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Abstract

We consider the estimation of the support of a probability density

function with iid observations. The estimator to be consideed is a
minimizer of a complexity penalized excess mass criterionWe present
a fast algorithm for the construction of the estimator. The estimator is

able to estimate supports which consists of disconnected gions. We
will prove that the estimator achieves minimax rates of conergence up
to a logarithmic factor simultaneously over a scale of Helder smooth-
ness classes for the boundary of the support. The proof asswen a
sharp boundary for the support.
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1 Introduction

We will present a method for the estimation of a support of a nitivariate

probability density function. The method works also for theestimation of the
support of an intensity function of a Poisson process. Thetesator is spa-
tially exible, allowing us to estimate supports which congt of disconnected
components.

Mriting of this article was nanced by Deutsche Forschungsgemeinschaft under project
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The estimation of density support may be applied to the detd¢ion of
abnormal behaviour of the system, plant, or machine. We maypaly our
estimator to de ne a nonparametric multivariate method forstatistical qual-
ity control, which could extend the Shewart methodology basi on tolerance
regions, see Derman and Ross (1997). Support estimation mago be ap-
plied to measure performance of an enterprise in terms of tetcal e ciency
measured by distance from the observed productivity to the dundary, see
Deprins, Simar and Tulkens (1984). We may apply our estimatoto the
estimation of the support of a Poisson intensity. This may bepplied for
example to estimate the boundary of a forest, when the locatn of individ-
ual trees is distributed according to a planar Poisson prosg with unknown
intensity function.

The previous methods for the support estimation may be classd at
least to three categories:

1. piecewise polynomial estimators,
2. estimators which are a union of balls centered at obseriats,
3. estimators which are based on the convex hull of sample ptsi.

Piecewise polynomial estimators are de ned for boundarydgments by
partitioning the fragment to intervals and by estimating the boundary on
each interval by a polynomial. For star shaped sets one mayeaupiecewise
polynomial approximation on sectors. A piecewise constamstimator was
proposed by Ge roy (1964). Korostelev and Tsybakov (1993 study piece-
wise polynomial estimator of maximum likelihood type. Theyderive mini-
max rates of convergence when the support has a sharp boundaHardle,
Park and Tsybakov (1995) consider support estimation with piecewise poly-
nomial estimator when the boundary of the support is not shax.

The estimator which is a union of balls centered at observains amounts
to estimating the support of the density by the support of a kenel estimate
whose kernel has a ball shaped support. These types of estiota were
considered by Devroye and Wise (1980), Cuevas and Fraimar®@lr), Walther
(1997), Ballo, Cuevas and Justel (2000).

When the support is a convex set, it makes sense to estimatehy a
convex hull of sample points. This type of estimator was stueld by Renyi
and Sulanke (1963), Renyi and Sulanke (1964), Chevalier 9Z6). Ripley
and Rasson (1977) de nes a blown-up version of the convex hui order
to eliminate bias. A review is given by Schneider (1988). Kostelev and
Tsybakov (1994) and Mammen and Tsybakov (1995) derive the mmax
rates of convergence for the estimation of a convex set. Katelev and



Tsybakov (1994) establish 96% e ciency of a certain blown{u version of
the convex hull estimator. Korostelev, Simar and Tsybakov1©95) consider
sharp asymptotics for the case when the support is a monotot@undary
fragment. Gijbels, Mammen, Park and Simar (1999) consides&mation of
a support of a distribution when the support is a convex set dsounded by a
monotone function. Their problem arises in an econometricrgblem where
the frontier functions of production sets shall be estimate

Korostelev and Tsybakov (1998) contains results on estimators belong-
ing to all three categories. Hall, Nussbaum and Stern (199%pnsider a
di erent type of estimator which is based on order statistis. Mammen and
Tsybakov (1995) study density support problem under a gengr setting of
entropy conditions. Their set up includes regions with boutaries that full-

Il smoothness conditions (Dudley classes) and convex setBolonik (1995)
derives rates of convergence for support estimation based excess mass
estimates.

We will de ne a new type of estimator which does not belong torgy of the
previous groups. The closest relative is the group of piecee polynomial es-
timators, since the simplest form of our estimator may be seeas a histogram
type estimator with a data-dependent partition. Our methodis related to the
classi cation and regression trees as de ned by Breiman, iedman, Olshen
and Stone (1984), and to dyadic CART as de ned by Donoho (1997 This
type of method was rst applied to boundary estimation in Domho (1999),
who studied the estimation of the boundary of two dimensionaegression
function with regular and xed design.

The methods of category 1 in the above classi cation supposkat we
know the number and rough location of disconnected comporsnof the
support. The methods of category 3 presuppose that the suppds a convex
set. Our method is in this respect more exible. The methodsfacategory
2 are vulnerable to the curse of dimensionality, since theyre kernel type
methods based on local averaging. Our estimator is based oroeomical
splitting of the sample space, making it possible to e cierlly estimate high
dimensional supports.

