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Abstract

If the population is large and the sampling mechanism is random, the haploid coalescent is com-
monly used to model the haplotypes in the sample. Ordered genotypes can then be formed by
random matching of the derived haplotypes. However, this approach is not realistic when (1)
there is some systematics in the matings (e.g., in animal breeding populations), or (2) the popu-
lation is small and/or the individuals in the sample are ascertained by applying some particular
non-random sampling scheme, as is usually the case when considering the statistical modeling
and analysis of pedigree data. For such situations, we present here a data generation method
where an ancestral graph with non-overlapping generations is first generated backwards in time,
using ideas from diploid coalescent theory. Alleles are randomly assigned to the founders, and
subsequently the gene flow over the entire genome is simulated forwards in time by dropping
alleles down the graph according to Haldane’s recombination model. The parameters controlling
the mating behavior of generated individuals in the graph (degree of monogamy) can be tuned
in order to match a particular demographic situation, and is not restricted to simple random
mating.

The performance of the approach is illustrated with a simulation example. The software (writ-

ten in C-language) is freely available for research purposes at http://www.rni.helsinki.fi/~dag/.

Keywords: diploid coalescent, chromosome simulation, complex pedigrees, Dirichlet distribu-

tion, Pélya urn



Introduction

Simulation methods are generally used to answer questions which are not analytically tractable.
Traditional population simulation programs create pedigrees (generations) forwards in time,
starting from the founders of the population (Terwilliger et al., 1993; Hampe et al., 1998; Ol-
likainen, 2002). In contrast, simulation programs based on haploid coalescent theory (Kingman,
1982; Hudson, 1993; Griffith and Marjoram, 1996; Fu and Li, 1999; Nordborg and Tavaré, 2002)
start from a sample belonging to the youngest generation and work backwards in time. The
mathematical properties of diploid coalescent models have recently been studied by Mohle and

Sagitov (2003).

Also the application areas of these methods are different. Forward algorithms (with recombi-
nations) are used in population genetics typically over tens, or perhaps hundreds, of generations.
The following types of tasks can then be considered: (1) computation of P-values for different
statistics (e.g., length of shared segments) (Churchill and Doerge, 1994; Davies et al., 1995; van
der Meulen and te Meerman, 1997; Zhao et al., 1999), (2) utilization in power calculations (Long
and Langley, 1999) and design of experiments (including controlled mating schemes, see Luo
et al., 2002),(3) study of population genetic forces or events (selection, migration, genetic drift,
linkage disequilibrium, or segregation distortion), (4) study of population substructures (Pfaff et

al., 2001), and (5) creation of simulated data sets for method comparison and testing.

Coalescent algorithms, with mutations as the driving mechanism, are mainly used in phylo-
genetics and in the study of population genetic parameters, such as effective population size and
mutation frequency, but they have been applied also for studying linkage disequilibrium (Z6llner
and von Haeseler, 2000) and for gene mapping (Larribe et al., 2002; Morris et al., 2002). The
typical object of study is then the evolution of a narrow DNA segment in a time-span of tens of
thousands of generations. A nice feature in backward simulation is that the constructed pedigree
contains only the ancestors of the individuals in the study sample. Branches which have become

extinct or which have offspring only outside the study sample are not generated at all. This



automatic “cut-off” property allows fast simulations.

Here we present a two-stage simulation method where an ancestral graph with non-overlapping
generations is first generated backwards in time, using ideas from diploid coalescent theory. Alle-
les are assigned randomly to the founders, and subsequently the gene flow over the entire genome
is simulated forwards in time by dropping alleles down the graph according to Haldane’s recom-
bination model. This simulator can be used for similar purposes as forward simulators, but it is
especially useful in simulating ancestors of sampled individuals in the following situations: (1)
Simulating an ancestral graph, or a set of extended families, in a large population. (2) When
there is non-random mating in the population. (If the population size is moderate to large, the
savings compared to simulating the entire population can be large in case reproduction in the
population is mainly through a few dominant individuals, making the effective population size

small.) (3) Simulating a sample from admixed populations or under an island model.

Once a pedigree has been generated it is possible to include phenotypes by sampling values
from a given genetic model, where some markers are treated as genes. Note that this differs
from the approaches of Podlich and Cooper (1998) and Chung et al. (2003), which used genetic-
model-based simulation; see also Gauderman (1995). In order to illustrate the present simulation
method, we provide an example where the expected average haplotype sharing around each locus
is estimated for a given set of loci. This is done for an ascertained subsample from the youngest
generation, consisting of individuals whose continuous phenotype value exceeds a given threshold.

