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Abstract

This work consists of an introduction to Bayesian inference and Markov chain sampling
methods for point processes, and four applied original papers. The first two papers study
the nonparametric Bayesian estimation of intensities under different assumptions. The
third paper is on the implementation of the predictive-sequential approach in model-
checking to counting processes. The fourth paper is concerned with the Bayesian esti-

mation of a cumulative hazard process and a probability-valued regression function.
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“Only a subtle layer between trivial and unattainable things exists at every given
time. It is in this layer that mathematical discoveries are being made of. That is
why an ordered applied problem has for the most part either a trivial solution or
none at all.” ( A.N. Kolmogorov, 14.09.1943, diary remarks)



1. Introduction

This dissertation does not contain mathematical discoveries. It is an applied work
based on two formule. One is Bayes’ formula, the other one is the definition of
the Metropolis-Hastings transition kernel. We will see how a class of unattainable
computations become possible, if not trivial, and give some nonparametric Bayesian
applications in survival analysis.

The following sections contain some preliminaries in order to illustrate the the-
oretical background, to point out some important details, and to understand better
the spirit of the original papers.

1.1. Bayes’ formula

Bayes’ formula tells how a completely specified probabilistic model (a coherent
representation of uncertainity) updates itself in the light of new information (when
uncertainty is partially removed).

To make things clear, we start with the abstract formulation.

Theorem [Kallianpur & Striebel, can be found in Brémaud, 1981]

Let (2, F, Q) be a probability space, and let P be another probability measure
on the same space such that P <« ). Then for any o-algebra G C F and for any
P-integrable function f the following holds P-almost surely:

E a2 ¢ (w
Ep[f | Gl(w) = g(i[ %ﬂ |Q ]gb(v))

Proof: apply a few times the definition of conditional expectation.

( Bayes’ formula ) (1)

In other words, one way to compute the conditional expectation Ep[f | G]
under the probability P, is to compute conditional expectations under a suitable
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reference probability ().

In Bayesian analysis usually one deals with the following structure: = © x
=, F = Be ® Bz, and the reference measure is a product measure Q(df,dz) =
m(d@)\(dz) while the measure of interest admits the disintegration P(df,dz) =
w(df) Py (dzx), with Py < X for m-almost all §. Let the random variable X (w) be the
projection X (8, z) = z. For G = 0(X), Bayes’ formula assumes its classical form:

G{f(0,X(w))%(X(W))W(d@
E 0,X)| X |(w) =
00100 =S

(2)

The denominator on the right hand side does not depend on f, and the regular
conditional probability

e mta)is o) ( [ GrComa) ®
(S]

is the posterior measure . The random variable 6 can be interpreted as the unob-
servable part of the model and X as the observable part; 6 appears also as a mixing
parameter in the marginal distribution of X, with mixing distribution 7 (the prior).
When X is observed, the distribution of the unobservable 8 is updated from prior
to posterior according to formula (2).

Remark: Although all the models considered in this thesis are dominated, i.e.
in each situation we have a disintegration and a measure A > P, for w-almost all 6,
in general it is not always the case that such a measure exists. If not, the posterior
measure is not necessarly absolutely continuous with respect to the prior on (0, Bg).
One cannot write (2) as such, but has to work out (1). (For a discussion see the
monograph of Florens et al. 1990, chapter 1).

In this thesis typically § and X will be marked point processes.

In order to evaluate the posterior expectation by using (2), one needs to inte-
grate f under a probability measure (the posterior). The evaluation of such integrals
has been a major problem in Bayesian theory.

1.2. Markov chains

We briefly recall a few definitions and results. We refer to Tierney (1994,1995,1996),
and the monographs written by Nummelin (1984) and by Meyn & Tweedie (1993).

Let (S,S) and (Z, Z) be two measurable spaces. A (stochastic) transition kernel
from (S,S8) to (Z, Z) is a mapping K(-,-) : S x Z — [0,1], such that
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(i) K(-,A) is S-measurable for every A € Z

(ii) K (x,-) is a measure (a probability measure) on (Z, Z) for every z € S.

