufficiently small ε,

E (|Zs|ρI(|Zs| ≥ xε)) ≤ C exp

{
−1

2

xε

σs

} ⌈ρ⌉∑

i=0

xρ−i
ε σi

s.
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(ii) for x > 0,

E (|Us(θ)|ρI(|Us(θ)| ≥ x))

≤ C exp

{
−1

2

x2

Var(Us(θ))

}(
xρ + (Var(Us(θ)))

ρ/2
)
.

Lemma 8 is proved in the Appendix F of the technical report.
In the application of Lemma 8 we will use the fact that by Lemma 13

(iii) (given in the Appendix B of the technical report),

σ2
s

ε2|g|∞
≥ C

δ̃(s)2r+c−1

dε(s, s#)
(58)

where c = 4κ/(4s+ 1) so that 2r + c− 1 = 4(s− κ)/(4s+ 1) − 1/(4s+ 1).
Let us prove that the probability of under-estimating largely the value of

s by the statistic ŝ is small, uniformly over θ ∈ Θν . Let us denote

s− = s−(s) = s− log log log δ−1

log δ−1
. (59)

Lemma 9 Let s ∈ [s∗,∞) and L ∈ [L∗, L
∗]. Let us denote ν = (s, L). Then,

for s′ ∈ Bgrid = {s1, . . . , sm = s#}, s′ < s−(min{s, s#}), for sufficiently
small ε,

sup
θ∈Θν

Pθ (ŝ = s′) ≤ CCard(Bgrid) exp

{
−1

2
dε(s

′, s#)(1 − γε)

}

where γε = (log log δ−1)−C′

.

Lemma 9 is proved in the Appendix G of the technical report.

4.3 Lemmas to prove the upper bound of Theorem 1

Let us prove that the risk vanishes asymptotically when we are in the case
where statistic ŝ under estimates smoothness index s.

Lemma 10 For ψν defined in (52), Q∗
ε defined in (24) and in (19), and

s− = s−(min{s, s#}) defined in (59),

lim
ε→0

sup
ν∈B′

sup
θ∈Θν

Eθ

(
ψ−ρ

ν |Q∗
ε −Q(θ)|ρ I

(
ŝ < s−

))
= 0

where either B′ = [s∗, sm−1] × [L∗, L
∗], or B′ = [sm,∞) × [L∗, L

∗] where
sm = s# = 2κ+ 1/4.
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Proof. Let s ∈ [s∗, sm−1] ∪ [sm,∞), L ∈ [L∗, L
∗] and denote ν = (s, L).

Let s′ ∈ Bgrid, s
′ < s−. By Lemma 6,

sup
θ∈Θs,L

∣∣∣EθQ̂s′ −Q(θ)
∣∣∣ ≤ sup

θ∈Θsmin,L

∣∣∣EθQ̂s′ −Q(θ)
∣∣∣

where smin = min{s, s#}. Then by Lemma 5 and Lemma 4 (iv), because
s′ < smin, and by (57), for sufficiently small ε,

sup
θ∈Θsmin,L

∣∣∣EθQ̂s′ −Q(θ)
∣∣∣ ≤ C1Bs,L(s′, 1, δ̃(s′)) ≤ C2B(s′, 1, δ̃(s′)) ≤ C3ψs′,L.

Thus, for θ ∈ Θs,L, for sufficiently small ε,
∣∣∣Q̂s′ −Q(θ)

∣∣∣ ≤
∣∣∣EθQ̂s′ −Q(θ)

∣∣∣+ |Zs′| + |Us′(θ)|
≤ C1ψs′,L + |Zs′| + |Us′(θ)| .

Thus, for sufficiently small ε,

sup
θ∈Θν

Eθ

(
ψ−ρ

ν |Q∗
ε −Q(θ)|ρ I

(
ŝ < s−

))
≤ ρ1(ν) + ρ2(ν) (60)

where

ρ1(ν) = C
∑

s′∈Bgrid,s′<s−

sup
θ∈Θν

Pθ (ŝ = s′)ψ−ρ
ν (ψs′,L + τ(s′))

ρ
, (61)

ρ2(ν) = C
∑

s′∈Bgrid,s′<s−

ψ−ρ
ν sup

θ∈Θν

E [(ψs′,L + |Zs′| + |Us′(θ)|)ρ

I (|Zs′| + |Us′(θ)| > τ(s′))] , (62)

and
τ(s′) = 2σs′

[
dε(s

′,min{s, s#}) +
(
log δ−1

)1/2
]

where σs is defined in (23). We have that

lim
ε→0

sup
ν∈A

ρ1(ν) = 0 (63)

and
lim
ε→0

sup
ν∈A

ρ2(ν) = 0. (64)

Equations (63) and (64) are proved in the Appendix H and Appendix I of
the technical report. Lemma 10 follows from (60), (63), and (64). �

To prove the upper bound for Theorem 1 we need also to consider case
when statistic ŝ is not underestimating smoothness index s. We need to
consider only the case s ≤ sm−1.
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Lemma 11 For B = [s∗, sm−1] × [L∗, L
∗],

lim sup
ε→0

sup
ν∈B

sup
θ∈Θν

Eθ

(
ψ−ρ

ν |Q∗
ε −Q(θ)|ρ I

(
ŝ ≥ s−

))
≤ 1 (65)

where s− = s−(s) is defined in (59).

Proof. Let ν = (s, L) ∈ B. Denote by γεi, i = 1, 2, . . ., such generic
positive numbers for which limε→0 γεi = 0 and which do not depend on s, L.
Let s̄ be such that

(
δ log δ−1

)1/(4s̄+1)
=

(
δ log δ−1

L

)1/(4s+1)

.

That is,

s̄ = s− (s+ 1/4) logL

log δ−1 − log log δ−1 + logL
.

Denote s̃ = s̃(s, s̄) where s̃ is as in Lemma 5. Then, by Lemma 5 and Lemma
4 (iv), denoting r(s) = 4(s− κ)/(4s+ 1),

Bs,L(s̄, 1, δ̃(s̄)) ≤ Lδ̃4(s̃−κ)/(4s̄+1)(s̄)b̃(s, s̄)(1 + γε1)

= L
(
2ρ(r(s#) − r(s̄))δ log δ−1

)4(s̃−κ)/(4s̄+1)
b̃(s, s̄)(1 + γε1)

= L

(
2ρ(r(s#) − r(s̄))

δ log δ−1

L

)4(s̃−κ)/(4s+1)

b̃(s, s̄)(1 + γε1)

≤ L

(
2ρ(r(s#) − r(s))

δ log δ−1

L

)4(s−κ)/(4s+1)

b(s)(1 + γε2)

= L

(
δ̃(s)

L

)r(s)

b(s)(1 + γε2)

≤ B(s, L, δ̃(s))(1 + γε3). (66)

Also, by Lemma 4 (v),

R(s̄, 1, δ̃(s̄)) ≤ δ̃4(s̄−κ)/(4s̄+1)(s̄)v(s̄)(1 + γε4)

= δ̃(s̄)δ̃−(4κ+1)/(4s̄+1)(s̄)v(s̄)(1 + γε4)

= δ̃(s̄)
(
2ρ(r(s#) − r(s̄))δ log δ−1

)−(4κ+1)/(4s̄+1)
v(s̄)(1 + γε4)

= δ̃(s̄)

(
2ρ(r(s#) − r(s̄))

δ log δ−1

L

)−(4κ+1)/(4s+1)

v(s̄)(1 + γε4)

≤ δ̃(s)

(
2ρ(r(s#) − r(s))

δ log δ−1

L

)−(4κ+1)/(4s+1)

v(s)(1 + γε5)
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= δ̃(s)

(
δ̃(s)

L

)−(4κ+1)/(4s+1)

v(s)(1 + γε5)

≤ R(s, L, δ̃(s))(1 + γε6). (67)

Let s+ ∈ B− be the largest grid point ≤ s̄. Let us denote S1 = {s′ ∈
B− : s− ≤ s′ ≤ s+} and S2 = {s′ ∈ B− : s+ < s′ ≤ sm−1}. Let us write

R+
ε,ν = R(1)

ε,ν + R(2)
ε,ν where

R(1)
ε,ν = sup

θ∈Θν

Eθ

(
ψ−ρ

ν |Q∗
ε −Q(θ)|ρ I (ŝ ∈ S1)

)

and
R(2)

ε,ν = sup
θ∈Θν

Eθ

(
ψ−ρ

ν |Q∗
ε −Q(θ)|ρ I (ŝ ∈ S2)

)
.