In this article we propose to estimate the support by minimimg a com-
plexity penalizedexcess mass functional. Excess mass functional is dgjned as
Pn(A)+ Ames(A) whereP,, (A) is the empirical probability, mes@) = , dx,

A RY and A > 0. Excess mass functional was proposed to be applied in

level set estimation by Hartigan (1987), Maller and Sawitki (1991), Polonik
(1995), Tsybakov (1997). Excess mass functional is usefls@for the sup-
port estimation when we choos@ to be small. The corresponding estimator
is robust to outliers and we have feasible algorithms for s@hg the mini-



mization problem. Indeed, we may apply a dynamic programmgnalgorithm
which solves the minimization problem for spatially locatied subsets of the
support and then builds the global solution from the previosly solved local
problems. When the boundary of the support is sharp, that ishe density
has a jump on the boundary, then by choosing to be smaller than the jump,
the level set at levelA is equal to the support of the density.

We will prove that the proposed method has nearly minimax ras of
convergence simultaneously over a scale of Helder smoo#iss classes for the
boundary. We will consider cases when the Helder smoothreeghdex s is
in interval (0,2]. The casess 2 (0,1] ands 2 (1, 2] require dierent es-
timators. We will prove the results using the oracle inequday approach.
We have followed the approach of Donoho and Johnstone (1994)that we
choose both the basis and a model under that basis instead dbosing only
the best model in a single basis. The method of using exponiatly grow-
ing collection of bases has been applied for example in Dooofl997) for
xed design regression, in Donoho (1999) for xed design badary estima-
tion, in Barron, Birge and Massart (1999) for various dengy, regression,
and boundary estimation problems, and in Klemela (2001) fomultivariate
density estimation.

In the statements of theorems we will make certain assumptie concern-
ing the underlying distribution. This does not mean that theestimator would
not behave favorably also in cases where these assumptiores ot satis ed.
We will de ne estimators without model assumptions, unlikein some cases
where the support has been assumed to be star shaped or convex

In Section[2 we de ne two estimators. First one is optimal foHelder
smoothness indexs 2 (0,1], d 2 and second one for Helder smoothness
index s 2 (1,2] for d = 2. In Section [Z3 we present algorithms for the
construction of the estimates. In Sectiol3 we formulate tloeems on the
rate of convergence of the estimators. In Sectidh 4 we giveréle simulation
examples. The proofs are given in Sectid@nh 5.

Simulations which were made for this article may be reproded with a
R-package which is downloaggable from http://www.denstrutorg.

We will denote mesf) = , dx. With 15 we denote the indicator of set
A  RY I5(X) =1when x 2 A andl4(x) = 0 otherwise. Euclidean distance
in RY is denoted byk k. We apply the same notation for the Euclidean
distance inRY %, The relation a, b, means lim; (a,/b,) = 1. Generic
positive constants will be denoted byC,C;, Cy,... Denote &, [a;,bi]+ n =

difa nb+nlforn o



2 Definition of the estimators

We will consider two types of estimators: (1) an estimator wbh is a union
of rectangles and (2) an estimator which is a union of rectalgs and parts of
rectangles, resulting from a skew split. Estimators are mimizers of a com-
plexity penalized excess mass criterion among sets whicmdze represented
as a union of sets in a certain partition.

Let Xi,..., X, 2 RY be random vectors with density function whose
support we want to estimate.

2.1 Block estimator

Let us rst consider an estimator which is a union of rectangs. We start
with de ning the set of partitions with the help of which we dene the class
of sets on which we search the minimizer. We will consider gaions which
are a result of a series of dyadic splits, when by a dyadic gpiif a rectangle
we mean a split along some coordinate axis which divides thectangle to
two equal parts.

Set of partitions. We will denote by P,(R) the set of dyadic partitions
of R, whereR RY is a rectangle. This set consists of partitions dR that
result from of a series of dyadic splits. We will give a recux® de nition
below.

Definition 1 We say that P,(R) is the set of dyadic partitions of R =
4 [ai,by], with fineness parameter a > 0, if

1. fRg 2 P,(R),
2. ifP2Py(R)and P = 9 [¢,d]2P, and
d c>(b a)2’"
for somei=1,...,d, where
J,=da(d 1) 'log,ne (1)

then (P nfPQ) [f P1,P2g 2 P,(R) where Py, P, are the results of the
dyadic split of P in the i:th direction.

The de nition implies a bound for the maximal neness of paritions in
setP,(R): at most J,, splits will be made to any direction and the rectangles
in the nest partition have volumes greater or equal to 2%"mesR).

For the choice of the rectangleR we apply two methods.
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1. With a priori considerations one nds a rectangle which agains the
support. We make this assumption to analyze rates of convengce of
the estimator.

2. Denote by R the smallest rectangle containing observations whose
sides are parallel to the coordinate axes, and chodRe= R + n where
n 0 and we apply notation &, [ai,b]+n= %L [a n,b+n]. We
chooseR in this way in simulation examples.

We will denote later P, = P,(R).