A stochastic transition kernel K from (5, S) to (Z, Z), together with a probabili-
ty measure p on (S, S) define a joint probability measure P(dz,dz) = p(dz) K (z,dz)
on (SxZ,8S® 2).

In what follows it will be always the case that S = Z and S = Z; then the
previous argument can be extended inductively to construct a probability measure
P> on the space of sequences (S*°,8%>) (proofs can be found in Gikhman &
Skorohod, 1972).

A random process (X,) with values in (S,S) following such a distribution is
called a Markov chain with initial distribution p and transition probability K.

Definition: A measure 7 is stationary for the transition kernel K if 1K =,
where

(rK)(A) :== /K(m,A)W(dw) 4)
S

Our interest will focus on the construction of Markov chains with a given sta-
tionary probability measure 7. It follows that if the initial probability u is stationary
for the kernel K, then the Markov chain (X,) is a stationary process, i.e. its finite
dimensional distributions are invariant under time-shifts.

For a Markov chain with stationary distribution 7, just one more condition is
needed in order to ensure that for any w-integrable function f, regardless of the
initial distribution p, a strong law of large numbers holds:

n—1
1
lim ~ 3" f(Xi(w)) = Ex(f) with probability 1 .
ngr;on;f( (w)) = Ex(f) with probability ()

Then the convergence of the sample path averages can be used in practice to evaluate
the expectation E,(f) from a single realization of the Markov chain.

To get the law of large numbers (5), it is necessary that almost every realization
of the Markov chain visits the whole support of 7. This property can be formalized
as follows:

Definition A Markov chain is p-irreducible for a measure ¢ on (S, S) when for
every A € S such that p(A) >0 and for all x € S

P,(X,, € A forsomen ) >0 (6)

where P, is the distribution of the Markov chain started at x.

This is quite a weak condition. For example, it is sufficent that for some n
the iterated transition probabilities K™(z,-) are dominated by ¢ for all x (define
K':=K, K"(z,A) := [ K(z,A) K" '(z,dz) ).

s
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Proposition (can be found in Tierney, 1996): Suppose the Markov chain (X,,)
is ¢-irreducible for some measure ¢ and it has a stationary distribution 7.

Then the chain is irreducible w.r.t. @, m > ¢, 7 is the unique stationary
distribution and (5) holds.

Recipe: Markov chain Monte Carlo

In order to compute E,(f), first find a transition kernel K (z, dy) such that 7 is
stationary for K, check the irreducibility condition, choose any initial distribution
you like, then just take one realization of the Markov chain and apply the law of
large numbers (5).

To proceed with this plan, we need to find the stochastic kernel K.

1.3 Metropolis-Hastings transition kernels

Definition: A transition kernel K (z, A) is reversible with respect to a measure
when the operator 7' defined on L2(S, ) by

(Tf)() = / F@)K () dy) (1)
S

is selfadjoint.
Equivalently, on the product space (S x 5,8 ® S), the forward measure

P(dz,dy) := n(dz)K (z, dy) (8)
is equal to its transpose
P (dx,dy) := n(dy)K (y,dz) (reverse measure). (9)

It is easy to check that if the kernel K is reversible w.r.t. the measure 7, then 7 is
stationary w.r.t. K (the opposite implication is, however, not true).

Given a probability 7(dz) and a proposal transition kernel Q(z,dy), there is a
simple and general way to modify ) in order to obtain a kernel K reversible w.r.t.
m. This was first established by Metropolis, and later extended and elaborated by
other authors, beginning with Hastings (1970). In particular = will be stationary
w.r.t. K. The irreducibility of the derived kernel K has to be checked case by case.

Note first that the identical kernel §,(dy) is trivially reversible.