The expected average haplotype sharing will show a signal at the trait locus.



Methods

A Model for the Graph and the Backward Simulation Procedure

This is a discrete time model in which reverse time ¢ runs from 0 (the youngest generation) to 7’
(the founder generation). Our starting point is a demographic process (N/, N/ : t =1,...,T),
where V] and N} are the numbers of males and females in the population ¢ generations ago.
Depending on the assumed knowledge, we can either treat the demographic process as given or
consider it as random with a given dynamics.

We start from a sample of n individuals belonging to the youngest generation (descendants)
of the pedigree (t = 0), with the sample size being given by n = ny. Our goal is to construct a
random ancestral graph containing all the ancestors of the individuals in the sample up to the
T™ generation. Note that maximally there are altogether N/ - NI possible pairs of parents. We
shall assign to each of the n individuals in the sample a mother and a father from the females
and males belonging to generation 1, by using a Pélya urn scheme (Blackwell and MacQueen,
1973). To make such a graph more realistic, parameters o and  can be tuned to control the
mating behavior and to enforce a desired degree of monogamy.

Paternal assignment: We start by assigning inductively fathers to the children. The first
father is the father of the first child. Suppose that after k¥ < n stages, the first £ children have
been assigned F'(k) fathers, with F'(k) < k. At this stage the F'(k) fathers have been assigned,
respectively, Cy(k),...,Cpx)(k) children, where C;(k) > 1 and ljgl) Ci(k) = k.

Then the (k+ 1) child can either be assigned to one of the F'(k) fathers already selected, or
to a “new” father who was not yet assigned to any child. Under our model, these two possibilities

have respective probabilities

Nia+k’

a(Ni — k)
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After n stages of the algorithm have been completed each child in the sample has been assigned
to one the of F(n) < n fathers, and the i*® father has C;(n) children. This is equivalent to first
sampling a random N{-dimensional probability distribution 7 from the Dirichlet(c, .. ., «) distri-

bution and then, conditionally on 7, sampling the parental assignments from the Multinomial(n, )



distribution. Here the parameter v > 0 tunes the dependence of the parental assignments. In
particular, the value & = oo corresponds to the multinomial distribution, where each child
chooses his or her father randomly among the V| candidates. Otherwise the parental choices
become positively correlated, a small value of a corresponding to a mating type where only a
few dominant fathers will reproduce and then have large numbers of offspring.

Maternal assignment: Next we assign inductively mothers to the children. The first
mother is the mother of the first child. Suppose that, after k& < n steps, the first k£ children have
been assigned to M (k) < k mothers. From the earlier development we know already that the

(k + 1) child has been assigned some father indexed by I = I(k+1) € {1,..., F(n)}. Denote
Ci;(k)= number of children of the 7** father who after & steps have been assigned to

mother j < M(k).
Then the (k4 1) child can either be assigned to one of the M (k) mothers already selected,
or he/she can find a “new” mother who was not yet assigned to any child. Under our model,

this happens with respective probabilities

+ Cyj(k . Ni — M(k
b M(g( ) i1 M), and 2 L (k) 2)
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The parameter 3 > 0 regulates the mating process, so that 8 = oo corresponds to random
mating, and for small values of 8 the model is more likely to produce nuclear families where pair
formation is permanent (individuals tend to have only one spouse).

In particular, the choice & = SN} corresponds to a model in which one first samples an
N{ - N{'-dimensional random probability vector 7 = (m;; : ¢ = 1,...N{,j = 1,...,N{) ac-
cording to the Dirichlet (3,...,3) distribution, and then, conditionally on =, children are
assigned independently to their parents by drawing pairs (i,7) from the distribution 7. Un-
der this special choice, the probability of sampling a particular parental configuration with

(Cij(n);i=1,...,N{,j=1,...,NY) is given by

L(BNINY) MM 5+Cw( )
T(ENINT + 1) ,HUHI Gyl



where T'(.) is the gamma function. For § = oo this corresponds to multinomial sampling from
the distribution in which all m;;’s are equal.

When all children in generation ¢ = 0 have been assigned to parents, we set t = 1, n =
n(t) = Myu—1) + Frp—1) and move to the next generation. The algorithm is continued until T
generations has been completed.