Collection of sets. As the available class of sets from which we search a
minimizer we consider

A, = A(R) = fAP,W):P 2 P,(R), W2W(P)g (2)
where W (P) is the set of 0-1-markers associated with partitior®,
W(P)=f0,1g" = f(wp)p2p :Wp 20, 1gg (3)

and A(P, W) is the set which is the union of those sets in partitiol® which
are marked with 1 by set of markerdV = (wp)p2p,

AP, W) = [ fP2P :wp =1g. (4)

Complexity penalized excess mass criterion. Let the excess mass

functional be
xn

1
Yn(A) = n IA(Xi) + Ames@)
i=1
where I5(X) = 1 when x 2 A and I5(x) = 0 otherwise, and A > 0. We
will de ne the complexity of a set A 2 A, to be the number of sets in the
corresponding partition. Let

DW)=#fwp =1:wp 2 Wg (5)

whereW 2 W (P) with P 2 P,. Let the complexity penalized excess mass
criterion be
Ea(P, W, 0) = yr(A(P,W))+ aD(W) (6)

whereP 2 P,, W 2 W (P), A(P,W) is de ned in (), and a > 0.



The estimator. We de ne the block estimator with the excess mass cri-
terion by

A2 = AP W) (7)

where
(PE,WE) = argminp,p, . ow p)En (P, W, ), 8)

a > 0 is the smoothing parameter, and, is de ned in (). In addition to the
smoothness parameten, this estimator depends on the " neness" parameter
a and "level set" parameterA. Theorem[2 gives conditions for the choice of
these parameters.

2.2 Half block estimator

Let us consider an estimator which has the form of a union ofaangles and
halves of rectangles resulting from a skew split. We will dathis estimator
half block estimator. We will use a "library" of sets resemiahg the one
de ned in Donoho (1999) with the help of wedgelets. In this stion we will
restrict ourselves to the case = 2.

The de nition of the half block estimator di ers from the de nition of the
block estimator only in that we consider a di erent set of patitions which
will de ne the class of sets from which we search a minimizer.

We will consider partitions which are a result of a series ofyddic splits,
with possibly a split not parallel to the coordinate axes at e nal stage.
We will give a recursive de nition below.

Definition 2 We say that PP(R) is the set of dyadic partitions of R =
4 T[ai,b;] which contains skew splits with fineness parameters a > 0 and
b>0, whend=2, if

1. fRg 2 P°(R),
2. ifP2P°(R)yand P = &, [c,di]2P, and
d c>(0b a)2"
for somei=1,...,d, where
Jn = dad 'log, ne, (9)

then (P nfPg) [f Py, Pog 2 P2 (R) where Py, P, are the results of the
dyadic split of P in the i:th direction,



3.ifP2PP(R)and P = 9 [¢,d]2P, and
d o (b a2

for some i=1,...,d, then (P nfPg)[f P1,P.g2 PR (R) where Py,P,
are a result of a skew split of P whose endpoints are on the boundary
of the rectangle P, and the set of possible endpoints forms a grid with
step size

& =(b a)2 "', L,=d(d+1) ‘log,ne

in i:th direction. The grid is such that it contains the four vertices of
P as grid points.

The de nition allows splits not parallel to coordinate axesonly for the
rectangles: once this kind of split is made, it is not anymorpossible to split
results of this skew split. To be able to do skew splits we nedaat L, > J;.

We de ne the half block estimator with the excess mass critem by

Ae = A(PE, W) (10)
where A(P, W) is de ned in (),
(PR, W) = argmin g, po.y 2w (py En (P, W, ),

W(P) is as dened in (3), E, is dened in (8), and a > 0 is the smooth-
ing parameter. In addition to the smoothness parameten, the estimator
depends on the " neness" parametera and b, and "level set" parameterA.
Theorem[3 gives a result on the rate of convergence of thisiastor.

Remark 1. The half block estimator is related to the wedgelet estimato
as de ned in Donoho (1999), who considers the estimation di¢ boundary
of a regression function when the design is xed and regulgrspaced.

The wedgelet estimator has the binwidthn 2 in the nest rectangular
partition. This corresponds to the choicea = 1. The wedgelet estimator
allows "subpixel” splits of the rectangles, and these spsithave discretization
stepn 233, This corresponds to the choicé = 2.

The partition in the de nition of the wedgelet estimator is digthly more
restrictive than the partition of the half block estimator. The partition of
the wedgelet estimator is de ned by the condition that everyrectangle will
be splitted by a "quad-split": a split which will result in 4 rectangles. The
partition of the half block estimator grows with dyadic splts. This will add
exibility and computational complexity, see SectionZ.B.



2.3 Solving the minimization problem.

Let us discuss algorithms for solving the minimization prdiem in the de ni-
tion of estimators A% and A2 which were given in [¥) and [ID).

One may solve the minimization problem by rst building a lage mul-
titree whose terminal nodes represent bins of the rectangt®ntaining the
support. A path leading to a bin will represent a possible wapf choosing
splits. Thus to each bin of the initial rectangleR corresponds many terminal
nodes of the tree. The minimization problem is solved by prumg the tree.

Growing the tree. Construct a multitree with a single root node and at
most 2 children for every node. The root node will correspond to thmitial
rectangleR containing the support. We haved ways of choosing the splitting
direction and each binary split will result in two bins. Thus2d children will
represent the rectangles resulting from binary splits id directions.