Let us start with R(1)
ε,ν. For s′ ∈ S1, by Lemma 5, where s̃ = s̃(s, s′) is as in

Lemma 5,

Bs,L(s′, 1, δ̃(s′)) ≤ Lδ̃4(s̃−κ)/(4s′+1)(s′)b̃(s, s′)(1 + γε7)

≤ Lδ̃4(s̃−κ)/(4s̄+1)(s′)b̃(s, s′)(1 + γε7)

≤ Lδ̃4(s−κ)/(4s̄+1)(s̄)b̃(s, s̄)(1 + γε8)

≤ Bs,L(s̄, 1, δ̃(s̄))(1 + γε9).

Thus, for s′ ∈ S1, θ ∈ Θν , by (66),

∣∣∣EθQ̂s′ −Q(θ)
∣∣∣ ≤ Bs,L(s′, 1, δ̃(s′))(1 + γε10)

≤ Bs,L(s̄, 1, δ̃(s̄))(1 + γε11)

≤ B(s, L, δ̃(s))(1 + γε12)

≤ B(s, L, δ̃(s))(1 + γε12) +R(s, L, δ̃(s))

≤ ψν(1 + γε13).

Thus, when s′ ∈ S1, θ ∈ Θν ,

∣∣∣Q̂s′ −Q(θ)
∣∣∣ ≤

∣∣∣EθQ̂s′ −Q(θ)
∣∣∣ + |Zs′| + |Us′(θ)|

≤ ψν(1 + γε13) + |Zs′| + |Us′(θ)|.

Let us define
ξ = (σsψν)

1/2 .
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Then, for θ ∈ Θν , applying similar inequality as in (82),

Eθ

(
ψ−ρ

ν |Q∗
ε −Q(θ)|ρ I (ŝ ∈ S1)

)

=
∑

s′∈S1

Eθ

(
ψ−ρ

ν

∣∣∣Q̂s′ −Q(θ)
∣∣∣
ρ

I (ŝ = s′)
)

≤
∑

s′∈S1

Eθ

((
1 + γε13 + ψ−1

ν |Zs′| + ψ−1
ν |Us′(θ)|

)ρ
I (ŝ = s′)

)

≤
(
1 + γε13 + ψ−1

ν ξ
)ρ
Pθ (ŝ ∈ S1) + C1

∑

s′∈S1

E
((

1 + γε13 + ψ−ρ
ν |Zs′|ρ + ψ−ρ

ν |Us′(θ)|ρ
)
I (|Zs′| + |Us′(θ)| > ξ)

)

≤
(
1 + γε13 + ψ−1

ν ξ
)ρ
Pθ (ŝ ∈ S1) + C2

∑

s′∈S1[(
1 + γε13 + ψ−ρ

ν ξρ
)
P (|Zs′| > ξ/2) + ψ−ρ

ν E (|Zs′|ρI (|Zs′| > ξ/2))

+
(
1 + γε13 + ψ−ρ

ν ξρ
)
P (|Us′(θ)| > ξ/2)

+ ψ−ρ
ν E (|Us′(θ)|ρI (|Us′(θ)| > ξ/2))

]
.

For s′ ∈ S1, using (55), denoting r′ = 4(s′−κ)/(4s′+1), r = 4(s−κ)/(4s+1),

δ̃r′(s′)

δr(s)
≤ C3(s

# − sm−1)
−C4 exp

{
C5(s− s−) log δ−1

}

= C3(s
# − sm−1)

−C4 exp
{
C5 log log log δ−1

}

≤
(
(s# − sm−1)

−1 log log δ−1
)C6

.

On the other hand, for s′ ∈ S1, dε(s, s
#)/dε(s

′, s#) ≤ C7 for sufficiently small
ε. Thus, for s′ ∈ S1, for sufficiently small ε, by (57),

σs′

σs
=
η(s′)

η(s)

dε(s, s
#)

dε(s′, s#)
≤ C8

δ̃r′(s′)

δr(s)
≤
(
(s# − sm−1)

−1 log log δ−1
)C9

. (68)

Now, by (57) and (22), ψν ≥ Cη(s) = C10σsdε(s, s
#). Thus, for s′ ∈ S1, for

sufficiently small ε,

σs

ψν
≤ C11

dε(s, s#)
≤ C12

(s# − sm−1) log δ−1
. (69)

Thus, firstly, by (69) and (16),

ξ

ψν

=

(
σs

ψν

)1/2

≤ C13
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for sufficiently small ε. Secondly, by (68), (69), and (16),

ψ−ρ
ν

⌈ρ⌉∑

i=0

ξρ−iσi
s′ = ψ−ρ

ν

⌈ρ⌉∑

i=0

(σsψν)
(ρ−i)/2σi

s′ =

⌈ρ⌉∑

i=0

(
σs

ψν

)(ρ+i)/2 (
σs′

σs

)i

≤ ((s# − sm−1)
−1 log log δ−1)C14

(log δ−1)C15
≤ C16

for sufficiently small ε. Thirdly, by (68) and (69), because by (14) Card(Bgrid) ≤
C17(log δ−1)C18 ,

Card(Bgrid) exp

{
−1

4

ξ

σs′

}
≤ C19(log δ−1)C18 exp

{
−1

4

(σsψν)
1/2

σs′

}

≤ C19(log δ−1)C18 exp

{
−

√
log δ−1

((s# − sm−1)−1 log log δ−1)C18

}
−→ 0

by condition (16), as ε → 0. Fourthly, by (83), Var(Us′(θ)) ≤ C19σ
2
s′ . Then,

by Lemma 8,

lim sup
ε→0

sup
ν∈B

sup
θ∈Θν

Eθ

(
ψ−ρ

ν |Q∗
ε −Q(θ)|ρ I (ŝ ∈ S1)

)

≤ lim sup
ε→0

sup
ν∈B

sup
θ∈Θν

[(
1 + γε13 + ψ−1

ν ξ
)ρ
Pθ (ŝ ∈ S1)

+C20

∑

s′∈S1




1 + γε13 + ψ−ρ

ν ξρ + ψ−ρ
ν

⌈ρ⌉∑

i=0

ξρ−iσi
s′


 exp

{
−1

4

ξ

σs′

}

+
(
1 + γε13 + ψ−ρ

ν ξρ + ψ−ρ
ν (Var(Us′(θ)))

ρ/2
)
exp

{
−1

8

ξ2

Var(Us′(θ))

}]]

= lim sup
ε→0

sup
ν∈B

sup
θ∈Θν

Pθ (ŝ ∈ S1) .

Let us turn to R2
ε,ν . Let ŝ = s′ ∈ S2 and θ ∈ Θν . We have by (14) and

Lemma 4 (iii) (see also Lemma 7),

R(s+, 1, δ̃(s+))+Bs,L(s+, 1, δ̃(s+)) ≤ (1+γε14)
(
R(s̄, 1, δ̃(s̄)) + Bs,L(s̄, 1, δ̃(s̄))

)
.

Then, by the definition of ŝ, (66), (67),

|Q∗
ε −Q(θ)| ≤

∣∣∣Q̂s′ − Q̂s+

∣∣∣ +
∣∣∣Q̂s+ −Q(θ)

∣∣∣

≤ η(s+) +
∣∣∣EθQ̂s+ −Q(θ)

∣∣∣+ |Zs+| + |Us+(θ)|

≤ R(s+, 1, δ̃(s+)) + Bs,L(s+, 1, δ̃(s+))(1 + γε15)
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+ |Zs+| + |Us+(θ)|
≤ (1 + γε16)

[
R(s̄, 1, δ̃(s̄)) + Bs,L(s̄, 1, δ̃(s̄))

]
+ |Zs+| + |Us+(θ)|

≤ (1 + γε17)
[
R(s, L, δ̃(s)) +B(s, L, δ̃(s))

]
+ |Zs+ | + |Us+(θ)|

≤ ψν(1 + γε18) + |Zs+| + |Us+(θ)| .

Then, for θ ∈ Θν ,

Eθ

(
ψ−ρ

ν |Q∗
ε −Q(θ)|ρ I (ŝ ∈ S2)

)

≤
(
1 + γε18 + ψ−1

ν ξ
)ρ
Pθ (ŝ ∈ S2) + C21Card(S2)

×E
[(

1 + γε5 + ψ−ρ
ν |Zs+|ρ + ψ−ρ

ν |Us+(θ)|ρ
)
I (|Zs+| + |Us+(θ)| > ξ)

]
.

And then, similarily as before, because s+ ∈ S1,

lim sup
ε→0

sup
ν∈B

sup
θ∈Θν

Eθ

(
ψ−ρ

ν |Q∗
ε −Q(θ)|ρ I (ŝ ∈ S2)

)

≤ lim sup
ε→0

sup
ν∈B

sup
θ∈Θν

Pθ (ŝ ∈ S2) .

This leads to

lim sup
ε→0

sup
ν∈B

(
R(1)

ε,ν +R(2)
ε,ν

)
≤ lim sup

ε→0
sup
ν∈B

sup
θ∈Θν

[Pθ (ŝ ∈ S1) + Pθ (ŝ ∈ S2)] ≤ 1.

