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1. Of course, we need to assume that f(X,Y) € L'(P). Let us denote (x) := E[f(x,Y)] and let
A € 0(X), thatis A = X !(B) for some B € B(R). Now, by independence and Fubini’s
theorem,

E[14f(X,Y)] = / 15(x)f(x,y)P(X € dx, Y € dy)

_/ 1p(x )P(X € dx)P(Y € dy)

= / 15(x) (/ flx,y)P(Y € dy)) P(X € dx)
_/ 15(x)h(x)P(X € dx)

= E[14h(X )]

Hence, the assertion follows from the definition of the conditional expectation.

2. i) When X; is multiplied by the integrating factor e/, Itd’s formula yields
t t
X = Xo— [ e Xbids + [ edX,
0 0

t t t t
= XO—/ e_SXsbsds+/ e_sXsbsds+/ e_sfsts+/ e °gsdW;,
0 0 0 0

from which we obtain
t t
0 0

ii) First, we define

t fs t gs
B ::/ 7dvs+/ —22dW;
b VPTg 0 V+g?

For its bracket, we have (cf. Exercise 9.2.ii) (B); = t. Since B is, by construction, a local
martingale, Lévy’s characterization theorem implies that it is a Brownian motion. More-
over, by associativity of stochastic integrals,

fs+gs f2+gs
X; = Xo—l-/deS—f—/fs S—I—/gs f2—|— 2 Ws

~X /de /\/52+§d /'7“dv
o+ 0 s0sdS + 0 f g <O %f,%-f—g%, u)s
t .
Su
+ [P +gd ( / dwu>
0 0 \/fit+gh ;
t t
:Xo+/0 Xsbsds+/0 \/ f2 + g2dB;.

iii) First we show that (X, W) is a two-dimensional Gaussian process. To this end, let d €
N\ {0}, t1,..., ts € Ry, aq,...,00 €ER, B1,...,Bs € R,and T := max{t; : i = 1,...,d}.



Now, we can write
d

d d t; d £
Z:= Z(zxiXti + BiW:,) = ZucietiXo + szi/o et fdV; + szi/o el % g dW
i=1 i=1 i=1 i=1
d ti
+Y_Bi / dw,

i=1 /0
d T d

i=1 i=1

T d
+ /0 Y Lo (s) (aie'gs + Bi)dWs.
: i=1

By Exercise 3.5, the stochastic integrals on the right hand side are Gaussian. Since X,
(Vi)i>0, and (W;)s>0 are independent, Z is a sum of three independent Gaussian random
variables, and is thus Gaussian. This shows that (X, W) is a Gaussian process.

For (X,Y), we can write

d

7= Y (X, + BiYi) Z(x X;, + 2/31/ Xieds + Zﬁ W,

i=1

\Mm

W+ /0 XS g (6)eds + Y i,
k=1

where obviously a € L2([0, T]). Now, there exists a sequence (a,,) C C*([0, T]) such that
lla = anll12(j0,17) — 0. By the Cauchy-Schwarz inequality,

<ATXJ$MS_[TX”“”“)2:(AT&OW»—%@»dﬁz

T
B /0 X3ds x ||a — ”nHé([o,T])/

and consequently,

/OT Xsa(s)ds — /OT Xsa,(s)ds

where, by Fubini’s theorem and (1),

T T
B | [ x2ds| = [ ElxClds < 7 (BIG) + (1 Bagomy + s o) < o

T
<E / de:| —ay 2 — 0,

n—oo

Next, we show that fOT X;say(s)ds can be defined as an L%limit of Riemann sums (by
continuity of the integrand, we already know that it exists as an almost sure limit of Rie-

mann sums).! To this end, let 77, := {0 = s(()m) < ng) < e < s,(ﬂm) = T} be such that
lim,,_..c mesh(7,,,) = 0, and define

Z Xsfa” SJ —Sj- 1)-
Now, we have

m m
= L X B Koy an(5j)an(sy) (55 = 5j1) (57 = 57-1),
:1 =1

IFor this paragraph, we follow the lecture notes G. LINDGREN: Lectures on Stationary Stochastic Processes,
available from http://www.maths.1th.se/matstat/staff/georg/Publications/lecture2006.pdf.



which is, for sufficiently large m and m’, arbitrarily close to the planar integral

/T /TE[XsXs/]ﬂn(S)ﬂn(S')deS' = J0
0 Jo

(this holds because the covariance function (s,s’) — E[X;X]] is contmuous — Wthh one

can check by computing E[X;Xy|). Now, let ¢ > 0 and 7 be such that ]E[ b 751/)] — ]| <
¢/4 for all m, m’ > m. Hence, for any m, m’ > i we have

0 < El(5y — 1)) = [B[1 1) — E[1 >] — [ 1) + B[ 1))
< B[ L)~ Bl H+|E[ 1) - B[ 1))
< (B[ 1) — |+|E[ 1| — g
+ [BIL 1 — 1)+ (B 1)) — 1] <ce.