For the case of block estimator at mostl,, splits will be made for each
direction, thus the tree will havedJ, levels whered, is de ned in (@). The
half block estimator will have dJ;, levels whereJ;, is de ned in (©).

We will record the number of observations in each bin. When s bin
is empty we will not split it anymore. The resulting tree will have at most

-
(Zd)l — O (Zd)dJn - O nad|ng(2d):(d 1)

i=0

nodes for the case of block estimator an@ (2d)¥» nodes for the case of

half block estimator. In the case of half block estimator wedve to record
also the frequencies at the results of a skew split. Note that the case of
the wedgelet estimator de ned in Donoho (1999) the tree wodlhave

Xn _
(Zd)l =0 2dIn
i=0

nodes.

Pruning the tree. To prune the tree we start from the next to the highest
level, and travel to the root node one level at a time. For eachode we nd
out whether the split to some of thed directions helps (whether it results to
a smaller complexity penalized excess mass criterion). he split does not
help, we will cut the tree below the node.

We will formulate a lemma which formalizes the idea that we masolve
the global minimization problem [8) by rst solving localized subproblems,
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and building the global solution from the previously solvedocal problems.
This lemma is given for the block estimator.

Lemma 1 Let R be the initial rectangle of the estimator and let R, R
be a rectangle. Let P,(Ro) be defined in Definition [Il. Define the set which
solves the minimization problem when we localize to the rectangle Ro:

A% (Ro) = A(PS(Ro), Wi (Ro))
where
(Iﬁﬁ(Ro),Wf(Ro)) = argmin p;p (reyw 2w (p)En (P, W, ).

Let Rp R be now fixed and denote with Ry, and Ry, the left and the right
rectangle resulting from dyadic split of Rq in i:th direction, i=1,...,d. Let

M = min fE, (f Rog, ),
Ev PR(Ry) WE(Ry) o + B P2(Rz1), W(Rz),a

E. Pe(Ry), WE(Ry), o
B PS(Rzi),WE(Rz),a :i=1,....d

Then,
S Ro, when M = E, (f Rog, )
§ Ae(Ryi) [ A%(Rzi), when M = B, P&(Ry), WE(Ry), a
A (Ro) = +Ey P(Rzi), WE(Rz), @
% A2 (Ry;), when M = E, BE(Ry;), We(Ry), o

T A(R,;), when M = E, P8(Ryi), We(R,;),a .

Proof. Let the collection of setsA,, (Rg) from which we search a minimizer
be de ned in [@). We may expresdA,(Ro) recursively:
An(Ro) = fRog[f A A2:Ac2 Ar(Ryi), k=1,2 i=1,...,dg
[2 [
[ An(Rk;i)-
k=1 i=1
On the other hand, whenPy 2 P,(Rk;i), Wk 2W (Py), k=1,2,i=1,...,d,
then

Es (P1[P 2, Wi [ Wy, 0) = E, (P, Wy, 0) + E, (P2, W5, Q).
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Indeed, this follows directly from de nition (B) sinceP, and P, are partitions
of disjoint rectangles. We have proved the lemma. 1
In particular, when we chooseR, = R in Lemmall, thenA8(R) = A® is
the global solution de ned in ().
We give in the following the pseudo code for the pruning algitinm in the
case of the block estimator.

Input for the algorithm is the smoothing parametera > 0 and a mul-
titree, whose nodes represent certain bins. We will denote tteft; (m)
and right;(m) the pointers to the left and right childs of nodem, when
the split is in the i:th direction, i = 1,...,d. Assume that for each
nodem we have calculated emCompg) = freq(m)/n+ AmesMm)+ a
where freqgMm) is the number of observations in the set corresponding
to m.

Output of the algorithm is a binary tree. This binary tree is puned
from the original multitree. We represent this subtree by giing for
each node pointers "left" and "right", which point to the left and right
child of the node.

An internal data structure of the algorithm is the decoration S which
gives for every node of the tree the minimal excess mass coexjty
for the collection of sets localized to the rectangle assat@d with this
node.

1. set maxdep =dJ, (maxdep is the maximum level of the multitree)

2. go through levels starting from the next to the highest level: dr
dep=(maxdep-1) to 1
(&) go through the nodesm at level dep
(b) if mis leaf nodethen S(m) = emComp(m)
(c) else
i. let M=min fE;, E" E'™ :i=1,...,dg where we denote

E; = S(left;(m)) + S(right;(m))
El°™ = S(left;(m))
E™ = s(right;(m))

ii. iIf emComp(n) <M then make m terminal node:
A. S(m) =emComp(m)

11



B. left(m)=NIL, right( m)=NIL

iii. else if M= E; then node m will be splitted to i:th direction
and it has two children:
A. S(m) = E
B. left(m) = left ;(m), right( m) = right ;(m)

iv. else if M= E"" then node m will be splitted toi:th direction
and it has only the right child:
A. S(m)= E""
B. left(m)=NIL, right( m) = right ;(m)

v. else if M= E*" then node m will be splitted toi:th direction
and it has only the left child:

A. S(m)= E"

B. left(m)=left ;(m), right( m)=NIL
(d) end if
(e) end go

3. end go

In the case of the half block estimator one has to make more cparisons
at each node to nd out whether some of the skew splits will bedtter than
the splits along the coordinate axis.