�

4.4 Lower bound in Theorem 1

Let us sketch a proof of inequality (31). The complete proof of the lower
bound is given in the Appendix K of the technical report. Let us denote

ψ̃s,L = cs,pϕs,L

where cs,p is defined in (27) and ϕs,L is defined in (25).
Let us note that lp bodies are orthosymmetric, that is, when θ ∈ Θs,L,

then τiθ ∈ Θs,L, where τi changes the sign of the i:th element. The proof
will start noting a fact given by Efroimovich and Low (1996), which says
that when the parameter space is orthosymmetric, we can restrict attention
to estimators which are functions of (y2

i ) only, where yi = θi + εzi are our
observations. After that we can proceed as in the linear case. Let us thus
note that

inf
Qε∈F

sup
ν∈B

Rε,ν(Qε, ψ̃ν) ≥ inf
Qε∈F̃

sup
ν∈B

Rε,ν(Qε, ψ̃ν) (70)
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where F is the set of measurable functions from R∞ → R where R∞ =
{(x1, x2, . . .) : xi ∈ R} and F̃ is the set of those measurable functions from
R∞ → R which are functions of x2

i only,

F̃ =
{
Q̃ : R∞ → R

∣∣∣ Q̃((xi)) = Q((x2
i )), for some Q : R∞ → R

}
.

Let s′ = s1 and s′′ = sm−1. Let L′, L′′ ∈ [L∗, L
∗]. Let us denote ν ′ =

(s′, L′) and ν ′′ = (s′′, L′′). There is such θ̃ ∈ R∞ that

θ̃ ∈ Θs′,L′, Q(θ̃) ∼ (L′)1−r(s′)δ̃r(s′)cs,p,
∞∑

i=1

θ̃4
i = δ̃2 (71)

where
δ̃ = δdε(s

′, s#), δ =
√

2ε2.

Consider the sequencies θ̄0, θ̄1 ∈ R∞,

θ̄0 = 0, θ̄1 = (1 − ξ)1/2θ̃

where 0 < ξ < 1/2 is arbitrary. Now θ̄0 ∈ Θν′′ and θ̄1 ∈ Θν′ . Also,

Q(θ̄0) = 0, Q(θ̄1) ∼ (1 − ξ)ψ̃ν′.

Thus for any estimator Qε,

∣∣Qε −Q(θ̄0)
∣∣ = ψ̃ν′ D

(
(1 − ξ)−1ψ̃−1

ν′ Qε, 0
)

and ∣∣Qε −Q(θ̄1)
∣∣ ∼ ψν′ D

(
(1 − ξ)−1ψ̃−1

ν′ Qε, 1
)
,

where D(u, v) = (1 − ξ)|u − v|, u, v ∈ R. Thus, denoting q = ψ̃ν′/ψ̃ν′′ ,
denoting by P̃θ the distribution of (y2

i ), when yi = θi +εzi, denoting P̃i = P̃θ̄i
,

and letting Ẽi denote the corresponding expectations,

inf
Qε∈F

sup
ν∈B

Rε,ν(Qε, ψ̃ν)

≥ inf
Qε∈F̃

sup
ν∈B

sup
θ∈Θν

Ẽθ

(
ψ̃−ρ

ν |Qε −Q(θ)|ρ
)

≥ inf
Qε∈F̃

max
{
Ẽ0

(
ψ̃−ρ

ν′′

∣∣Qε −Q(θ̄0)
∣∣ρ
)
, Ẽ1

(
ψ̃−ρ

ν′

∣∣Qε −Q(θ̄1)
∣∣ρ
)}

∼ inf
Qε∈F̃

max
{
qρẼ0D

ρ(Qε, 0), Ẽ1D
ρ(Qε, 1)

}
.
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Let

τ = exp

{
−1 − ξ

2
dε(s

′, s#)

}
.

By Markov’s inequality, for 0 < α < 1,

P̃1

(
dP̃0

dP̃1

≥ τ

)
≥ 1 − α (72)

for sufficiently small ε. Applying Theorem 6 (i) in Tsybakov (1998), with
the fact (72),

lim
ε→0

inf
Qε∈F

max
{
qρẼ0D

ρ(Qε, 0), Ẽ1D
ρ(Qε, 1)

}

≥ (1 − α)(1 − 2ξ)ρτ(qξ)ρ

(1 − 2ξ)ρ + τ(qξ)ρ
= (1 − α)(1 − 2ξ)ρ.

The lower bound is proved because 0 < ξ < 1/2 and 0 < α < 1 were chosen
arbitrarily. �

4.5 Finishing the proof of Theorem 1

We may write, denoting ν = (s, L), s− = s−(s),

Eθ

(
ψ−ρ

ν |Q∗
ε −Q(θ)|ρ

)

= Eθ

(
ψ−ρ

ν |Q∗
ε −Q(θ)|ρ I

(
ŝ < s−

))
+ Eθ

(
ψ−ρ

ν |Q∗
ε −Q(θ)|ρ I

(
ŝ ≥ s−

))
.

Then the upper bound (30) follows from Lemma 10 with B′ = B = [s∗, sm−1]×
[L∗, L

∗] and from Lemma 11. Lower bound (31) is proved in Section 4.4. Thus
Theorem 1 is proved. �
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A Proof of Theorem 2

We need the following lemma.

Lemma 12 (i) for s ≥ 2κ+ 1/4, for integers M ≥ 1,

sup
θ∈Θs,L

∞∑

i=M

i2κθ2
i ≤ LM2(κ−s),

(ii) for s ≥ 2κ+ 1/4, supθ∈Θs,L
Q2κ(θ) <∞.

Lemma 12 is proved in the Appendix D of the technical report.

Proof of Theorem 2. Consider first the case where s = sm = 2κ + 1/4.
We may write

Eθ

(
|Q∗

ε −Q(θ)|2
)

= Eθ

(
|Q∗

ε −Q(θ)|2 I (ŝ ≤ sm−1)
)

+ Eθ

(
|Q∗

ε −Q(θ)|2 I (ŝ = sm)
)
.

Because sm−1 < s−(sm) for sufficiently small ε, where s− is defined in (59),
we get by Lemma 10 that

lim
ε→0

(
ε2bε

)−1
sup

L∈[L∗,L∗]

sup
θ∈Θsm,L

Eθ

(
|Q∗

ε −Q(θ)|2 I (ŝ ≤ sm−1)
)

= 0.

We have also

lim
ε→0

(
ε2bε

)−1
sup

L∈[L∗,L∗]

sup
θ∈Θsm,L

Eθ

(
|Q∗

ε −Q(θ)|2 I (ŝ = sm)
)

≤ lim
ε→0

(
ε2bε

)−1
sup

L∈[L∗,L∗]

sup
θ∈Θsm,L

Eθ

(∣∣Q̄ε −Q(θ)
∣∣2
)
<∞

where the finitness of the right hand side was proved by Efroimovich (1994,
Theorem 2.3) for L2 and Hölder bodies. It is easy to see that the finitness
of the right hand side holds under items (i) and (ii) of Lemma 12. Equation
(32) is proved. We may also write

ε−2Eθ

(
|Q∗

ε −Q(θ)|2
)

= ε−2Eθ

(∣∣Q̄ε −Q(θ)
∣∣2
)

+ ε−2Eθ

(
|Q∗

ε −Q(θ)|2 I (ŝ ≤ sm−1)
)

+ε−2Eθ

(∣∣Q̄ε −Q(θ)
∣∣2 (I (ŝ = sm) − 1)

)
.
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Now

Eθ

(∣∣Q̄ε −Q(θ)
∣∣2 (I (ŝ = sm) − 1)

)
≤
[
Eθ

∣∣Q̄ε −Q(θ)
∣∣4 (1 − Pθ (ŝ = sm))

]1/2

and this vanishes asymptotically, uniformly over L ∈ [L∗, L
∗] and θ ∈ Θs,L,

for s > sm, by Lemma 9 and by the fact that Eθ

∣∣Q̄ε −Q(θ)
∣∣4 ≤ C. Because

sm−1 < s−(sm) for sufficiently small ε, we get for s > sm, by Lemma 10, that

lim
ε→0

ε−2 sup
L∈[L∗,L∗]

sup
θ∈Θs,L

Eθ

(
|Q∗

ε −Q(θ)|2 I (ŝ ≤ sm−1)
)

= 0

where s > sm. Again similarily as Efroimovich (1994, Theorem 2.3), for
s > sm,

lim
ε→0

sup
L∈[L∗,L∗]

sup
θ∈Θs,L

[
ε−2Eθ

(∣∣Q̄ε −Q(θ)
∣∣2
)
− 4Q2κ(θ)

]
= 0.