Now we proceed with a very simple idea: try a kernel of the form

K(w,dy) = a(z,y)Q(z, dy) + [1 -/ a(m,z)Q(a:,dz)]Mdy) (10)
S
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where a : S x S — [0,1] is a jointly measurable function we are allowed to choose.
It means that being at a generic time n in state X,,, we sample first a candidate
state Y from the proposal distribution Q(X,, -), and then with probability a(X,,Y)
we assign X, 11 =Y, otherwise X,,11 = X,,.
We would like to define the acceptance function a in order to satisfy the re-
versibility condition

7(dz)Q(x,dy)a(z,y) = n(dy)Q(y, dr)a(y, ) (11)

Define on the product space (S x S,S ® S) the measures p(dz, dy) := 7 (dz)Q(z, dy)
p ' (dz,dy) := p(dy,dz). Consider the symmetric set D € S ® S given by

. dp dp’
{(z,y) € Sx S W(w,y) > 0 and W(a),y) >0}
= {(z,y) e SxS:0< di%(x,y) < oo}

The Radon-Nikodym derivative %(m, y) is called the Hastings’ ratio.
Condition (11) is satisfied by defining

.. dpT
a(z,y) = min(l, d—p(m,y)) for (z,y) € D, and
azy) = Ofor (z,y) €D

In a dominated situation, i.e. when there is a measure A on (S,S) such that
dQ(z,-) < dA for m-almost all z, the Hastings-ratio can be expressed as a product
of two likelihood ratios on S. Nevertheless we should not be too puzzled in the non-
dominated case, just keep in mind that the Hastings ratio is defined as a likelihood
ratio on the product space S x S.

1.4. Marked point processes on the real line

Let (E,&) be a separable metric space equipped with the o-algebra of Borel sets.

We define the canonical space of marked point process histories H as the space
of sequences h = {(t;, ;) }i>o0 such that 0 <o <t; <tz <...,z; € E, and endow
it with the o-algebra H generated by the projections Ty, (h) = t, Xpn(h) = z,. T,
are interpreted as event times, and the marks X,, describe the corresponding events.

A marked point process on the real line is a measurable map from a probability
space (2,F,P), into the canonical history space (H,H). As usual this induces
the image probability measure on (H,H). We speak of canonical realization of the
m.p.p. when Q@ = H and the map is the identity.
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Define the counting processes N(w,t,A) = > 14(Xn(w))1j0,4(Tn(w)). Intro-
=1

duce on 2 the filtration given by the o—algebraz_ft = o(Ns(B) : s < t,B € €).
We complete the o-algebree F and F;, t > 0, by the sets of P-measure zero. This
technical step is to ensure that P-modifications of adapted processes are adapted
(see Jacod & Shiryaev 1987, chapter 1). The predictable o-field P on [0, 00) x Q is
defined as the o-field generated by the sets {(w,t) : f(w,t) € B} where f are {F;}-
adapted, left-continuous, real valued processes, and B are Borel sets. Predictable
processes are P-measurable functions on [0, c0) x €.

The Doob-Meyer decomposition theorem (see Jacod & Shiryaev 1987, chapter 1)
tells that up to indistinguishability there is a unique predictable increasing process
A(w,t, A) such that N(w,t,A) — Aw, t, A) is a (P, {F¢})-martingale. {A(w,t,4)}
is called the (P,{F:})-compensator of the counting process {N(w,t,A)}. Since
AN (w,t,E) <1, it follows that AA(w,t, E) <1 P-almost surely.

Note that a compensator A(w,t,dz) is a kernel such that

(7) for each fixed A, A(:,-, A) is a predictable increasing process,

(it) AAN(w,t, E) <1,

(4i1) for fixed w,t, A(w,t,-) is a positive measure on the mark space (E, £).

If the compensator A(w,dt, A) is absolutely continuous w.r.t. the Lebesgue
measure on the real line for each A € £, we define the intensity measure process as

dA([0,t],w, A)

At,w, A) == p

(12)

The intensity process is a nonegative predictable process, and it has the follow-

ing interpretation:

P(Nt+h(d$) — Nt(dﬂ}) >0 | ft)(&))

At,w,dz) = ’1113%) o . (13)
A useful expression is
AMw, t,dz) = A (w) Pt (w, dx) (14)

where \;(w) = Aw,t,E) and ®;(w,dr) = Mw,t,dz)/\w,t, E)~! is a probability
measure on (E, ). It follows that @1, (w, A) = P(X,, € A | Fr,-)(w) (see Brémaud
1981, chapter VIII).