Within this framework it is possible to impose additional constraints, like avoiding mating
between siblings or half-siblings. Then, as time runs backwards, a couple who have a common
child cannot have a common parent. The parameters «, 8 can be estimated from real population

data by using maximum likelihood (see the Appendix).

The construction outlined here defines the distribution of the ancestral graph G with ng roots.
Figure 1 shows a pedigree consisting of 131 individuals in 7" = 8 generations with ng = 8 individ-
uals at the root, and constrained to avoid mating between half and full siblings. The population
was assumed to grow linearly according to N = N} =7x (T —t+1),t=1,...,8, and the

mating parameter values were chosen to be § = 0.01, and (in generation t) o = SN/

(Figure 1 will be placed here)

Sampling the Meioses

All founders are assumed to exist at the very start of the population. The founder haplotypes
are sampled independently from a known distribution by assuming that the founder population
is in linkage equilibrium, or that founders come from a mixture of populations, where there is
linkage equilibrium within each. Conditionally on the ancestral graph G, offspring haplotypes
are sampled conditionally on the haplotypes of the parents, following the usual Haldane’s recom-
bination model for a given genetic map (cf. Uimari and Sillanpad, 2001, eq. 2). This is done in
all generations, down to the youngest one.

To deal with population admixtures in the founding generation, we can consider a finite

number of subpopulations, with different allele or genotype frequencies. Then each founder
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is assigned randomly to a subpopulation and its haplotypes are formed by sampling from the

corresponding allele (genotype) frequencies under linkage equilibrium.

Extension: Including a Population Substructure to the Ancestral
Graph
Here we propose a simple extension of the ancestral graph comstruction, which is compatible
with an island model.

Suppose there are J islands, each with a known demographic history, and denote by N/(j), N/ (j)
the numbers of males and females in the ;" island population ¢ generations back. Children are
allowed to choose their parents from any island, and moreover the parental choices of children
belonging to different islands are assumed to be stochastically independent. Let n(j) be the
number of individuals in the sample who belong to the youngest generation and live in the ;™
island, with n = én(g)

Suppose the ;i;st child in the sample belongs to the ;' island. With a probability that is
proportional to a;, Ny (h), the first child from the j™ island is assigned a generic father from the
h*" island. Here ajj; > 0,4,1 € {1,...,J}, and it is natural to assume that a;; > ayy for h # j.
For a general step of the induction, suppose that the first & children from the j** island have
already been assigned to F(j, k) fathers. Fori=1,..., F(j, k), let H(Z) be the label of the island
where the i*® father lives, and let C;(j, k) be the current number of children of the i father and
belonging to the j* island. Then the (k + 1) child belonging j*® island chooses the i*" father
with probability

ajni) + Ci(j, k) _
V() + &

We postulate an analogous mechanism for the choice of mothers. The (k + 1)** child from the
7™ island with father labeled by i chooses the [*" mother belonging to to the H(l) island with
probability

Binw + Ca(J, k)
7
h¥1 BinNT (h) + Ci(4, k)

)



where Cj;(j, k) is the current number of common children of the i*" father and the {*" mother
and belonging to the j* island. Of the matrix (8;,) we assume that 8;, > 0 and ;; > 3;;, for
h # j.

Once we have generated the ancestral graph, we can assume different allelic frequencies at

the founder level for each island population.

Example: Computation of Expected Average Haplotype
Sharing

Since we have here excluded the possibility of mutations, at each locus, an allele sampled from
the youngest generation must be identical by descent (IBD) with some allele in the founder
generation. Moreover, around each locus, there is an entire IBD-segment which is inherited
together with the considered allele and is an identical copy of the corresponding segment of
the ancestor’s haplotype. As the number of generations increases, the trasmitted IBD-segments
become shorter due to recombination (erosion).

On the other hand, if the population has been growing and one considers increasing values
of T', the number of ancestors belonging to the founder generation tends to become smaller, and
thereby the probability that two segments around a given locus are IBD increases (increasing
founder effect ).

These effects can be studied using our simulation procedure. Namely, when alleles are trasmit-
ted from one generation to the next, for each haplotype we only need to record the extremes of
the IBD-segment around every locus.