This shows that (I,Sf) )%_, is a Cauchy sequence in L?(Q2), and hence

m 12 [T
—— / Xsan(s)ds
m—00 0
Now we can write

Z/:LZ_JEEO{LZ_%E%O<Z“Xt —|—I +Z,3Wt>}

=1

where

d m d
sz Xy, + Iy + Z BiWs =) _aiXy, + ) Xsan(s;) (s —sj-1) + ) BiWi,
i=1 i=1 j=1 k=1

which is a Gaussian random variable, since (X, W) is, as we showed, a Gaussian process.
Now, recall that the set of Gaussian random variables on () is a closed linear subspace of
L%(Q) (see the solution to the Exercise 5.3). Hence Z’ is Gaussian, and thus (X,Y) is a
Gaussian process.

. i) For simplicity, let us take k = 2 (for larger values of k, finding an Itd representation
of h(Wr) is a more involved task — the point of this exercise is how to apply Girsanov’s
theorem). Using Itd’s formula, we obtain

T
W2 =T+ / 2W,dW,.
0
Hence,

7th,

dPr  E[W

dp: w2 2W,
I — = 1+/ *

from which we obtain

dp.
dpr

t
ft]—1+/ 2Ws

ii) By Girsanov’s theorem,

t
W = wt—/ D-'d (W, D),
0 ~—

__ s 2Wydu
—Jo T

t 2Wsds t Wsds
=W _/ S oW, = Wi — / T 5
o T(1+ [, F=dW,) Jo 3+ [y WudW,




defines a local P%-martingale (W}") tefo,7]- Hence, the drift of (W;) under the measure P is
given by the process

/ Wsds
0 7+ Jo WudW,

Remark 2. By Lévy’s characterization theorem, W is a Brownian motion under the mea-
sure P%.

. 1) We will obtain an expression for E[exp(Ar)] in as a ‘by-product’ in part ii. Hence, we
will omit the computation at this point.

ii) Integration by parts yields

At:/otwsd (/O'f(u)du>s:ctwt—/otcsdws—wi

N—— =0
=:Cs

t
:/O(ct—cs)dws

— /Ot /stf(u)dudws.

exp(Ar) = exp (/T /Tf(u)dudWs>
— exp ( / (/ Flu du> ds) £ (/0 /sTf(u)dudW5>T

Now, since the stochastic exponential is a (uniformly integrable) martingale starting from
unity, by Novikov’s criterion (see REVUZ-YOR, Proposition VIII.1.15),

E[exp(AT)]—exp< / (/ Flu du) ds)E[E (/O /sTf(u)dudWs)T]
=1
— exp (; /OT (/STf(u)du>2ds> .
Consequently,
5 [dPA 7l ] =B [z:| 7] = (/ / Flu dudWS> .

dPr

Hence,

By Girsanov’s theorem,
t ~ ~
WA =w, - [ Dla(w, D).
0

defines a local P4-martingale (W{“)te[O,T]. Now, recall that

. t . t
D, =& (/ Fdes> _ 1+/ £ (/ Fuqu> E.dW, — 1+/ D.EdW,
0 t 0 0 s 0

(see Exercise 6.1). Hence,
ot
(W, D); = / D.F.ds,
0

and moreover, the drift is

| prtaw, by, = [ il (/ DuFudu> = [ Ras
0 0 0 s Jo



5

Remark 3. Analogously to Exercise 3, by Lévy’s characterization theorem, W# is a Brow-
nian motion under the measure P4.

. First, write
dP}%’A _ h(Wr)exp(Ar)  h(Wr)E[exp(AT)] exp(Ar) dP}%’A dP?

dPT - E[h(WT) exp(AT)] a E[I’l(WT) exp(AT)] E[exp(AT)] N dP? dPT ’
In the previous exercise, we showed that

Wt = WtA + ay, (4)

where (WtA>te[0,T] is a Brownian motion under P4, and a; = fot F;ds. In particular, we note
that the drift « is deterministic. Now, it suffices to find the drift of W4 under the measure
PI%A. To this end, we should find a martingale representation for dPI%’A /dP#. However,
this is straightforward, since

h(Wr) = (Wi +ar)® = (Wf)? + 2Wiar + af
T T
— / DWAAWA + T + / 20rdWA + a2
0 0

T
= / 2(WA + ar)dWA + T + a3
0
Hence,

dPh A

dp4 dpr4

D;:=E
f Pé[ T—I—(x

ft]_

since &y is deterministic, F, W — =F W), By Girsanov’s theorem
y

h,A
[dPT

t2WA x

Wi = Wit —/0 D7ld(D, W,

— WA /t (WSA + DCT)dS
=WA -
0 T 4 [S(W + ar)dWi
defines a Brownian motion (WtA’h )tefo,r] under P?’h. Together with (4), this shows that the
drift of W under P‘}"h is given by

. A
at / - (W + OCT)dS
0 aT + fO —|—[XT)dWA