3 Rates of convergence of the estimators

We consider estimation of the support of a uniform densitf : RY! R,
T = I,/mes@)

whered 2,4 [0, 119, 1a(X) = 1 when x 2 A and I5(X) = 0 otherwise,
and mes@) = , dx.

We will denote by f the true underlying density and forB RY we will
denotegs = Ig/mesB). We will denote by S(g) the support of function g
so that for examplef = gst).

Boundary fragments have been a prototype model for studyinget es-
timation. We will assume the boundary fragment model in angking the
behaviour of the block estimator de ned in Sectioi2]1. To ayze half
block estimator de ned in Section[ZP we assume that the supp of the

density is star shaped. In the case of half block estimator weve assumed
also that d = 2.

12



3.1 Block estimator

To prove a result for the rates of convergence of the block asator, we
de ne a scale of Helder smoothness classes for smoothnesiek 0<s 1
for the boundary fragment model.

Let Hs be the Helder class of functions of smoothness€ s 1 and
radius L >0 on [Q1]® !. That is,

jh(t) h(u)j Lkt uk®
forall t,u2 [0,1]Y * and h 2 Hs. We assume also that foh 2 H ,

y h(® 1

for a xed y > 0. Denote byA;, the boundary fragment whose boundary is
given by h,

Ap= X=(Xg,...,%0) 2[0,1°:0 x4 h(Xq,...,Xq 1)

A class of uniform densities whose support is a smooth boumgdragment
is de ned by
Fs=1f0a,: h2Hs0 (12)

wherega,, = la,/mes@Ay).
Consider the loss function

di (A, S(F)) = mes(A S(f))

where S(f) is the support of the true densityf and denotes symmetric
dierence: A B=(AnB)[ (B nA). Notation for the loss function re ects
the fact that in terms of the boundary functions the loss is atpl to the L,

error. Let s

s+d 1
be the exponent of the minimax rate of convergence.

Theorem 2 Let estimator AS be defined in (7)) based on iid observations
X1,...,Xn. Choose the fineness parameter a 1, parameter of the excess
mass functional 0 < A < 1, and initial rectangle R = [0, 1]°. Consider class
Fs defined in (II) where 0<s 1. Let

log, n

a=C (12)

where 0<C <1 . When C is su Lciehtly large, then
lim sup (n/ log,(n))" sup E; d1(AS, S(F)) <1 .
nll f2F s

A proof of Theorem[2 is given in Sectioml5. For the choice af, see
equation (Z3).
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Remark 2. A proof that rate n" is the minimax rate of convergence for
Helder boundary fragments is given in Korostelev and Tsyldav (1993),
Section 7.3.

Remark 3. Estimator Aﬁ does not depend on the smoothness parameter
s. Thus Theorem[2 shows that the estimator is adaptive in the sse that

it achieves nearly minimax rates simultaneously over a seabf smoothness
classes.

Remark 4. To achieve optimal balance between bias and variance we need
blocks with width n ¥(s*d 1 On the other hand, to achieve minimax rate
the nest partition should have blockwidth smaller than the minimax rate of
convergencen s¥*d 1) When 0<s 1, thenn *d 1 gatis es

n 1=d D < 1(std 1)

and minimax rate satis es

1=d s=(s+d 1)

n n

We want to achieve minimax rates simultaneously over scake2 (0, 1] and
thus the nest partition should have blockwidth

l:dg= n 1=(d 1). (13)

minfn ¥4 Y n
That is why we choose in Theoref2 the nest binwidth to ba 2@ 1 where
a 1.

Remark 5. We have considered iid observations with as the sample size.
When considering regression function estimation with re¢pr xed design,
then the corresponding step of the regular grid in 79,

When 0 < s 1, then by (I3), one needs the binwidth of the nest
partition to be smaller or equal ton ¢ Y Thus, sincen ¢ Y < n 79
with xed regular design we are not able to estimate the suppbwith the
rate n S<*d 1 This was pointed out by Korostelev and Tsybakov (1998.

3.2 Half block estimator

To prove a result for the rates of convergence of the half bloestimator, we
de ne a scale of Helder smoothness classes with smoothnestex 1<s 2
for sets with star shaped boundaries.

14



Let Hs be the Helder class of functions of smoothness4¢ s 2 and
radius L > 0 on [Q 2m). That is,

iy hYwj Lty 't
for all t,u 2 [0,2m) and h 2 Hs. We assume that forh 2 H g,
y h(p) 12

for y = 0.1. Denote byA;. the star shaped set centered g 2 R? whose
boundary is given byh:

A = fx=p+(rcosp,rsing):0 r h(e), ¢2 [0 2m)0.
A class of uniform densities whose support is a star shaped sede ned by
Fo= Oan.:An  [0,1F, h2Hs p2 R? (14)
wherega = Ia/mes@).