Considering two distinct haplotypes (i and j) and a given locus [, we say that their sharing
sij(1) is zero if the corresponding alleles at locus [ are inherited from different founder haplotypes,
otherwise s;;([) is the length (in genetic distance) of the corresponding overlapping IBD-segments.
The haplotype sharing statistic (HSS) at locus I computed from the sample of size n is then

defined as the average sharing between all distinct haplotype pairs in the sample:

HSS() = ooy 2n1_ 5 ézsiju)

(cf. the statistics considered in van der Meulen and te Meerman, 1997, and te Meerman and van
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der Meulen, 1997).
Consider now the following simple “dose effect” model for a monogenic trait: individual 7 will

have phenotype ¢; according to

¢; = ﬁgl{wu:Aa} + 2ﬁ!]1{$il:AA} + &,

where [ is the gene position (trait locus) on the marker map, z; is the corresponding genotype,
B, is the genetic dose effect of allele A, a refers to all other alleles except A, and ¢; is a standard

normal random variable.

At generation 0 we sample the haplotypes and the phenotypes of ng individuals, and then
consider a subsample of “affected” individuals by selecting those with phenotype value ¢ larger
than a given threshold 7.

We considered two examples, one with genetic effect 3, = 10 and threshold 7 = 5, (Figure
2a) and one with genetic effect 5, = 1 and threshold 7 = 1, (Figure 2b).

In both cases we monitored 50 multiallelic marker loci, which were equally spaced at intervals
of 5 centiMorgans. The trait locus was set between the 20" and the 21%° marker loci.

We computed the expectation of HSS(/) as a function of [ by averaging over 1000 simulation
replicates. For the individuals in the selected subsample, we can see that the expected HSS curve
has a peak exactly at the trait locus (Figure 2), while for the complete sample the curve stays
virtually constant. To illustrate the erosion process, expected HSS curves were calculated for
different numbers of generations (7" = 10, 20, 70). In this example, the expected HSS() values in-

crease with the number of generations, suggesting that the founder effect is stronger than erosion.

(Figure 2 will be placed here)
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Discussion

In forward simulation it is common to determine the distribution, or compute the expectation,
of some summary statistic by considering a large number of simulated data sets. As was il-
lustrated above, the same goal can be achieved by our two-stage procedure, which however is
computationally more efficient since only the ancestry of the study sample needs to be generated.

The method proposed here is flexible and allows one to consider simulations of natural pop-
ulations, as well as controlled line crosses like advanced intercrossed lines (Darvasi and Soller,
1995). The linkage disequilibrium patterns in simulated chromosomes of such populations can
be studied in a detailed fashion using preferred marker maps and by following the route of
transmission for each allele in the generated sample.

In order to arrive at realistic ancestral graphs, the mating parameters a and § should be
estimated from real data. Such a method, based on parent/child data from two generations, is
described in the Appendix. In case the sample is ascertained based on a phenotype these mating
parameters do not generally coincide with the mating parameters of the ancestral graph that
would arise from a randomly sampled individuals. To rule out matings between close relatives
one can impose corresponding constraints for the ancestral graph. Extended families of a few
generations and without marriages between can be simulated introducing such a constraint, but
will result in practice also if the population size is large. The offspring from controlled matings
of inbred lines can be obtained with present approach by assuming that the founder haplotypes
come from a mixture of populations with fixed allele frequencies (a single segregating allele) in
each.

When the sample is ascertained from a larger population on the basis of a disease phenotype
a larger random sample is generated first and a subsample of ”affected” individuals is then
collected. However, the present approach will become computationally untractable if the disease
is rare, because the first sample has to be so large. A more realistic approach for reconstructing
ancestral graphs and geneflow in the chromosomes containing the trait loci of a rare disease can
be based on the simultaneous consideration of geneflow and ancestral graph, conditionally on

the genetic data from the present generation.
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A haplotype sampling approach using observed marker data as the starting point and based
on explicit modeling of the whole recombination process was recently described by Kuhner and
Felsenstein (2000), see also Stephens et al. (2001). We are currently extending the present
methodology in a comparable manner, developing a Markov chain Monte Carlo algorithm to
sample the ancestral graph and the allelic paths conditionally on the data. Possible applica-
tion fields for such an approach include genotype elimination (Du and Hoeschele, 2000; Heath,
1998), relationship estimation, haplotype estimation from population data, and gene mapping
by combining pedigree and linkage disequilibrium information (Perez-Enciso, 2003).