The Doob-Meyer decomposition’s existence theorem has the following counter-
part for marked point processes:

Theorem Given a kernel A(w,t,dz) defined on a canonical history space {2 =
H satistying (i), (i), (4i7), there is a unique probability distribution P on € such
that {A} is the (P,{F:})-compensator of the marked point process {N}. The
construction is given in Jacod (1975).
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Typically we will assign a probability measure P to the m.p.p. by giving its
compensator (its intensity measure, when we assume that the compensator is ab-
solutely continuous).

Consider now the following situation: the mark space is the union of two disjoint
sets B = EU E, where the marked points with mark in E are observable and those
with mark in E are unobservable. In other words, the information available to the
observer is carried by the smaller filtration {G;}, where G; = o(N4(B) : s < t,B C
E)C F.

Our goal will be to evaluate the conditional expectation Ep[f | Gi](w) of some
P-integrable function f on 2 for fixed ¢ and w.

At this point we take a brief technical digression:

Proposition (Disintegration theorem, can be found in Dellacherie & Meyer
1975, chapter IIT)

Let © be a probability measure on a separable metric space (S,S), let T a
measurable map from S into (U,U). Let #T~! be the image probability measure
on (U,U). If U is countably generated and contains all the singletons {u}, then
m has a T-disintegration, i.e. there are measures {m, : u € T(S)}, such that for
7T~ 1-almost all u, 7, is a probability measure concentrated on {z : T'(z) = u} such
that for any f € LL(S) we have

s

(@) [ f(@)mu(de) = Ex(f | T = u), and

@) [ i@t = [ ( / f(w)wu(dw)>7TT_1(dU)-
S

u s

In particular 7, (dz) is a regular version of the conditional probability w.r.t. o(T).

Since the mark space F is assumed to be a separable metric space, the canonical
history space H endowed with the so-called Skorohod’s topology becomes a sepa-
rable metric space and the Borel o-algebra coincides with the o-algebra generated
by the projections (see e.g. Pollard 1984, chapters V,VI).

This is important because then we can apply the disintegration theorem to show
the existence of a regular version of the conditional probability. In our case, T is
the projection map from the canonical history space H into H, = {(t;,2;) : 0 <
ti <t,x; € E}, and o(T) = G;.

In other words, for our point processes, posterior distributions P(dw | G;) will
always exist.

When ¢ varies over (0,00), Kolmogorov’s extension theorem can be applied
to the family of the posterior distributions {P(dw | G¢)}i>0 to form a probabil-
ity measure valued process on the space of histories H. A deeper result due to
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Aldous (unpublished manuscript; see Norros 1985), concerns the existence of a ver-
sion {7;(dw)} of the posterior probability process which is right continuous with
left limits with respect to the topology of weak convergence of measures, and jumps
together with the observed process {N(t,w, E)}. These facts are discussed in Nor-
ros (1985), Arjas et al. (1992). These authors have studied the filtering problem
dynamically in time, deriving recursive equations and solutions for the prediction
process.

At this point, we shall take a rather different approach and approximate, by
Markov chain Monte Carlo, the posterior distribution of the m.p.p. given the in-
formation carried by the observed part {N(s,w, E)}(sgt); up to a fixed final time
t.

It is somehow troublesome to write down an explicit general expression for the
Hastings-ratio when the state space is a space of m.p.p. histories, without making
more precise assumptions on the structure of both the m.p.p. and the proposal
kernel.

Geyer and Mogller (1994) give a “birth and death” version of the Metropolis-
Hastings algorithm for a point process which admits a density with respect to the
Poisson measure. This is simple and general enough for many applications. Similar
versions of the Metropolis algorithm have been used in the original papers forming
this thesis.