Theorem 3 Let estimator AS be defined in (I0) based on iid observations
X1,...,Xn. Choose the fineness parameters a 1l and b 2, parameter
of the excess mass functional 0 < A < 1, and initial rectangle R = [0, 1]°.
Consider class Fs defined in (I4) where 1<s 2. Let

log, n

a=C (15)

where 0<C <1 . When C is su Lciehtly large, then

limsup (n/log,(n))" sup Efd;(A:,S(F)) <1
nil

f2Fs

where r = s/(s+d 1), d=2.

A proof of Theorem[3 is given in Sectiofl5. For the choice af, see
equation (33).

Remark 6. A proof that rate n" is the minimax rate of convergence is
given in Korostelev and Tsybakov (1998, Section 7.3, for the boundary
fragments. A consequence of this is that the same rate is nmmax for the
star shaped sets.
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Remark 7. When 1<s 2 (andd = 2), then blocksizen ¥s*d 1 for
the optimal bias-variance balancing satis es

n 70 < 1=(svd 1)

Thus we choose in Theorerl 3 the nest blocksize to be &9 wherea 1.
For1<s 2 the minimax raten s5(s*d4 D ggtis es

2=(d+1) s=(s+d 1)

n n

We have that

Isd 25040 g =y 25(dvD)

minf n N

That is why we choose in Theorenil3 the nest stepsize of skewligpto be
n X4 whereb 2.

Note the di erence from the case 6< s 1, where the minimum blocksize
from the bias-variance balancing was smaller than the minum blocksize
from the rate of convergence. See equation{13).

Remark 8. Previously Barron et al. (1999) have proved a similar type of
result. Instead of excess mass functional they propose topdyp a di erent
contrast function. Their estimator is of piecewise polynoral type and is not
able to adapt to the case when the support of the density has aimber of
disconnected components.

4 Simulation examples

We give simulation examples for the block estimator. In sinfation examples
we consider examples which do not satisfy the conditions oh&orem[2. The
de nition of the estimator does not depend on these conditits and we may
conjecture that the estimator is usable in a wide range of derent situations.

The simulation examples are mixures of standard two dimemsial Gaus-
sian densities whose support is in fact the whol@?.

We chose the initial rectangleR for the simulation examples by rst
choosingR to be the smallest rectangle containing observations whosigles
are parallel to the coordinate axes, and then takinR = R +n wheren =0.1.
The nest partition of R was chosen to contain 64bins. The parameterA
of the excess mass criterion was chosarr 0.1 in all examples.

The rst example is the standard Gaussian density inR? centered at
(0,0). We generated a sample of 100 observations from this deynsiFigure
M shows three block estimates with excess mass criterion. Higure [ a) we

16
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Figure 2: Estimates for a mixture of 2 Gaussian components.

took a = 0.0006, in b) we tooka = 0.00065, and in c) we tookx = 0.0008.
The choice of the smoothing parameter as = 0.00065 gives the best result.

The second example is an equal mixture of two standard Gausss in R?.
Means of the components of the mixture are (@) and (8,0). We generated
a sample of 125 observations from this density. Figufé 2 shewhree block
estimates with excess mass criterion. In Figuig 2 a) we toek= 0.0001, in
b) we took a = 0.0005, and in c) we tooka = 0.0007. The choice of the
smoothing parameter asx = 0.0005 gives the best result.

The third example is an equal mixture of three standard Gaugms in
R?. Means of the components of the mixture lie in vertices of aiamgle with
sidelengthD = 8, that is, the means are

(0,0), (D,0) = (8,0), (D/2,Dp§/2) (4,6.9).

We generated a sample of 150 observations from this densiBigure[3 shows
three block estimates with excess mass criterion. In Figui@ a) we took

17
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Figure 3: Estimates for a mixture of 3 Gaussian components.

a = 0.00005, in b) we tooka = 0.0006, and in c) we tooka = 0.0009. The
choice of the smoothing parameter ag = 0.0006 gives the best result.

5 Proofs

We will give proofs for Theoremd12 andl3. The proofs are orgaed by
giving in Section[5.1 oracle inequalities, giving in Sectids.d bounds for the
theoretical error-complexity, and nishing proofs in Sedabn[®.3. The proof of
oracle inequalities is almost the same for both block estitma and half block
estimator but the approximation theoretic considerationsn Section[52 are
di erent for the two estimators.

5.1 Oracle inequality

ForP 2 P,orP 2 PP and W 2 W (P), let K(P,W, a) be the theoretical
error-complexity,

K(P,W,a) = di(A(P,W),S(f))+ aD(W) (16)

where S(f) is the support of the true density f. Let A°(f) and A%P(f)
be the best approximations toS(f) in terms of theoretical error-complexity,
when we search over sets used in the de nition of the block é@sttor and
half block estimator:

A(F) = A(P°, W9 (17)

where
(P° W®) =argmin g, wow ) K(P, W, @)

and
A%P (f) = A(P%P,WOP) (18)

18



where
(PO?, W) = argmin p; ooy o (p) K (P, W, 01).

We have an upper bound for the theoretical error complexity focom-
plexity penalized excess mass estimato&e and A¢. This upper bound con-
sists of theoretical error-complexity of best approximatin with an additional
stochastic term.