Equation (33) is proved. �

B Properties of the filter

We state next properties of weights g = (gi), defined in (8).

Lemma 13 (i) There exists a positive constant C such that for 0 < γ, γ′ ≤
C, for s∗ ≤ s′ ≤ s ≤ s#, L,L′ ∈ [L∗, L

∗],

‖g(s, L, γ) − g(s′, L′, γ′)‖2 ≤ ‖g(s′, L′, γ′)‖2 ,

(ii) for (s, L) ∈ [s∗, s
#] × [L∗, L

∗], γ ≤ 1, c = 1 − 4s#/(4s# + 1),

γ1−2r(s) sup
θ∈Θs,L

∞∑

i=1

g2
i (s, L

′, γ)θ2
i ≤ C max

{
γc, γ1−2r(s)

}
,

for a positive constant C and for L′ ∈ [L∗, L
∗],

(iii) for c(s) = 4κ/(4s+ 1)

sup
L∈[L∗,L∗]

|gi(s, L, γ)| ≤ Cγ−c(s), i = 1, 2, . . .

when s ∈ [s∗, s
#] and C is a positive constant.

Note that because s# = 2κ + 1/4 then r(s) ≤ 1/2 in Lemma 13. Het-
eroscedastic term Us,L,γ(θ) is defined in (37). We have that Var(Us,L,γ(θ)) =
4ε2
∑∞

i=1 g
2
i θ

2
i and the Lemma 13 (ii) implies that term Us,L,γ(θ) is negligible

in a certain sense. Lemma 13 (iii) is applied to prove an exponential bound
for Zs,L,γ, defined in (36).
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Proof of item (i). Denote

h = h(s, L, γ) = b1/q (73)

where b is defined in (9). Let us prove item (i). Let s′ ≤ s and γ, γ′ ∼ 0. Let
us denote h0 = h(s′, L′, γ′) and h1 = h(s, L, γ). Now

‖g(s′, L′, γ′) − g(s, L, γ)‖2
2

=

∞∑

i=1

(
h−2κ

0 φs′,p(h0i) − h−2κ
1 φs,p(h1i)

)2

∼ h−4κ−1
0

∫ ∞

0

(
φs′,p(t) −

(
h0

h1

)2κ

φs,p

(
h1

h0
t

))2

dt

= h−4κ−1
0

[∫ ∞

0

φ2
s′,p +

(
h0

h1

)4κ+1 ∫ ∞

0

φ2
s,p

− 2

(
h0

h1

)2κ+1 ∫ ∞

0

φs′,p

(
h0

h1
t

)
φs,p(t)dt

]

≤ h−4κ−1
0

[∫ ∞

0

φ2
s′,p +

(
h0

h1

)4κ+1(∫ ∞

0

φ2
s,p − 2

∫ ∞

0

φs′,pφs,p

)]

< h−4κ−1
0

∫ ∞

0

φ2
s′,p

∼ ‖g(s′, L′, γ′)‖2
2

because (
h0

h1

)−2κ ∫ ∞

0

φs′,p

(
h0

h1
t

)
φs,p(t)dt ≥

∫ ∞

0

φs′,pφs,p

and ∫ ∞

0

φ2
s,p ≤ 2

∫ 1

0

φs′,pφs,p +

∫ ∞

1

φs′,pφs,p < 2

∫ ∞

0

φs′,pφs,p.

The item (i) has been proved. �

Proof of item (ii). Let first 2κp < q = p(s − 1/p + 1/2). Then, for
θ ∈ Θs,L, by the convexity of x 7→ xp/2,

∞∑

i=1

g2
i θ

2
i ≤

(
∞∑

i=1

|giθi|p
)2/p

≤
(

∞∑

i=1

i2κp|θi|p
)2/p

≤ L.
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Let secondly q ≤ 2κp. That is, s∗ < s < 2κ + 1/p − 1/2. We have, for
θ ∈ Θs,L, for r = p/2, r′ = p/(p− 2),

∞∑

i=1

g2
i θ

2
i ≤

[
∞∑

i=1

iq|θi|p
]2/p [ ∞∑

i=1

[g2
i i

−q/r]r
′

]1/r′

≤ Lhq/r−4κ−1/r′

{
h

∞∑

i=1

[
(hi)4κ

(1 + (hi)q)2
(hi)−q/r

]r′
}1/r′

≤ C1h
2s−4κ

{∫ ∞

0

[
φ2

s,p(t)t
−q/r

]r′
dt

}1/r′

≤ C2γ
(4s−8κ)/(4s+1)

for some positive constants C1, C2, where φs,p(t) = t2κ/(1 + tq). We used the
fact that b ≍ γ1/(α+β) where α + β = (4s + 1)/(2q) and thus h ≍ γ2/(4s+1).
Also, ∫ 1

0

[
φ2

s,p(t)t
−q/r

]r′
dt ≤

∫ 1

0

[
t4κt−q/r

]r′
dt <∞

because r′[4κ− q/r] > −1. This follows from q ≤ 2κp. Also,

∫ ∞

1

[
φ2

s,p(t)t
−q/r

]r′
dt ≤

∫ ∞

1

[
t2(2κ−q)t−q/r

]r′
dt <∞

because r′[2(2κ−q)−q/r] < −1. This follows from the assumption s ≥ s∗ >
(3 − p + 4κ)/(2p). In fact, it would be enough that s > (2 − p + 4κ)/(2p).
Thus for s∗ < s < 2κ+ 1/p− 1/2, for θ ∈ Θs,L, for γ ≤ 1,

γ1−2r(s)

∞∑

i=1

g2
i θ

2
i ≤ C2γ

1−2r(s)γ(4s−8κ)/(4s+1) = C2γ
1−4s/(4s+1)

≤ C2γ
1−4s#/(4s#+1).

Thus item (ii) is satisfied with c = 1 − 4s#/(4s# + 1). �

Proof of item (iii). Function t 7→ t2κ/(1 + btq) is maximized by t =
(2κ/[b(q − 2κ)])1/q. Thus

gi = i2κ(1 + biq)−1 ≤ C1b
−2κ/q ≤ C2γ

−4κ/(4s+1) (74)

for some positive constants C1, C2, because b ≍ γ2q/(4s+1). We have proved
item (iii). �
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C Proof of Lemma 5

We have defined s̃ = s̃(s, s′) = min{s, s′ + p/4 − 1/2}. Then s̃ ≤ s and
κ < s̃ < ps′/2 + κ + p/4 − 1/2. We will denote q′ = p(s′ − 1/p + 1/2) and
q̃ = p(s̃− 1/p+ 1/2). Define

Bs,L(s′, L′, γ) = Lh2(s̃−κ)(s′, L′, γ)

[∫ ∞

0

(
t2κ+q′−q̃/r

1 + tq′

)r′

dt

]1/r′

where h is defined in (73), r = p/2, and r′ = p/(p− 2). Now

∫ ∞

0

(
t2κ+q′−q̃/r

1 + tq′

)r′

dt ≤
∫ 1

0

tr
′(2κ+q′−q̃/r)dt+

∫ ∞

1

tr
′(2κ−q̃/r)dt <∞

because r′(2κ + q′ − q̃/r) > −1 (here we used the fact that s̃ < ps′/2 + κ +
p/4−1/2) and r′(2κ− q̃/r) < −1 (here we used the fact that s̃ > κ). Lemma
follows, because for θ ∈ Θs,L, denoting h′ = h(s′, L′, γ),

∞∑

i=1

(i2κ − gi(s
′, L′, γ))θ2

i

=

∞∑

i=1

i2κ(h′i)q′

1 + (h′i)q′
θ2

i

≤
{

∞∑

i=1

iq̃|θi|p
}2/p { ∞∑

i=1

[
i2κ(h′i)q′

1 + (h′i)q′
i−q̃/r

]r′
}1/r′

≤ L(h′)q̃/r−1/r′−2κ

[
h′

∞∑

i=1

(
(h′i)2κ+q′

1 + (h′i)q′
(h′i)−q̃/r

)r′
]1/r′

∼ Bs,L(s′, L′, γ)

uniformly in (s, L) ∈ A0. �

D Proof of Lemma 12

First, by Hölder’s inequality, for θ ∈ Θs,L,

∞∑

i=M

i2κθ2
i ≤

[
∞∑

i=M

ip(s−1/p+1/2)|θi|p
]2/p [ ∞∑

i=M

(
i2κ−2(s−1/p+1/2)

)p/(p−2)

](p−2)/p
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where

sup
θ∈Θs,L

[
∞∑

i=M

ip(s−1/p+1/2)|θi|p
]2/p

≤ L

and
[

∞∑

i=M

(
i2κ−2(s−1/p+1/2)

)p/(p−2)

](p−2)/p

≤
[
M2p(κ−s+1/p−1/2)/(p−2)+1

](p−2)/p

= M2(κ−s).