Recall that if u is a finite measure on a locally compact Hausdorff space S, then
the p-Poisson measure on the space of point configurations S is

Poisson,, (dz) = i eXp(zwék,"(z)u(dsl) ® ... p(dsk). (15)

k=0
This means that, under the Poisson measure, the number of points n(X) is a u(S)-
Poisson random variable, and conditionally on n(X), the points Si,...,Syx) are
iid. r.v.’s with distribution u(ds)/u(S) on (S,S). The definition is extended also
to the o-finite driving measures .

We briefly describe Geyer and Mgller’s construction. Let X be a m.p.p. with
density p(z) with respect to the p-Poisson process, where p is a measure on S =
(0,00) x E. Consider the following proposal transition kernel Q(z,dy). Starting
from a generic configuration of the marked point process, say = {s1, ..., i}, with
probability 1/2 add to the configuration one random marked point s;4; sampled
from a probability distribution ¢({s1,...,sk};s)u(ds), proposing the configuration
y = {s1,...,8k, Sk+1} (upstep). Here, for a configuration {si,..., s}, we denote
by ¢({s1, ..., sk};-) the probability density of the proposed new-born marked point,
w.r.t. the measure g on S. For example, if u(S) < oo, we may use the constant

density ¢ = u(S)~t.
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Otherwise, if n(z) > 0, delete the last marked point s, proposing the configu-
ration y = {s1,...,sg—1} (downstep).

It is not too difficult to check that the Hastings ratio is respectively

»(y) 1
, for the upstep,
p(z) (n(z) +1)g({s1,- .., 8k}; 8k41) pStep
_(y; (®)g({51,---,5K-1}; SK) , for the downstep.
x
Now consider a transition kernel given by a random transposition of (s1,...,sk),

which switches the last point s with sy, where I is a random index sampled uni-
formly in {1,...,k}. The target distribution p(x)Poisson,(dz) is invariant for this
transition kernel, just because a point configuration is the same configuration after
a permutation of its points. Therefore, we may as well compose the “birth and
death” Metropolis Hastings with a random transposition and propose for deletion
a randomly chosen marked point instead of the last one.

Note that in order to implement the algorithm, it is enough to know the density
p(z) up to a normalizing factor. This is an useful feature of the Metropolis-Hastings
algorithm.

1.5. Change of measure.

Let P and P’ be two probability measures on the space of m.p.p histories (H,H),
and let (A), (A") be the corresponding compensators with respect to the canonical
filtration generated by the m.p.p. Then P' <« P iff A'(w,dt,dz) € A(w,dt,dx) as
random measures on (0,00) X E for P-almost every w, and AA(w, ¢, A) = 1 implies
AN (w,t,A) = 1 P-almost surely. In such a case, the following expression holds for
the likelihood ratio (known as Jacod’s formula, given in Jacod, 1975):

dP' | F
L; = !
T AP |5
— o= N (Wt E)+A%(w,t,E) (1-AAN(w i X,
(] H ( —AA H A WJTZJXz)a (16)
5<t,52T; T;<t

where we denote by P |z the restriction of the probability measure P to the
o-algebra F;. If A(w,dt,dz) = A(w)dt ¢(w,z)p(dz) P-almost surely, for a fixed
measure p on (E, &), then P |, is absolutely continuous with respect to the Poisson
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process on [0,t) x E, driven by the measure dt ® p(dz), and (16) can be written as

dP' |7, At ¢'r, )
1, =11 [AT or, (X ]exp( /A d“/A ds) (17)