Lemma 4 Let A% and AS be defined in (7) and (). Let 0 < A < 1 he
the parameter of the excess mass functional. We have for ¥ 2 F5, when
O0<s 1,

KPS, WeE a) Cp K(P°, WP a)+ vp(AS) v, (AY(F))
and for f 2F,, whenl<s 2,
K(PE, W a) Cn, K(P%, W% a)+ v,(AS) v,(A%P(F))

for positive constants Cy, Cy,, where

1 X
Vn(A) = ~ IA(Xi) Pi(A) (19)
i=1
for A R,

Proof. The proof is same forAe and A2. We will write the proof for A¢.
We have by the de nition of A¢ that

Ka(PE,We o)  K,(PO,W° a). (20)
Also, excess mass functional may be written as
Ya(A) = Ames@) vn(A) Pr(A). (21)
Denote by S (f) the level set of densityf at level A:
S(f)= fx2 RY:F(x) Ag.
Then, forA RY,
Ames@A) P:(A) 7
=AmesB (f)) P (S (F)+ jF(X) Ajla s,¢)(X)dx.

(22)
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From (£0) and (Z1) we have

Ames@®) v, (A%) P; (A%) + aD(A?)
Ames@°(f))  va(A%(F)) P;(A°(F)) + aD(A(F)).

Combining this with () implies
Z
JFOO  Ajlge g 1) (0dx+ aD(W) (23)
Z

IF() Ailaoy syr)()dx+ aD(WO) + vn(AS)  vn(Ao(F)).

The minimal jump size of the densities over considered classat the bound-
ary of the support is 1. Thus
Z

iF() Alge s,¢)(0dx  minfA, 1 Agd; AS,S (F)

All densities in considered classes are bounded by = y* 9. Thus
Z

IF(X)  Ajlaogy syry(¥)dx  maxi A, Mgd, A°F),S (F) .

These two inequalities and[(23) imply the lemma, because for< A < 1, the
level setS (f) is equal to the support of the density:S (f) = S(f). 1
We will need an upper bound for the cardinality of the class dll sets in

all partitions.

Lemma 5 Set of partitions P, for the block estimator is defined in Definition
M. We have that
!

[ def ()Pl 1
H# P N = =0 nadlogz(Zd):(d 1) ]
20 1

P2Pn

Set of partitions PP for the half block estimator is defined in Definition 2

We have that
0 1

[
# @ pA ¥y

P2PD

22 n+l (d/(jf;;ﬂ ; 1 = O n®Hd+D) palogy(d=2)

Proof. For the case of block estimator cardinality is bounded by the
number of nodes in a tree withdJ, levels, with one root node, and @ children
for every node. To the root node corresponds initial rectatgR and every
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rectangle may be splitted to two children ind directions, which results to 2
children. Thus we have bound

X @d)@nt 1

(2d) = = 0 2% .

i=0

For the case of the half block estimator each rectangle may Isplitted
with a skew split whose endpoints lie in a grid with cardinaly 4 2 '/3, where
4 2 ' is the length of boundaries of rectangles iitth level, andd =2 'n is
the stepsize of the grid. Thus we have at most 2(2 '/5)? children resulting
from a skew split. Thus the total number of sets is bounded by

¥n _ . (d/2)¥n+1 1
2 i 2 i — p2 2L n+1
2 42 1/8)%(2d)' = 42 2 @2 1

i=0

1
Now we may prove that the risk of estimators may be bounded byhée
theoretical error-complexity. We will start with the block estimator.

Lemma 6 Consider estimator AS defined in (7). Let a be defined in (Z8).
We have that

Erdi(AS,S(f)) C K(PO,WO%a)+n?
for a positive constant C.
Proof. We have
E:di(AS,S(F)) C,K(P°,W° )+ E;V

where n 0
V =max di(AS,S(f)) CoK(P°,W° a),0

and Cy,, is from Lemmal4. It remains to prove that
EiV =0(n Y. (24)

Denote

Bn= sup sup W(A(P,W)) ' vo(A(P,W)) Vv (A%F)) &
P2Pn W2W (P)

whereg = P 8, v, is de ned in ([IJ), and we de ne with an abuse of notation

w(A) = w(A(P,W))= n }(x+ LD(W))
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with x > 0 and
L = log«(N) (25)

whereN is de ned in Lemmal[®. First we prove that onB,, V  &Cpn 1x,
that is

(V >E&Cyn 'x) BE. (26)
Secondly we prove that

P(B;) Cexpf xg. (27)
We have that Z,

EV = &Cyn ! P(V > &Cpn x)dx
0

and thus (Z3) follows from [Z6) and [217).

Proof of (Z&). By the de nition of B, we have that onB,, vn(Aﬁ)
Vh(A%(F))  Ew(A®). Thus, by Lemmal3, onB,,

h i

K(Pe,We, a) Co K(PO, WO a)+ Ew(A®)

h i

= Cp, K(P°, W% a)+ &n Y(x+ LD(W?)) .