Thus Lemma 12 (i) has been proved. Similarily,

sup
θ∈Θs,L

Q2κ(θ) = sup
θ∈Θs,L

∞∑

i=1

i4κθ2
i ≤ L

[
∞∑

i=1

(
i4κ−2(s−1/p+1/2)

)p/(p−2)

](p−2)/p

<∞

because [4κ− 2(s− 1/p+ 1/2)]p/(p− 2) < −1 for s ≥ 2κ+1/4, p > 2. Thus
Lemma 12 (ii) has been proved. �

E Proof of Lemma 7

Denoting for shortness r = r(s), r′ = r(s′),

δ̃r(s′′)

δ̃r′(s′′′)
= exp

{
−1

2
(r − r′) log δ−1

}
(dε(s

′′, s#)δ1/2)r

(dε(s′′′, s#)δ1/2)r′
(75)

and for s′′′ ≤ s′′ < s# and s′ < s < s#,

(dε(s
′′, s#)δ1/2)r

(dε(s′′′, s#)δ1/2)r′
≤
(
dε(s

′′, s#)δ1/2
)r−r′ ≤ 1

for sufficiently small ε. Equation (54) follows from this. Also,

δ̃r′(s′)

δ̃r(s)
= exp

{
(r − r′) log δ−1

} dr′

ε (s′, s#)

dr
ε(s, s

#)

and for s′ < s ≤ sm−1,

dr′

ε (s′, s#)

dr
ε(s, s

#)
≤ [2ρ(r(s#) − r(s∗)) log δ−1]r(s)

[2ρ(r(s#) − r(sm−1)) log δ−1]r(s)
≤ C5(r(s

#) − r(sm−1))
−r(s#).

Equation (55) follows from this. Equation (56) follows similarily. The state-
ment (57) follows from definitions of ψs,L, η(s) and from Lemma 4. �
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F Proof of Lemma 8

Let us prove Lemma 8 (i). The case (ii) is more easy than the case (i).
Let first ρ = 0. Let us denote ai = ε2gi. Then Zs =

∑∞
i=1 ai(z

2
i − 1). Let

0 < t < 1/(2ai) for i = 1, 2, . . .. Now

E exp
{
taiz

2
i

}
= (1 − 2ait)

−1/2.

Thus,

P (Zs ≥ xε) ≤ exp{−txε}E exp{tZs}

= exp{−txε − t
∞∑

i=1

ai}
∞∏

i=1

(1 − 2ait)
−1/2

= exp{−txε} exp

{
∞∑

i=1

[
−tai −

1

2
log(1 − 2ait)

]}

≤ exp{−txε} exp

{
∞∑

i=1

(tai)
2

1 − 2ait

}

because, for 0 < u < 1/2,

−u− 1

2
log(1 − 2u) = 2u2

∞∑

i=0

(2u)i

i+ 2
≤ u2

∞∑

i=0

(2u)i =
u2

1 − 2u
.

Let 0 < χ < 1/2. Let us denote

Ds,ε =
χσ2

s

2|a|∞
where |a|∞ = supi=1,2,... |ai|. By assumption xs,ε/Ds,ε → 0. Let ε be so small
that xε is smaller than Ds,ε. Suppose first that also

xε ≥
1 − χ

1 − 2χ
σs

def
= D0,s,ε. (76)

By remark (58), D0,s,ε < Ds,ε for sufficiently small ε. Then, because σ2
s =

2
∑∞

i=1 a
2
i ,

χ

|a|∞

∞∑

i=1

a2
i = Ds,ε ≥ xε.

Thus, choosing t = xε/σ
2
s ,

1 − 2ait = 1 − 2xεai

2
∑∞

k=1 a
2
k

≥ 1 − 2xε|a|∞
2
∑∞

k=1 a
2
k

≥ 1 − χ
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(and also t ≤ χ/(2ai) ≤ 1/(2ai)) for i = 1, 2, . . .. Thus,

P (Zs ≥ xε) ≤ exp{−txε} exp

{
t2

1 − χ

∞∑

i=1

a2
i

}

= exp

{
− x2

ε

2σ2
s

(
2 − 1

1 − χ

)}

≤ exp

{
− xε

2σs

}

because, by (76),

xε

σs

(
2 − 1

1 − χ

)
=
xε

σs

1 − 2χ

1 − χ
≥ 1.

Similarily, for t > 0 and 2ait ≤ 1, i = 1, 2, . . .,

P (Zs ≤ −xε) ≤ exp{−txε}E exp{−tZs}

= exp{−txε} exp

{
∞∑

i=1

[
tai −

1

2
log(1 + 2ait)

]}

≤ exp{−txε} exp

{
t2

∞∑

i=1

a2
i

}

because, for 0 < u < 1/2, u− 2−1 log(1 + 2u) ≤ u2. Let us choose t = xε/σ
2
s .

Then,

P (Zs ≤ −xε) ≤ exp

{
−1

2

x2
ε

σ2
s

}
.

For 0 < xε < D0,s,ε and for C2 large enough,

C2 exp

{
−1

2

xε

σs

}
≥ C2 exp

{
−1

2

1 − χ

1 − 2χ

}
≥ 1 ≥ P (|Zs| ≥ xε) .

The case ρ = 0 has been proved. Let then ρ ≥ 1. Let T > lim supε→0 xε and
let ε be so small that xε < T < Dε,s. For xε = x0 < x1 < · · · < xN = T ,

E (|Zs|ρI(xε ≤ Zs ≤ T )) ≤
N∑

i=1

xρ
iP (xi−1 < Zs < xi)

=

N∑

i=1

xρ
i (P (Zs > xi−1) − P (Zs,ε > xi))
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= xρ
1P (Zs > x0) +

N−1∑

i=1

(xρ
i+1 − xρ

i )P (Zs > xi)

≤ xρ
1P (Zs > x0) + ρ

N−1∑

i=1

xρ−1
i+1 (xi+1 − xi)P (Zs > xi).

Let us choose such a sequence xε = x0 < x1,N < . . . < xN−1,N < xN = T
that supi=0,...,N−1 |xi+1,N − xi,N | → 0 when N → ∞. Now, for sufficiently
large N ,

E (|Zs|ρI(xε ≤ Zs ≤ T ))

≤ xρ
1P (Zs > x0) + ρ

N−1∑

i=1

xρ−1
i+1 (xi+1 − xi)P (Zs > xi)

≤ C3

[
xρ

ε exp

{
−1

2

xε

σs

}
+ ρ

∫ T

xε

tρ−1 exp

{
−1

2

t

σs

}
dt

]

≤ C3

[
xρ

ε exp

{
−1

2

xε

σs

}
+ ρ

∫ ∞

xε

tρ−1 exp

{
−1

2

t

σs

}
dt

]
.

Thus, because T is arbitrary,

E (|Zs|ρI(Zs ≥ xε)) ≤ C3

[
xρ

ε exp

{
−1

2

xε

σs

}
+ ρ

∫ ∞

xε

tρ−1 exp

{
−1

2

t

σs

}
dt

]
.

Also,

∫ ∞

xε

tρ−1 exp

{
−1

2

t

σs

}
dt

= 2σsx
ρ−1
ε exp

{
−1

2

xε

σs

}
+ 2σs(ρ− 1)

∫ ∞

xε

tρ−2 exp

{
−1

2

t

σs

}
dt

= exp

{
−1

2

xε

σs

} ⌈ρ⌉∑

i=0

(2σs)
iρ(ρ− 1) · · · (ρ− i+ 1)xρ−i

ε .

The case
E (|Zs|ρI(Zs ≤ −xε))

is calculated similarily. The case ρ ≥ 1 has been proved. �
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G Proof of Lemma 9

By Lemma 6 it is enough to prove lemma for s < s#. Let s̄′ = s̄′(s′) be the
smallest element of Bgrid greater than s′. We have that

sup
θ∈Θν

Pθ (ŝ = s′) ≤
∑

s′′∈Bgrid,s′′≤s′

sup
θ∈Θν

Pθ

(∣∣∣Q̂s̄′ − Q̂s′′

∣∣∣ > η(s′′)
)

≤ Card(Bgrid) max
s′′∈Bgrid,s′′≤s′

sup
θ∈Θν

Pθ

(∣∣∣Q̂s̄′ − Q̂s′′

∣∣∣ > η(s′′)
)
.