T; <t

Now suppose we have a m.p.p. and we have specified the distribution P by as-
signing as its intensity a given non-negative predictable process A(w, ¢, A). Suppose
the mark space is the union E = EUE of disjoint observable and unobservable
parts. Denote by H and H the respective observable and unobservable histories.
By construction, these history processes have a density w.r.t. to Poisson processes
defined respectively on (0,t) x E and (0,t) x E. In other words, the joint measure
is proportional to

p(H,, H,) Poisson(dH,) Poisson(dH;), (18)
where the joint density is given by Jacod’s formula: p(Hy, H,) =
[I  A@ | Bre Hro)én (R | e, Hy,_)e™ Jo AoF fi)is
i:TiSt,Xi ek
II @ | Hr_ Az )¢r (X | Hro, Hr,2)e™ Jo MoBIHam a-)ds
i:TiSt,X,'EE'
By Bayes’ formula (2), it follows that up to a constant factor
P(dﬁt | ﬂt) 0.8 p(ﬂt,ﬁt) Poisson(dI{It). (19)

Therefore, the birth and death algorithm of Geyer and Mgller can be applied directly
to sample the unobserved history H; from the posterior distribution.

A simple example is contained in the original paper [I], where the intensity rate
of the observed failure process H is the piecewise constant process

Aw,t, Foo) = Z L (), Fipa ()] (OXi(w)R(t—,w, Hy), (20)

where R(t—,w, H;_) = #{individuals at risk just before time ¢}, and the marked
points (Tj, 5\1) form the unobserved m.p.p. (N;). Under the prior distribution, the
sequence (T;) forms a standard Poisson process and the sequence (};) is Markovian,
having a density with respect to the Lebesgue measure.

1.6. Smoothing Lévy process priors.

An alternative and elegant way to model the cumulative hazard A;(w) is by using
a positive Lévy process (X;), which is a process with non-negative independent
increments.
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Processes with independent increments were first studied by De Finetti, and
the main results were found by Lévy and Khintchine (see Lévy 1957, chapter 5).
On this subject, we refer to the monograph of Kingman (1993), chapters 3,8,9.
For a complete exposition on Lévy processes, see the books by Feller (1971), and
Skorohod (1991).

When the increments are non-negative, the Lévy-Khintchine representation for-
mula for the Laplace transform of the random measure X; = X ((—o0,t]) can be

written as

oo

E(exp{—/tf(y)dX( —exp{ /f )dp(y +/t/ Zf(y)—l)%L(dz,dy)}

(21)
where g is a measure on (—o0, +00), and L(dz,dy) is a measure on (—oo, +00) X
(0, 00) which is called the Lévy measure of the process (X;).
It follows that X is finite with probability one if and only if u((—o0,t]) < oo
and

t oo
/ /mln Z, 1 L(dz,dy) < oo, (22)
—oo 0

otherwise X; = oo almost surely. For example, a gamma process driven by the
measure da with scale parameter 8 has increments (X; — X) which are independent
on disjoint intervals, with distribution gamma(a([s, t]), 3); the Laplace transform is

B (exp{ / F)X (dy)}) = exp{— / / WS 1) ez aldy)),  (23)

where the Lévy measure is given by L(dz,dy) = e=*/Pdz @ a(dy).

Formula (21) has the following interpretation: the process (X;) can be repre-
sented as the sum of a deterministic increasing component u((—o0,t]) and a com-
pound Poisson process. In fact, let & = {(Z;,Y;) : i =1,...,N(§)} be a Poisson
process on (0,00) x (—oo,t) driven by the measure 2 1L(dz,dy). Note that the
number of points N(§) in ( 00 t) (0, 0) is possibly infinite and N(§) < oo al-
most surely if and only if f f 2 'L(dz,dy) < oo. Consider the compound Poisson

—o0 0
process

N(E)
Vi =V ((—00,1]) : Z Zidy,. (24)

(o)

Even in the case where N(§) = oo a.s., under condition (22) the series ) Z; is still
i=1

almost surely convergent. By Campbell’s theorem (in Kingman 1993, chapter 3),
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the Laplace transform of the process (V; + p¢) coincides with the Laplace transform
of (X¢) given by formula (21), and it follows that these two processes have the same
law.