We choose
o= &Cpn L (28)

whereL is de ned in £9), & = P 8, and C, comes from Lemmadl4. Thus, on
Bn,
di(AS,S(F)) Cp, K(P°,W° a)+ &n x .

We have proved [ZB).

Proof of (Z7). De ne with an abuse of notation

1
Na = m Ia laog)

whereA = A(P,W), A°(f) = A(P°, W9, P 2 P, andW 2 W (P). We have
that w(A) ¥ na(X) w(A) L. Thus by Hoe ding's inequality, see for
example Pollard (1984), page 191,
!
1 X n&2w(A
P ST ) Eax) > e )

i=1

(29)
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Sinceé = P 8, we have

7”52";’(” = x+ LD(W). (30)

Now, for A= A(P,W),
!
V(A) V(AU = W) ST MaOK)  Enna(X)

i=1

Then, by Z9) and (30),

X X
P(By) expf [x+ LD(W)]g. (31)

P2Pn W2W (P)

Denote
(K=f(P,W):P2P,,W2W(P), D(W) = kg

so that # (k) is equal to the number of ways we may choosesets from the
set of all sets in all partitions. Now, de ningN as in Lemma[5b, by Stirling's
formula,

N Nk eN X
O W X
Thus, continuing from (31),
b3 X
P(B}) expf (x+ Lk)g
k=1 (P;W)2 ( k)
)4 k
% expf (x+ Lk)g
k=1
Cexpf xg, (32)

by the choice ofL in (25). We have proved [2IF) and thus the lemma. [
We may prove a similar lemma for the half block estimator.

Lemma 7 Consider estimator A defined in (I0). Let a be defined in (33).
We have that

E;di(AS,S(F)) C K(P%P, WP o)+ nt

for a positive constant C.
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Proof. The proof is similar to the proof of Lemmdl6. The dierence is
that we set
a=&Cyn L (33)

where€ = P 8, C,, comes form Lemmadl4,
L = log.(N),

and N is de ned in Lemma[®. 1

5.2 A bound for the theoretical error-complexity

So far the proofs have been similar both for the boundary fragent model
and for the star shaped sets. In this section we give a sepagdteatment for
the two cases.

Let A%(f) be de ned in [2). We will give a bound for the error-compleity
of A°(F).

Lemma 8 Let Fg be defined in (TI) for 0<s 1 and let K be defined in
(I8). We have that

s=(s+d 1)

log.n
supK(P°, W% a) C 0% N
f2F s n

for a positive constant C, when a is defined in (I2).

Proof. Let f 2 Fgand leth:[0,1]° *! [0, 1] be the function de ning
the boundary of the support off. That is, f = ga,, = la,/mes@y). Let us
chooseNg so that

2No  (n/logy(n)) ¥t b,

Let Q be a partition of [0, 1] ! to rectangles whose sidelength is Y° (and
volume is 2 (@ YNo) We may construct a functionhg : [0, 1] *! R, which
IS piecewise constant on partitiorQ, that is,

X
ho: aplp
P2Q

whereap 2 [y, 1], and with the property
Z
jh hgj=0 2 sNo |

[0;1]9—1
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This construction may be done with a piecewise constant intgolation of h.
On the other handS(f) = Ay and thus

Z
di(S(F), An,) = d1(An, An,) = jh hoj.

[0;1]9—1

Now chooseN; so that N+  n¥™ Makeagrid0=q < <aqu =1
where the distance between gridpoints is 2+. De ne function iy which
approximateshg: X
ﬂo = aplp
P2Q
whereap are the gridpoints closest taap:

jap  apj=minfjb apj:b2fqs...,quQgg.

We have that 4
ho ﬁo =0 2 N1 .
[0;1]d—1
Then
dl(S(f),Aﬁo): O 2 sNoyp N1

We have that 2 N2 = O(2 sNo) forall0 <s 1. We have proved that
di(S(f),Ag)= O 2 sNo (34)

Now, because neness parameter 1, then Aﬁo 2 A, whereA, is de ned
in (). See the discussion leading to equatioi{13). LdD(Ag ) be the
complexity of setAg  (with an abuse of notation). By construction,D(Ag ) =
2(d DNo - Thys !

| s=(s+d 1)
aD(Ag)= O —2l (35)
Equations (33) and [35) imply the lemma since the bounds areniiorm with
respect tof 2 F .. 1
Consider secondly the case of star shaped sets.

Lemma 9 Let Fg be defined in (I4) for 1<s 2, and let d=2. We have
that

s=(s+d 1)

: : loge n
supK (PO, W ) € %l
f2F s n

for a positive constant C, when a is defined in (I5).
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Proof. We may apply Lemma 8.5 (Edgel approximation), Lemma 8.6
(Edgelet approximation), and Lemma 8.7 (Counting ancestsj from Donoho
(1999) to prove the required bound. Indeed, by Remark 1 thetsaf partitions
P2 is larger than the corresponding set of Donoho (1999). Thusevhave at
least the same approximation properties. 1

5.3 Finishing the proofs

Proof of Theorem2 follows from Lemm&l6 and Lemnid 8. Proof of €arem
B follows from Lemmd¥ and Lemm&l 9.
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