We have for s′′ ≤ s′, by Lemma 5, that Bs,L(s′′, 1, δ̃(s′′)) ≤ C1δ̃
r̃(s′′), where

r̃ = 4(s̃− κ)/(4s′′ + 1) and s̃ = s̃(s, s′′) is as in Lemma 5. By (57), η(s′′) ≥
C2δ̃

r′′(s′′) where r′′ = 4(s′′ − κ)/(4s′′ + 1). Then, by (54),

Bs,L(s′′, 1, δ̃(s′′))

η(s′′)
≤ C3 exp

{
−C4(s̃− s′′) log δ−1

}

≤ C3 exp
{
−C4 min{c, s− s−} log δ−1

}

= C3 exp
{
−C4 log log log δ−1

}

≤ (log log δ−1)−C5

def
= γ′′ε

where c is as in Lemma 5. Using similar inference for Bs,L(s̄′, 1, δ̃(s̄′)) we have
for θ ∈ Θν , for s′′ ≤ s′, for sufficiently small ε,
∣∣∣EθQ̂s′′ −Q(θ)

∣∣∣ +
∣∣∣EθQ̂s̄′ −Q(θ)

∣∣∣ ≤ C6

[
Bs,L(s′′, 1, δ̃(s′′)) + Bs,L(s̄′, 1, δ̃(s̄′))

]

≤ C7γ
′′
εη(s

′′).

Denote γ′ε = C7γ
′′
ε . Now, for θ ∈ Θν , for sufficiently small ε,

∣∣∣Q̂s̄′ − Q̂s′′

∣∣∣ ≤
∣∣∣EθQ̂s̄′ −Q(θ)

∣∣∣ +
∣∣∣EθQ̂s′′ −Q(θ)

∣∣∣
+ |Zs̄′ − Zs′′| + |Us̄′(θ)| + |Us′′(θ)|

≤ γ′εη(s
′′) + |Zs̄′ − Zs′′| + |Us̄′(θ)| + |Us′′(θ)| .

Thus, for θ ∈ Θν , for sufficiently small ε,

Pθ

(∣∣∣Q̂s̄′ − Q̂s′′

∣∣∣ > η(s′′)
)

≤ Pθ (|Zs̄′ − Zs′′| + |Us̄′(θ)| + |Us′′(θ)| > η(s′′)(1 − γ′ε))

≤ Pθ (|Zs̄′ − Zs′′| > η(s′′)(1 − 2γ′ε)) + Pθ (|Us′′(θ)| > η(s′′)γ′ε/2)

+Pθ (|Us̄′(θ)| > η(s′′)γ′ε/2) .

39



We have by Lemma 13 (i), for sufficiently small ε,

std (Zs̄′ − Zs′′) = δ
∥∥∥g
(
s′′, 1, δ̃(s′′)

)
− g

(
s̄′, 1, δ̃(s̄′)

)∥∥∥
2

≤ δ
∥∥∥g
(
s′′, 1, δ̃(s′′)

)∥∥∥
2

= σs′′ .

Now from (22), η(s′′) = σs′′dε(s
′′, s#). Thus, for sufficiently small ε,

η(s′′)

std (Zs̄′ − Zs′′)
≥ dε(s

′′, s#) ≥ dε(s
′, s#).

Thus, applying Lemma 8 (i) and remark (58),

Pθ (|Zs̄′ − Zs′′| > η(s′′)(1 − 2γ′ε)) ≤ C8 exp

{
−1

2

η(s′′)(1 − 2γ′ε)

std (Zs̄′ − Zs′′)

}

≤ C8 exp

{
−1

2
dε(s

′, s#)(1 − 2γ′ε)

}

for sufficiently small ε. By Lemma 6, Θs,L ⊂ Θs′′,1. Thus, denoting again
r′′ = 4(s′′ − κ)/(4s′′ + 1), for θ ∈ Θs,L, using Lemma 13 (ii),

Var(Us′′(θ)) = 4ε2

∞∑

i=1

g2
i (s

′′, 1, δ̃(s′′))θ2
i

=
4√
2

δ̃2r′′(s′′)

dε(s′′, s#)
δ̃1−2r′′(s′′)

∞∑

i=1

g2
i (s

′′, 1, δ̃(s′′))θ2
i

≤ 4√
2

δ̃2r′′(s′′)

dε(s′′, s#)
C ′

8 max
{
δ̃c(s′′), δ̃1−2r′′(s′′)

}

≤ 4√
2

δ̃2r′′(s′′)

dε(s′′, s#)
C ′

8δ̃
1−2r(sm−1)(sm−1)

because s′′ ≤ s′ ≤ sm−1. Furthermore,

δ̃1−2r(sm−1)(sm−1) ≤ C9 exp{−C10(1 − r(sm−1)) log δ−1}
≤ C9 exp{−C11(2κ+ 1/4 − sm−1) log δ−1}
≤ C9 exp{−C12 log log log δ−1 · log δ−1}
def
= α(δ).

Combining two previous displays, for θ ∈ Θs,L, for sufficiently small ε,

Var(Us′′(θ)) ≤ C ′′
8

δ̃2r′′(s′′)

dε(s′′, s#)
α(δ). (77)
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We have that (γ′ε)
2/α(δ) → ∞ as ε → 0. Thus, because by (57) η(s′′) ≥

C9δ̃
r′′(s′′),

η2(s′′)(γ′ε)
2

4Var(Us′′(θ))
≥ C13(γ

′
ε)

2dε(s
′′, s#)/α(δ) ≥ dε(s

′′, s#) ≥ dε(s
′, s#)

for sufficiently small ε. Then, applying Lemma 8 (ii) with the fact that
Us(θ) ∼ N(0,Var(Us(θ))),

Pθ (|Us′′(θ)| > η(s′′)γ′ε/2) ≤ C11 exp

{
−1

2

(η(s′′)γ′ε/2)2

Var(Us′′(θ))

}

≤ C11 exp

{
−1

2
dε(s

′, s#)

}

for sufficiently small ε. Similarily,

Pθ (|Us̄′(θ)| > η(s′′)γ′ε/2) ≤ C12 exp

{
−1

2
dε(s

′, s#)

}

for sufficiently small ε. �

H Proof of (63).

Let s′ ∈ Bgrid, s
′ < s−. Because s′ ≤ sm−1, then by the definition of η in

(22), condition (16) on the grid, and (57),

τ(s′) ≤ 2η(s′)

(
1 +

(log δ−1)1/2

dε(s′, s#)

)

≤ 2η(s′)
(
1 +

[
2ρ(r(s#) − r(sm−1))(log δ−1)1/2

]−1
)

≤ 2η(s′)
(
1 +

[
C1(s

# − sm−1)(log δ−1)1/2
]−1
)

≤ C2η(s
′)

≤ C3ψs′,L. (78)

Thus,

ρ1(ν) ≤ C5

∑

s′∈Bgrid,s′<s−

sup
θ∈Θν

Pθ (ŝ = s′)

(
ψs′,L

ψν

)ρ

.

First, when s ≤ sm−1, then from (55) and (57) it follows that

ψs′,L

ψν

≤ C4(s
# − sm−1)

−C5 exp

{
1

2ρ
dε(s

′, s)

}
. (79)
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Thus, using Lemma 9 and the fact that by (14)

Card(Bgrid) ≤ C6(log δ−1)C7 ,

ρ1(ν) ≤ C8Card(Bgrid)(s
# − sm−1)

−ρC5

∑

s′∈Bgrid,s′<s−

[
exp

{
1

2
dε(s

′, s)

}
exp

{
−1

2
dε(s

′, s#)(1 − γε)

}]

≤
(
log δ−1(s# − sm−1)

−1
)C9

exp
{
−cε log δ−1

}

where we denoted

cε = 2ρ(4κ + 1)

[
s# − sm−1

(4s# + 1)2
− γε

s# − κ

(4s# + 1)2

]
.

Note that by (16) and by the definition of γε given in Lemma 9, cε ≥ C10(s
#−

sm−1) for sufficiently small ε. The lemma follows for the case s ≤ sm−1,
because

lim
ε→0

(s# − sm−1) log δ−1

log[(s# − sm−1)−1 log δ−1]
= ∞

by (16). For the case s = sm = 2κ+ 1/4, we apply (52), (56), (57) to get

ψs′,L

ψν
≤ C3b

−1/2
ε (log δ−1)C4 exp

{
1

2ρ
dε(s

′, s)

}
(80)

and lemma follows for this case. Finally for the case s > sm = 2κ+ 1/4, we
apply again (52), (56), (57) to get

ψs′,L

ψν

≤ C3(log δ−1)C4 exp

{
1

2ρ
dε(s

′, 2κ+ 1/4)

}
. (81)

and lemma follows also for this case. We have proved (63). �

I Proof of (64).