By a deeper result, due to Blackwell, (X; — p;) is almost surely a purely dis-
continuous process, which can increase only by jumps (this is discussed in Kingman
1993, chapter 8). For example, take a gamma process driven by the Lebesgue mea-
sure with constant scaling function: with probability one, on any bounded interval
it consists of a series of infinitely many point masses, where the sum of the masses
converges to a gamma distributed random variable.

Note also that expectation of functionals of the Lévy process can be computed
by using the moment generating function given by (21).

Now, suppose that (T;) is an exchangeable sequence of positive random vari-
ables, which are conditionally i.i.d. given a positive Lévy process (X;), with common
cumulative hazard A; := X;.

It follows that, after a sample T4,...,T,, is observed, the process (X;) is still
a Lévy process under the posterior distribution. This conjugacy property has been
used since the early works in Bayesian nonparametrics by Ferguson (1974), Doksum
(1974), and Ferguson & Phadia (1979), where the explicit expression of the posterior
Lévy measure is derived, which holds also for right-censored survival data. For

example, in the gamma process case with prior Lévy measure

exp{—z/B(y) }dz ® a(dy), (25)

the posterior Lévy measure is

exp{—2z/(B(y) + R(y))}dz © (a + N)(dy), (26)

where R(y) is the risk set at time y and the process N counts the number of observed
(uncensored) points.

A disadvantage of this approach is that often it is an unrealistic simplification to
assume independence of the increments of the cumulative hazard. This is certainly
not appropriate if we assume an underlying piecewise continuous hazard rate curve,
which will not match with a compensator increasing only by jumps.

A way out is to take a convolution of the positive Lévy process (X;) with a
kernel K (¢,ds), obtaining the cumulative hazard process

A w) = /K(S,I)X(ds,w). (27)

If the kernel is absolutely continuous, say K (t,ds) = k(t, s)ds, then the cumulative
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hazard (A;) admits an intensity process

At,w) == / k(s,t) X (ds,w). (28)
We assume that, for every ¢,
t oo
/ /mm{k ty)z, 1}2 L(dz dy) < (29)
—oo 0

so that almost surely A(t,w) < oo.

It follows after observing a right-censored sample of exchangeable random vari-
ables with common random hazard rate (\:), under the posterior distribution the
process (X;) is a mixture of Lévy processes.

Namely, let (T3,¢; 4 =1,..., M) be the right censored sample, where T} is the
last time an individual was seen and (; is 1 in case of observed failure and 0 in case
of right censoring.

Conditionally on the data and the Lévy process (X;), introduce for each 4 such
that ¢; = 1 independent latent random variables S;, with respective conditional
distributions

k(s,T5) X (ds)

Si == .
J k(s',T;) X (ds')

(30)

Then the likelihood for the Lévy process (X;), given the augmented sample
including the latent variables {S; : (; = 1}, is

II %(Si, T)dx (S:) exp{— 7 (7 k(s, u)R(u)du)X(ds)}, (31)

i:¢;=1

where R(u) the size of the risk-set.

Since the likelihood for the increments of (X;) over disjoint intervals factorizes
into separate terms, it follows that, conditionally on the augmented sample, (X;)
is again a Lévy process. Thus, under the (non-augmented) posterior distribution,
(X}) is a mixture of Lévy processes with mixing parameters {S; : (; = 1}. Although
the mixing distribution turns out to be awkward, the posterior distribution can be
sampled efficiently by a Markov chain method including the mixing parameters.

This Bayesian smoothing technique was introduced in the papers by Lo & Weng
(1989), Ickstadt & Wolpert (1995), and it is used in our original paper [IV].
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1.7. Personal views and perspectives.

I would like to conclude with a few final comments:

In our first example [I], to model the intensity of the observed point process we
introduced a parameter marked point process on the same space. This generates
a random partition of the sample space, where the marks define the levels of the
intensity process, which is assumed to be piecewise constant over the partition.
Since the number of points of the parameter process is unbounded, we may well say
that we are working with a countable union of finite dimensional parameter spaces.
Each realization of the parameter process contains only a finite number of points.