The simulator described here was used to generate test data for the association mapping
method in Kilpikari and Sillanp&é (2003). The program source code (written in C language) can

be downloaded freely for reseach purposes from Rolf Nevanlinna Institute’s web page

(http://www.rni.helsinki.fi/~dag/).
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Appendix: Maximum Likelihood estimation of mating pa-
rameters

Here we comment briefly on the possibility of obtaining the values of the simulation parameters
a and B from the data. These parameters control the mating behaviour of individuals within
the graph (i.e., degree of monogamy).

Assume the following model: we have a sample consisting of two generations, n children and
d fathers. For a parameter value a > 0, we consider a d-dimensional random probability vector
7w = (m,...,mq) = Dirichlet(c, ..., «). Then, conditionally on 7, children choose independently
their father by sampling from the distribution 7.

Denote N; := #{ children of i® father}, i = 1,...,d, and let C(k) := #{i < n: N; = k} be
the number of fathers with £ children.

Since the Dirichlet and multinomial distributions are conjugate, we can integrate out 7 and

compute the likelihood for the parameter a:

n! I'ad ae a—
L((X,’I’L,d) = NI'Nd' F(a/)d /S'd_l’ﬂ'{vl—'— 1.“7_‘_;;Vd+ ldﬂ'l...d’ﬂ'd
n! Fad) T(a+Ny)...T'(a+ Ng)

(
N1...Ng " T(a)d ™ T(ad + n) ’

where the integral is over the (d —1)-dimensional simplex Sy 1 = {z € [0,1]¢: 2, +...+z4 = 1}.

Noting that

F(a+N1)...F(a+Nd)_ n M C(k)
)

and using the identity I'(a) = (o — 1)I'(ae — 1) repeatedly, the log-likelihood is
I(@) :==log L(a) = comst. + »_{C(k)[log(c) + log(ax+ 1) + ... +log(a + (k — 1))] — log(ad + k — 1)}
k=1

so that the MLE & is found by solving numerically the equation

0= % = é{C(k)[a_l +(a+) "+ (et k—1)""— (ad+ k- 1)—1}

The Fisher information at a parameter value « has the expression

d?l
I(a;n,d) = —Eq,,, ﬂ
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_ i{ma,n,d(cj(k))[w a1 24+ (at+ (E=1)) = dlad+k 1)2} . where

k=1

Eond(C(k)) = Pona(N ( Z ) Beta( O];_e:: j(;l(; i) 1—;)” — k) X d=
n! y ['(ad) MNa+k)(a(d—1)+n—k) d
Elln —k)! " T(a)T(a(d — 1)) F(ad +n)

It follows that a can be estimated consistently from such a sample consisting of two generations
as I(a;n,d) — oo. This requires that d,n — oo simultaneously. Heuristically, if the vector
7w = (m,...,mq) was observed directly, the information about o would grow linearly in d. By
numerical evaluation (results not shown), it seems that for n = Const. X d, the Fisher information
grows linearly as d — oo.

For the parameter 5 we proceed analogously. Assuming that there are h mothers, the mating
mechanism is the following: for i = 1,...,d ( where d is the number of fathers) we sample i.i.d.
h-dimensional random probability vectors p; ~ Dirichlet(3, ..., 3). Conditionally on p;, the NV;
children of the i*" father choose their mother independently by sampling from the distribution
Pi-

If we denote by NV;; the number of common children of the 7*" father and the j*" mother, the

likelihood for (3 is given by the product

a L(Bh)  T(B+ Niyn)...T'(B+ Nin)
=y Nm! “TEr CBh+N)
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Figure legends:

Figure 1. Simulated pedigree.
A realization of the constrained (no sib-mating) diploid coalescent with eight generations. The
picture was drawn by using the software Pedfiddler freely available at

http://stat.washington.edu/thompson/Genepi/pangaea.shtml.

Figures 2a, 2b. Haplotype sharing.
Different curves of expected haplotype sharing statistic HSS(!) averaged over 1000 replicates and
presented as a function of locus .

In Figure 2a the genetic effect in the phenotype is 10 standard deviations and in Figure 2b
the genetic effect is 1 standard deviation. The selection threshold was set respectively to 5 and
1 standard deviations.

Three different “population ages” (T=10, 20, or 70) are considered. Two curves are drawn
for each 7', one corresponding to complete study sample and the other to the selected subsample
(right tail of the phenotype distribution). The unknown true QTL position is marked with an
arrow on the x-axis. When population ages were 10 or 20 generations, the HSS-curves corre-
sponding to the selected sample show clearly a peak around the QTL position, whereas after 70

generations there is no signal.
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