Let again s′ ∈ Bgrid, s
′ < s−. Now,

E [(ψs′,L + |Zs′| + |Us′(θ)|)ρ I (|Zs′| + |Us′(θ)| > τ(s′))]

≤ C1E
[(
ψρ

s′,L + |Zs′|ρ + |Us′(θ)|ρ
)
I (|Zs′| + |Us′(θ)| > τ(s′))

]

≤ C2

(
ψρ

s′,LP (|Zs′| > τ(s′)/2) + E [|Zs′|ρI (|Zs′| > τ(s′)/2)]

+ ψρ
s′,LP (|Us′(θ)| > τ(s′)/2) + E [|Us′(θ)|ρI (|Us′(θ)| > τ(s′)/2)]

)
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by using (78) and

I (|Zs′| + |Us′(θ)| > τ(s′))

≤ I (|Zs′| > τ(s′)/2, |Us′(θ)| ≤ τ(s′)/2)

+I (|Zs′| ≤ τ(s′)/2, |Us′(θ)| > τ(s′)/2)

+I (|Zs′| > τ(s′)/2, |Us′(θ)| > τ(s′)/2) . (82)

Now, again by (78),

⌈ρ⌉∑

i=0

τρ−i(s′)σi
s′ = σρ

s′

⌈ρ⌉∑

i=0

2ρ−i
[
dε(s

′,min{s, s#}) + (log δ−1)1/2
]ρ−i

≤ (⌈ρ⌉ + 1)(2σs′)
ρ
[
dε(s

′,min{s, s#}) + (log δ−1)1/2
]ρ

= (⌈ρ⌉ + 1)τρ(s′)

≤ C3ψ
ρ
s′,L.

Also, by (77), because limγ→0 α(γ) = 0, and using also (57), denoting r′ =
4(s′ − κ)/(4s′ + 1),

Var(Us′(θ)) ≤ C4
δ̃2r′(s′)

d2
ε(s

′, s#)
≤ C5

η2(s′)

d2
ε(s

′, s#)
= C5σ

2
s′. (83)

Also, σ2
s′ ≤ C6ψ

2
s′,L. By definition, τ(s′)/σs′ = 2[dε(s

′,min{s, s#})+(log δ−1)α].
Also,

τ 2(s′)

Var(Us′(θ))
≥ τ 2(s′)

σ2
s′

≥ 4
[
dε(s

′,min{s, s#}) + (log δ−1)α
]
.

Thus, by Lemma 8 and comment (58),

lim
ε→0

sup
ν∈B′

ρ2(ν) ≤ C7 lim
ε→0

sup
ν∈B′

∑

s′∈Bgrid,s′<s−

ψ−ρ
ν sup

θ∈Θν







ψρ
s′,L +

⌈ρ⌉∑

i=0

τρ−i(s′)σi
s′



 exp

{
−1

4

τ(s′)

σs′

}

+
(
ψρ

s′,L + τρ(s′) + (Var(Us′(θ)))
ρ/2
)
exp

{
−1

8

τ 2(s′)

Var(Us′(θ))

}]

≤ C8 lim
ε→0

sup
ν∈B′

∑

s′∈Bgrid,s′<s−

(
ψs′,L

ψν

)ρ

exp

{
−1

2

[
dε(s

′,min{s, s#}) + (log δ−1)1/2
]}

.
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Then, for the case s ≤ sm−1, using (79)

lim
ε→0

sup
ν∈B′

ρ2(ν)

≤ C9 lim
ε→0

Card(Bgrid) (s# − sm−1)
−ρC10 exp

{
−1

2

(
log δ−1

)1/2
}

= 0

where we used (16). For two other cases, s = sm = s# = 2κ + 1/4,
s > sm = s# = 2κ + 1/4, we use (80) and (81) to prove similarily that
limε→0 supν∈B′ ρ2(ν) = 0. We have proved (64). �

J A lemma needed to prove the lower bound

of Theorem 1

To prove the lower bound we need the following lemma.

Lemma 14 There exists such θ(s, L, γ) ∈ Θs,L that

lim
γ→0

Q(θ(s, L, γ))

γr(s)L1−r(s)
= cs,p, (84)

∞∑

i=1

θ4
i (s, L, γ) = γ2, (85)

and
sup

(s,L)∈A0

θ2
i (s, L, γ) ≤ Cγ (86)

for a positive constant C, where A0 = [s∗, s
#] × [L∗, L

∗].

Proof. We will choose θ(s, L, γ) as in (44). Equation (84) follows from
(51) and equation (85) follows from (45). Let us prove (86). Function t 7→
t2κ/(1 + b1t

q) is maximized by t = (2κ/[b1(q − 2κ)])1/q. Thus

|θi(s, L, γ)| ≤ C ′
(
a1b

−2κ/q
1

)1/(p−2)

≤ Cγ

where a1 and b1 are from (45). Here we used the facts a1b
−2κ/q
1 ∼ b

(p−2)(1+1/q)/p
1

and b1 ∼ γ, which follow from (48) and (50). �
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K The complete proof of the lower bound of

Theorem 1

Let us denote
ψ̃s,L = cs,pϕs,L

where cs,p is defined in (27) and ϕs,L is defined in (25).
Let us note that lp bodies are orthosymmetric, that is, when θ ∈ Θs,L,

then τiθ ∈ Θs,L, where τi changes the sign of the i:th element. The proof will
start with a reasoning given by Efroimovich and Low (1996), which shows
that when the parameter space is orthosymmetric, we can restrict attention
to estimators which are functions of (y2

i ) only, where yi = θi + εzi are our
observations. After that we can proceed as in the linear case.

Let us thus show that

inf
Qε∈F

sup
ν∈B

Rε,ν(Qε, ψ̃ν) ≥ inf
Qε∈F̃

sup
ν∈B

Rε,ν(Qε, ψ̃ν) (87)

where F is the set of measurable functions from R∞ → R where R∞ =
{(x1, x2, . . .) : xi ∈ R} and F̃ is the set of those measurable functions from
R∞ → R which are functions of x2

i only,

F̃ =
{
Q̃ : R∞ → R

∣∣∣ Q̃((xi)) = Q((x2
i )), for some Q : R∞ → R

}
.

Denote by τi the function R∞ → R∞ which changes the sign of the ith
element. Let ν ∈ B, θ ∈ Θν . By orthosymmetricity of Θν , also τiθ ∈ Θν .
Assume that Qε ∈ F is such that Qε(x) 6= Qε(τix). Then, by convexity of
the loss function, denoting Y = (yi),

max {Eθ |Qε(Y ) −Q(θ)|ρ , Eτiθ |Qε(Y ) −Q(τiθ)|ρ}

≥ 1

2
Eθ |Qε(Y ) −Q(θ)|ρ +

1

2
Eτiθ |Qε(Y ) −Q(τiθ)|ρ

=
1

2
Eθ |Qε(Y ) −Q(θ)|ρ +

1

2
Eθ |Qε(τiY ) −Q(θ)|ρ

≥ Eθ

∣∣∣∣
1

2
(Qε(Y ) −Q(θ)) +

1

2
(Qε(τiY ) −Q(θ))

∣∣∣∣
ρ

= Eθ

∣∣∣∣
1

2
(Qε(Y ) +Qε(τiY )) −Q(θ)

∣∣∣∣
ρ

.

Now (Qε +Qε(τi·))/2 does not depend on the sign of the ith argument. The
inequality (87) has been proved.
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Let s′ = s1 and s′′ = sm−1. Let L′, L′′ ∈ [L∗, L
∗]. Let us denote ν ′ =

(s′, L′) and ν ′′ = (s′′, L′′). By (84) and (85) there is such θ̃ ∈ R∞ that

θ̃ ∈ Θs′,L′, Q(θ̃) ∼ (L′)1−r(s′)δ̃r(s′)cs,p,

∞∑

i=1

θ̃4
i = δ̃2 (88)

where
δ̃ = δdε(s

′, s#), δ =
√

2ε2.

Consider the sequencies θ̄0, θ̄1 ∈ R∞,

θ̄0 = 0, θ̄1 = (1 − ξ)1/2θ̃

where 0 < ξ < 1/2 is arbitrary. Now θ̄0 ∈ Θν′′ and θ̄1 ∈ Θν′ . Also, by (88),

Q(θ̄0) = 0, Q(θ̄1) ∼ (1 − ξ)ψ̃ν′.