It is quite hard to extend this approach to the estimation of the intensity of a
point process on a multidimensional space, just because it is very laborious to work
with partitions in a higher dimensional space (on the plane this is done by Arjas &
Heikkinen 1996).

Personally, I see more possibilities in working with Lévy process priors. This
is a large family of processes, with a very simple structure, which can be defined
on any measurable space. A sampling algorithm is given by Ickstadt & Wolpert
(1995). The basic idea is to use the compound Poisson process structure of the
Lévy process, and possibly to sample the points with bigger mass first. Alternative
sampling techniques have been also proposed by Bondesson (1982), and Damien et
al. (1995).

We have also seen how to introduce dependence and to smooth a Lévy param-
eter process by applying a convolution with a kernel. Given the data, the original
parameter process becomes a mixture of Lévy processes. The posterior can be han-
dled by sampling in turn a conditional Lévy process, given the mixing parameters,
and the conditionally independent mixing parameters, given the parameter process.

It will be interesting to continue in this direction, and apply the Lévy process
and mixture of Lévy processes framework to different structures, for example to
Lexis’ diagrams, and beyond that, to spaces of histories.



3. Summaries of original papers

I. Arjas E & Gasbarra D (1994) Nonparametric Bayesian inference from right
censored survival data using the Gibbs sampler. Statistica Sinica 4: 505-524.

This is, up to my knowledge, one of the first Bayesian works where the Markov
chain Monte Carlo method is applied to a model containing a random num-
ber of parameters. I have discussed these ideas in the previous introductory
section: the observed marked point process contains a right censored sample
of exchangeable lifetimes. We model the individual hazard rate as a piecewise
constant process, which jumps at random times to random levels. The jump
times from a Poisson process while the levels form a Markov chain. A Gibbs
sampler algorithm is used to sample the parameter process from the poste-
rior distribution, and compute the posterior predictive hazard and posterior
predictive survival probability of a new individual. The prior assumption of
increasing hazard is also considered.

II. Arjas E & Gasbarra D (1996) Bayesian inference of survival probabilities, under
stochastic ordering constraints. JASA 91: 1101-1109.

Two right censored survival data samples are observed. The assumption is
that individuals are exchangeable within each group, and that the lifetimes
in the first subpopulation are stochastically shorter than the lifetimes in the
second population. We define piecewise constant priors for the two hazard
processes. By using Markov chains we first construct a coupling of the two
posterior distributions and then we impose the constraint. We also prove a
technical lemma on the ergodicity of a Markovian coupling of two ergodic
Markov chains.

ITI. Arjas E & Gasbarra D (1997) On prequential model assessment in life history
analysis. Biometrika 84: 505-522.
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In this paper the question of model checking for point processes is posed. We
follow the prequential (= predictive-sequential) paradigm of P. Dawid: given a
filtration of available information, a model is a good probabilistic description
of the data when, given the previous observations, it gives a good prediction
for the incoming observations. We discuss a continuous time extension of these
ideas for the Bayesian formulation, considering some simple models. We use
the fact that if 7; are finite stopping times, such that the compensators are
continuous, and P(7; = 7;) = d;5, then the compensators Aj* of 7; taken at
their final times time ¢t = 7;, form a sequence of i.i.d. l-exponential random
variables under P. By computing and manipulating these r.v’s we get both
quantitative and graphical goodness-of-fit methods for the model P. The main
problem is the computation of these stopped compensators. A Markov chain
Monte Carlo algorithm is proposed.

IV. Gasbarra D. & Karia S (1997) Analysis of competing risks by using Bayesian

smoothing. Submitted for publication.

We consider right censored competing risks data, and we model separately
the overall hazard process and cause-specific conditional probability by kernel
smoothing a gamma process and a probability vector valued process piece-
wise constant on a random grid, respectively. The idea of kernel-smoothing
a gamma process prior is borrowed from Lo & Weng (1989) and Ickstadt
& Wolpert (1995). The posterior distribution is approximated by a data-
augmented Gibbs sampler.
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