Thus for any estimator Qε,

∣∣Qε −Q(θ̄0)
∣∣ = ψ̃ν′ D

(
(1 − ξ)−1ψ̃−1

ν′ Qε, 0
)

and ∣∣Qε −Q(θ̄1)
∣∣ ∼ ψν′ D

(
(1 − ξ)−1ψ̃−1

ν′ Qε, 1
)
,

where D(u, v) = (1 − ξ)|u − v|, u, v ∈ R. Thus, denoting q = ψ̃ν′/ψ̃ν′′ ,
denoting by P̃θ the distribution of (y2

i ), when yi = θi +εzi, denoting P̃i = P̃θ̄i
,

and letting Ẽi be the corresponding expectations,

inf
Qε∈F

sup
ν∈B

Rε,ν(Qε, ψ̃ν)

≥ inf
Qε∈F̃

sup
ν∈B

sup
θ∈Θν

Ẽθ

(
ψ̃−ρ

ν |Qε −Q(θ)|ρ
)

≥ inf
Qε∈F̃

max
{
Ẽ0

(
ψ̃−ρ

ν′′

∣∣Qε −Q(θ̄0)
∣∣ρ
)
, Ẽ1

(
ψ̃−ρ

ν′

∣∣Qε −Q(θ̄1)
∣∣ρ
)}

∼ inf
Qε∈F̃

max
{
qρẼ0D

ρ(Qε, 0), Ẽ1D
ρ(Qε, 1)

}
.

Now the density of y2
1 with respect to Lebesgue measure is

1

2
√

2πx1ε
exp

{
−x1 + θ2

1

2ε2

}(
exp

{
θ1
√
x1

ε2

}
+ exp

{
−θ1

√
x1

ε2

})
I[0,∞)(x1).

We have that

exp

{
θ1
√
x1

ε2

}
+ exp

{
−θ1

√
x1

ε2

}
= 2

∞∑

j=0

(
ε−2θ1

√
x1

)2j

(2j)!
≤ 2 exp

{
θ2
1x1

ε4

}
.
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Thus,

dP̃0

dP̃1

(x) =
∞∏

i=1

[
2 exp

{
θ̄2
1i

2ε2

}(
exp

{
θ̄1i

√
xi

ε2

}
+ exp

{
− θ̄1i

√
xi

ε2

})−1

I[0,∞)(xi)

]

≥
∞∏

i=1

[
exp

{
θ̄2
1i

2ε2
− θ̄2

1ixi

ε4

}
I[0,∞)(xi)

]
.

Denote

S = −
∞∑

i=1

θ̄2
1iy

2
i .

Now Eθy
2
i = θ2

i + ε2 and Varθy
2
i = 2ε4 + 4θ2

i ε
2 and thus

Eθ̄1
(S) = −

(
∞∑

i=1

θ̄4
1i + ε2

∞∑

i=1

θ̄2
1i

)

and

Varθ̄1
(S) = 2ε4

∞∑

i=1

θ̄4
1i + 4ε2

∞∑

i=1

θ̄6
1i.

Let

τ = exp

{
−1 − ξ

2
dε(s

′, s#)

}
.

Then, by Markov’s inequality, for 0 < α < 1,

P̃1

(
dP̃0

dP̃1

≥ τ

)
≥ Pθ̄1

(
S ≥ ε4 log τ − ε2

2
‖θ̄1‖2

2

)

≥ 1 −
(
ε4 log τ +

ε2

2
‖θ̄1‖2

2 +

∞∑

i=1

θ̄4
1i

)−2

Varθ̄1
(S)

≥ 1 − α (89)

for sufficiently small ε, because

(
ε4 log τ +

ε2

2
‖θ̄1‖2

2 +
∞∑

i=1

θ̄4
1i

)−2

Varθ̄1
(S) ≤ C1

dε(s′, s#)
−→ 0 (90)

when ε→ 0. Indeed, by (88),

2ε4

∞∑

i=1

θ̄4
1i = 2ε4δ̃2 = 4ε8d2

ε(s
′, s#)

47



and θ̄2
1i ≤ C2δ̃ for i = 1, . . ., by (86). Thus

4ε2

∞∑

i=1

θ̄6
1i ≤ C3dε(s

′, s#)ε4

∞∑

i=1

θ̄4
1i ≤ C4ε

8d3
ε(s

′, s#),

and thus
Varθ̄1

(S) ≤ C5ε
8d3

ε(s
′, s#),

and also

(
ε4 log τ +

ε2

2
‖θ̄1‖2 +

∞∑

i=1

θ̄4
1i

)2

≥
(
−1 − ξ

2
ε4dε(s

′, s#) + 2ε4d2
ε(s

′, s#)

)2

≥ C6ε
8d4

ε(s
′, s#)

for sufficiently small ε. Thus (90) follows. Then, applying Theorem 6 (i) in
Tsybakov (1998), with the fact (89),

lim
ε→0

inf
Qε∈F

max
{
qρẼ0D

ρ(Qε, 0), Ẽ1D
ρ(Qε, 1)

}

≥ (1 − α)(1 − 2ξ)ρτ(qξ)ρ

(1 − 2ξ)ρ + τ(qξ)ρ
= (1 − α)(1 − 2ξ)ρ

because, denoting r′ = 4(s′ − κ)/(4s′ + 1) and r′′, r# correspondingly,

τqρ = exp

{
−1 − ξ

2
dε(s

′, s#)

}(
ψ̃ν′

ψ̃ν′′

)ρ

∼ exp
{
ρ[(r′′ − r#) + ξ(r# − r′)] log δ−1

}

exp
{
ρ(r′ − r′′) log log δ−1 + ρr′ log[2ρ(r# − r′)] − ρr′′ log[2ρ(r# − r′′)]

}
(

(L′)1−r′(v(s′) + b(s′))

(L′′)1−r′′(v(s′′) + b(s′′))

)ρ

−→ ∞

as ε→ 0 because (r′′−r#)+ξ(r#−r′) > 0 for sufficiently small ε. The lower
bound is proved because 0 < ξ < 1/2 and 0 < α < 1 were chosen arbitrarily.

�

L Reproducing the Figure 1

This material can also found at the address http://www.denstruct.net To
reproduce and modify Figure 1 of the article, use the following R function.
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kvadra<-function(svec,pvec){

z<-matrix(0,length(svec),length(pvec))

for (i in 1:length(svec)){

s<-svec[i]

for (j in 1:length(pvec)){

p<-pvec[j]

q<-p*(s-1/p+1/2)

#upper bound

I1<-beta(p/(p-2)-1/q-2*k*p/(q*(p-2))-1,1+1/q+2*k*p/(q*(p-2)))/q

I2<-beta(2-(4*k+1)/q,(4*k+1)/q)/q

pote1<-(p-2)*(4*k+1)/(p*(4*s+1))

pote2<-2*(s-k)/(4*s+1)

vakio<-((4*k+1)/(4*(s-k)))^(4*(s-k)/(4*s+1))*(4*s+1)/(4*k+1)

yla<-I1^pote1*I2^pote2*vakio

#lower bound

I3<-beta(4/(p-2)-1/q-8*k/(q*(p-2)),1/q+8*k/(q*(p-2)))/q

I4<-beta(2/(p-2)-1/q-4*k/(q*(p-2))-2*k/q,1/q+4*k/(q*(p-2))+2*k/q)/q

pote3<--2*(4*k+1)/(p*(4*s+1))

pote4<--2*(s-k)/(4*s+1)

ala<-I1^pote3*I3^pote4*I4

z[i,j]<-yla/ala

}

}

return(x=svec,y=pvec,z=z)

}

Then use for example the following commands (assuming that the above
function is in the file kvadra.R).

source("kvadra.R")

k<-0

sala<-k+0.01
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syla<-2*k+0.25

sstep<-0.01

svec<-seq(sala,syla,sstep)

pala<-3

pyla<-4

pstep<-0.25

pvec<-seq(pala,pyla,pstep)

kv<-kvadra(svec,pvec)

contour(kv$x,kv$y,kv$z,nlevels=20,xlab="s",ylab="p")

title(sub=expression(paste("a) ", 3<=p<=4)))

k<-0

sala<-k+0.01

syla<-2*k+0.25

sstep<-0.01

svec<-seq(sala,syla,sstep)

pala<-4

pyla<-100

pstep<-1

pvec<-seq(pala,pyla,pstep)

kv<-kvadra(svec,pvec)

contour(kv$x,kv$y,kv$z,nlevels=12,xlab="s",ylab="p")

title(sub=expression(paste("b) ", p>=4)))

M l2 body

The l2 body is defined as {θ :
∑∞

i=1 i
2sθ2

i ≤ L}. It was shown in Donoho and
Nussbaum (1990) that the weigths

gi(s, L, γ) =
(
i2κ − h2(s−κ)i2s

)
+

where (x)+ = max{x, 0},

h = h(s, L, γ) =

(
γ

L

µs

λs

)2/(4s+1)

,
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µs =
2(s− κ)

[2(s+ κ) + 1](4s+ 1)
, λs =

8(s− κ)2

[2(s+ κ) + 1](4s+ 1)(4κ+ 1)

solve the optimal recovery problem.
Note that for the weigths g(s, L, γ) we do not have that for fixed s′,

supΘs,L
|
∑∞

i=1 gi(s
′, L′, γ)θ2

i −Q(θ)| would be smaller than γr(s′), simultane-
ously for several s > s′. Thus Lemma 5 does not hold for the case p = 2.
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